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Algebraic dependence and finiteness problems
of differentiably nondegenerate meromorphic
mappings on Kahler manifolds

Si Duc Quang

Abstract

Let M be a complete Kéhler manifold, whose universal covering is
biholomorphic to a ball B™ (Rg) in C™ (0 < Rp < 400). Our first aim in
this paper is to study the algebraic dependence problem of differentiably
meromorphic mappings. We will show that if k differentibility nonde-
generate meromorphic mappings f*,..., f*¥ of M into P"(C) (n > 2)
satisfying the condition (C,) and sharing few hyperplanes in subgen-
eral position regardless of multiplicity then f' A--- A f¥ = 0. For the
second aim, we will show that there are at most two different differen-
tiably nondegenerate meromorphic mappings of M into P"(C) sharing
q (g ~ 2N —n+ 3+ O(p)) hyperplanes in N—subgeneral position re-
gardless of multiplicity. Our results generalize previous finiteness and
uniqueness theorems for differentiably meromorphic mappings of C™
into P"*(C) and extend some previous results for the case of mappings
on Kahler manifold.

1 Introduction

In [3], Fujimoto proved the following theorem, which is the first uniqueness
theorem for meromorphic mappings on Kéahler manifold.
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Theorem C (see [3, Main Theorem]). Let M be an m-dimensional com-
plete connected Kahler manifold whose universal covering is biholomorphic to
a ball B™(Ry) in C™ (0 < Ry < +00), and let f, g be a linearly non-degenerate
meromorphic mappings of M into P™(C) (m > n) satisfying the condition (C))
for a positive number p. Let Hq,...,Hy be q hyperplanes of P"(C) in general
possition. Assume that

i) f=gon U, (f'(H:;) Vg~ (H))),

i) If g >n+1+42p(ly +1y) + my +my.

Then f =g.

Here, we say that f satisfies the condition (C,) if there exists a nonzero
bounded continuous real-valued function h on M such that

pQ + dd®log h* > Ric w,

and the numbers ly,l;, ms, mg are positive numbers estimated in an explicit
way. For the case where f and g are differentiably non-degenetate, we can
take my =my=1and ly =1, =n.

Our first purpose in this paper is to extend the above theorem to the case
where k differentiably nondegenerate meromorphic mappings f*,..., f¥ (2 <
k < mn+ 1) sharing a the family of hyperplanes in N —subgeneral position. To
state our result, we need to recall some following.

Let M be an m-dimensional complete connected Kéahler manifold whose
universal covering is biholomorphic to a ball B™(Ry) in C™ (0 < Ry < +00).
Let f be a non-constant meromorphic mapping of B"(Rg) into P*(C) with a
reduced representation f = (fp : --- : fn), and H be a hyperplane in P"(C)
given by H = {aowo + - -+ + anw, = 0}, where (ag,...,a,) # (0,...,0). Set
(f,H) =" _a;f;- We see that V(¢,m) is the pull-back divisor of H by f and
is also the divisor generated by the function (f, H;).

Let Hy,...,Hy be g hyperplanes of P*(C) in N—subgeneral position. Let
d be a positive integer, p be a positive number and f be a differentiably
nondegenerate meromorphic mapping from M into P*(C) (m > n) satisfying
the condition (C,). We consider the set D(f, {H;}7_,, p,d) of all differentiably
nondegenerate meromorphic mappings ¢g from M into P*(C) satisfying the
condition (C,) and the following conditions:

d d .
(a> V([f],Hz') - V([g]»Hz‘) (1 Sis q>’

(b) f(2) =g(2) on Ui, f~'(Hy).

Here, v!% = min{v, d} for each divisor v.
Then, our first result in this paper is stated as follows.
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Theorem 1. Let M be an m-dimensional complete connected Kdahler manifold

whose universal covering is biholomorphic to a ball B™(Ry) in C™ (0 < Ry <

+00), and let [ be a differentiably nondegenerate meromorphic mapping of

M into P*(C) (m > n) satisfying the condition (C,) for a positive number

p. Let Hy,...,Hy be q hyperplanes of P*(C) in N—subgeneral possition. Let
o ff(2<k<n+1) be elements in D(f, {H;}_,,p,1).

k(2N —n+1)

a) Ifg>2N —n+1+ k= Dnt1)

b) If dim fH(H) N f~H(H) <m -2 (1<i<j<gq)and

kn(2N —n+1)  kn?p
(k—1)N(n+1) N

+knp then f*A--- A fE=0.

q>2N —n+1+

then f*A--- A fE=0.
Letting & = 2, we immediately get the following uniqueness theorem.
Corollary 2. Let M, f,H; (1 <i<gq),p be as in Theorem 1.

2(2N — 1
a) If¢g>2N —n+1+ W +2np then $D(f, {H:}_,,p,1) = 1.

b) If dim f~Y(H)N Y H) <m—-2 (1<i<j<gq)and

2n(2N —n+1) 2n%p

IN —n+1
7> L N YA N

then £D(f, {H}1_,,1) = 1.

Here, by 5 we denote the cardinality of the set S.

Remark: Suppose that ¢ = n + 4 and {Hi}?jfl is in general position, i.e.,
N = n. Then the assumption of the above corollary is fulfilled with p < ﬁ
Then this result is an extension of the uniqueness theorem for differentiably
non-degenerate meromorphic mappings into P"(C) sharing a normal crossing
divisor of degree n + 4 given firstly by Drouilhet [1, Theorem 4.2].

We would like to emphasize here that, in order to study the finiteness prob-
lem of meromorphic mappings for the case of mappings from C™, almost all
authors use Cartan’s auxialiary functions (see Definition 5) and compare the
counting functions of these auxialiary functions with the characteristic func-
tions of the mappings. However, in the general case of Kéhler manifold, this
method may do not work since this comparation does not make sense if the
growth of the characteristic functions do not increase quickly enough. In order
to overcome this difficulty, in [10], we introduced the notions of “functions of
small integration” and “functions of bounded integration”. Using this notions,
we will extend the finiteness theorems for differentiably non-degenerate mero-
morphic mappings of C™ into P"*(C) sharing n + 3 hyperplanes (see [8]) to the
case of Kahler manifolds. Our last result is stated as follows.
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Theorem 3. Let M be an m-dimensional connected Kdahler manifold whose
universal covering is biholomorphic to a ball B™(Ry) in C™ (0 < Ry < 400),
and let f be a differentiably non-degenerate meromorphic mapping of M into
P*(C) (m > n) satisfying the condition (C,) for a positive number p. Let
Hy,...,H, be q hyperplanes of P*(C) in N—subgeneral possition such that

dim f~ (H) N fTH(H;) <m -2 (1<i<j<q).

Assume that
(2N —n+1) In
2N — 1+— — .
q> n+1+ 5N(n 1 1) +p(3n+5N>
Then ¢D(f,{H;}}_1,p,2) < 2.

Remark: Suppose that ¢ = n+ 3 and {Hl}f:f is in general position. Then

. Then
15n +9
this result is an extension of the finiteness theorems for differentiably non-

degenerate meromorphic mappings into P*(C) sharing n + 3 hyperplanes in
general position of Quang [8, Theorems 1.1,1.2,1.3].

the assumption of the above theorem is fulfilled with p <

2 Basic notions and auxiliary results from the distribu-
tion theory

In this section, we recall some notations from the distribution value theory of
meromorphic mappings on a ball B™(C) in C™ from [9, 10].

2.1. Counting function. We set ||z|| = (|21 + -+ + |zm\2)1/2 for 2 =
(#1,...,2m) € C™ and define

B™(R) :={z€C™:||z]| <R} (0< R <),
S(R) :={2€C™:z]| =R} (0 < R < ).
Define 1
Um—1(2) := (dd°||z]|*)™" and
om(2) := dlog||z||* A (ddclog||z||2)m710n C™\ {0}.

For a divisor v on a ball B™(Ry) of C™, and for a positive integer p or
p = 00, we define the truncated counting function of v by

[ v(z)vmer  ifm>2,
lv[ NB(t)
> v(z) ifm=1.

|z <t

n(t,v) =
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and define nl?(t) := n(t, vP!), where v[P! = min{p,v}.
Define

T

N(r,ro,y):/ n(t) dt (0<ro<r<R).

t2m—1
To
Similarly, define N (r, 7o, vPl) and denote it by NP (r,rg,v).
Let ¢ : B™(Ry) — C be a meromorphic function. Denote by v, (res. v2)
the divisor (resp. the zero divisor) of . Define

Ny(r,rmo) = N(r, 10, 1/2), NLP] (r,ro) = N(r,ro, (z/g)[”]).

For brevity, we will omit the character ! if p = oc.

2.2. Characteristic function. Throughout this paper, we fix a homogeneous
coordinates system (zg : -+ : x,) on P*(C). Let f : B™(Rg) — P"(C)
be a meromorphic mapping with a reduced representation f = (fo,..., fn),

which means that each f; is a holomorphic function on B™(Rp) and f(z) =
(fo(z) = +++ : fu(2)) outside the indeterminancy locus I(f) of f. Set [|f| =

1/2
(1ol ++ -+ 1al2) 2.
The characteristic function of f is defined by

Toodt
Ty(r,ro) = / ppTo / AV (0 <7 <7 < Ry).
"’ B

By Jensen’s formula, we have

7y(rir0) = [ 1oglflow = [ loglFlom + 01, (as 7 Ro)

S(r) S(ro)
If Ry = 400, we always choose 19 = 1 and write NS(,(T),N(LP] (r), Ty (r) for
Ny (r,1), Ni,p] (r,1),T¢(r,1) as usual.

2.3. Auxiliary results. Repeating the argument in [2, Proposition 4.5], we
have the following.

Proposition 4. Let Fy, ..., Fi_1 be meromorphic functions on the ball B™(Ry)
in C™ such that {Fy,...,Fi_1} are linearly independent over C. Then there
exists an admissible set

{ai = (a’ih N '7aim) »ZL;(l) C Nm7

which is chosen uniquely in an explicit way, with |a;| = 23"21 lag;] <1 (0 <
i <1—1) such that:
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. Def )
(Z) Wag,...,al_l(FO> A ,F},l) Z; det (:DO” Fj)Ogi,jglfl 5_'5 0.
(1) Wag.....ar_ (hFo, ... s hE—1) = KTYWoo o (Fo,..., Fi_1) for any
nonzero meromorphic function h on B™(Ry).

The function Wy, .. o, ,(Fo,...,Fi—1) is called the general Wronskian of
the mapping F' = (Fo, ..., Fi_1).

Definition 5 (Cartan’s auxialiary function [4, Definition 3.1]). For meromor-

phic functions F,G,H on B"™(Ry) and o = (a1, ...,amn) € L1, we define the
Cartan’s auxiliary function as follows:

1

1

H
&) D)
Lemma 6 (see [4, Proposition 3.4]). If ®*(F,G,H) =0 and ®*(+, %, %) =0
for all « with |a| < 1, then one of the following assertions holds:

(i) F=G,G=H orH=F,
(ii) £,% and £ are all constant.

1
®*(F,G,H):=F-G-H - +
D(L) D

AQ‘H —_

2.3. Functions of small integration and bounded integration. Let
Y, %, ..., f*¥ be k meromorphic mappings from the complete Kéhler manifold
B™(Ry) into P™(C), which satisfies the condition (C,) for a non-negative num-
ber p. For each 1 < u < k, we fix a reduced representation f* = (f§':---: f¥)
of f* and set [|f*] = (1f*[3 + -« + | f4[2)1/2.

We denote by C(B™(Ry)) the set of all non-negative functions g : B™(Ry) —
[0, +00] which are continuous outside an analytic set of codimension two (cor-
responding to the topology of the compactification [0,4o00]) and only attain
~+00 in an analytic thin set.

Definition 7 (see [9, Definition 2.2] and [10, Definition 3.1]). A function g
in C(B™(Ry)) is said to be of small integration with respective to f1,..., f*
at level ly if there exist an element o = (avq,...,qm) € N™ with |a| <y, a
positive number K, such that for every 0 < tly < p <1,

) Ram—1 k P
@ m<K Ttu )
J Eraltom < K (G S tro)

u=1

for all r with 0 < rg <r < R < Ry, where 2% = 2" -+ z20m.

We denote by S(lp; f1, ..., f¥) the set of all functions in €(B™(Ry)) which
are of small integration with respective to f1,..., f* at level l. We see that,
if g belongs to S(lp; f,..., f*) then g is also belongs to S(I; f,..., f*) for
every | > ly. Moreover, if g is a constant function then g € S(0; f1,..., f%).
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Proposition 8 (see [9, Proposition 2.3] and [10, Proposition 3.2]). If ¢; €
S fY . fH (1 <i<s) then [[i_;9: € SOy lis f1 .0 f1).

Definition 9 (see [10, Definition 3.3]). A meromorphic function h on B™(Ry)
is said to be of bounded integration with bi-degree (p,lo) for {f*, ..., fk} if
there exists g € S(lo; f*, ..., f¥) satisfying

Bl < IFHP - LN - g,
outside a proper analytic subset of B™(Ry).

Denote by B(p,lo; f,..., f*) the set of all meromorphic functions on
B™(Ry) which are of bounded integration of bi-degree (p,lo) for {f*,..., f*}.
We have the following:

e For a meromorphic function h, |h| € S(lp; f1, ..., f¥) if and only if

he B(0,lo; 1, ..., f*).

o B(p,lo; fry..., fF) C Bp,l; f1, ..., fF) for every 0 < Iy < I.
o If h; € B(pi, li; f1, ..., f¥) (1 <i < s) then

hihm € BO i, » lisf'.. o, f5).
=1 =1

The following proposition is proved by Fujimoto [6] and reproved by Ru-
Sogome [11].

Proposition 10 (see [6, Proposition 6.1], also [11, Proposition 3.3]). Let
Lq,...,L; be linear forms of | variables and assume that they are linearly in-
dependent. Let F' be a meromorphic mapping from the ball B™(Ry) C C™ into
P!I=(C) with a reduced representation F = (Fy, ..., F,_1) and let (ay,..., ;)
be an admissible set of F. Set ly = |oa| + -+ + || and take t,p with
0 < tlp <p< 1. Then, for 0 < rg < Ry, there exists a positive constant
K such that for ro <r < R < Ry,

/S(r)

This proposition implies that the function

longs to S(lg; F').

2m—1

t
a1+t Wal,...,al(FOa"'aﬂ—l) o < K(R
m > R

Lo(F) ... Li_(F)

z

Tr(R, r0)>p.

—-T

WOél,...,Ocl (F07 M E—l)
Lo(F) ... Li_(F)

be-
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Lemma 11 (see also [7, Lemma 3.3 and Lemma 3.4]). Let Hy,...,H, be q
hyperplanes in P"(C) in N-subgeneral position, where ¢ > 2N —n + 1. Then,
there are positive rational constants w; (1 < i < q) satisfying the following:
i)0<w; <1, Vie{l,..,q},
it) Setting & = maxjeq wj, one gets

q
Y wj=d(@-2N+n—1)+n+1.
j=1

n+1 n
jii) ————— <O < —.
WON 1 SCS W
iv) Let E; > 1 (1 < i <gq) be arbitrarily given numbers. For R C {1,...,q}
s

with §R = N + 1, there is a subset R° C R such that §R° = rank{H,; }icpe =

n+1 and
IE < 1] &
i€ER i€ER°

3 Proof of Theorem 1

In this section we will prove Theorem 1. We need the following lemmas.

Lemma 12. Let f be a differentiably non-degenerate meromorphic mapping
of a ball B™(Ry) in C™ into P*"(C) (m > n) with a reduced representation
(fo : -+ ¢ fu). Let Hy,...,H, be n+ 1 hyperplanes of P™*(C) in general
possition. Let a = (o, ..., a,) € (N™)" L with |ag| = 0, ;] =1 (1 <i < n)
such that W := det(D f;;0 < 4,5 <n) #Z0. Then we have

- i
V(S H) T YW S VI ()
i=0
Proof. Since W = C det(D*(f, H;)) with a nonzero constant C, without loss

of generality we may suppose that H; = {w; = 0} (0 < i < n). Then we have
(f, H;) = fi. Also, we may assume that

h
a1 = (1,0,0,...,0),az = (0,1,0,...,0),...,a, = (0,0,...,0, 1 ,0...,0).

Let b be a regular point of the analytic set S = {fo---f, = 0} and b
is not in the indeterminacy locus I(f) of f. Then there is a local affine
coordinates (U,z) around b, where U is a neighborhood of b in B™(Ry),
x=(1,...,Zm),x(b) = (0,...,0) such that SNU = {z; =0} NU.
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Since b & I(f), we may suppose that SNU = {f; =0} NU (0 <i <) and
fi (I1+1 < j < n) does not vanishes on U. Therefore, we have f; = z}'g; (0 <
i <) with some holomorphic function g;. We easily see that

n axs a J .
DS/ fn) = Jgg Z 95, Bl (J{i) (0<j<n-—1)

and

t:—1 ifs=1
NI RS V<<l
Vaa (J{i)(){tj if s > 1, =J=

On the other hand, we have

fo i oo [a
W =det(D f;;0<i,j<n)=| " .
ok oh O
0zn Ozn e 0zn
9(fo/fn)  OUf1/fn) A(fn—-1/fn)
0z1 0z1 T Oz1
=frtl : : :
a(fO/fn) 8(f1/fn) a(fn—l/fn)
Ozp, Ozp, Oz,

This implies that

(b);1§i0<--~<in,1§m}

vw () Zmindv, 0 (4)0gs0en1)
s

n—1
> mi b
_mlnjgoyafij (%)( )

2ttt = 1= v (0) ~ v ) 0)-
i=0

Therefore, we have

n

Zy(f,Hi)(b) - Vl[_l[];L:O(ﬁHi)(b) > v (D).

i=0
The lemma is proved. O
Lemma 13. Let f', f2,..., f* be k differentiably nondegenerate meromor-

phic mappings from the complete Kdhler manifold whose universal covering is
biholomorphic to B™(Ry) into P™(C), which satisfy the condition (C,). Let
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Hy,...,Hy be q hyperplanes of P™(C) in N—subgeneral position, where q is
a positive integer. Assume that there exists a non zero holomorphic function
h € B(p,lo; f', ..., f*) such that

k
(1]
Vhp, > )\Z V(f“,D)’
u=1

where D is the hypersurface Hy + --- + Hy, p,ly are non-negative integers, A
1s a positive number. Then we have

p(2N —n+ 1) lo

< 2N — 1+— k = . 14

q< n+1+ Nt 1) +p | kn+ 5 (14)

Moreover, if we assume further that vy, > A Zi:l > 1/([}]“ H) then we have
p(2N —n+1) lon

< 2N — 14— k — . 15

q< n+1+ Nt 1) |kt (15)

Proof. Since each f* is differentiably nondegenerate, df* has the rank n at
some points outside the indeterminacy locus of f*. Hence, there exist indices
av = (ag,...,a¥) € (N™)" ! with |agy| = 0,]a¥| =1 (1 < i < n) such that

W = det(D* f10 <i,j < n)

3’ 16
= (fi) T det(DY (f)/f4);1<i<n,0<j<n—1)#0. (19
For each R® = {r{,...,r5 1} C {1,...,q} with rank{H;},cpo = fR° = n + 1,
we set
Who = det(D (f“,Hr?);O <i<n,1<j<n+1).

Denote by w,w; (1 <14 < q) the Nochka’s weights of the family {H;}7_,. We
need the following two claims.
) 1
Claim 17. 3571 wiv(pu m,)(2) — vwe(2) < l/([f}u’D).
Indeed, assume that z is a zero of some (f*, H;)(z) and z is outside the
indeterminancy locus I(f*) of f*. Since {H;}{_, is in N-subgeneral position,
it implies that z is not zero of more than N functions (f*, H;). Without loss

of generality, we may assume that z is not zero of (f“, H;) for each ¢ > N.
Put R = {1,...,N + 1}. Choose R' C R such that

$R' = rank{H;};crpr =n +1
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and R! satisfies Lemma 11 iv) with respect to numbers {e”Hi(fw(Z)}j:l. Then
we have

D wivgpem)(2) < Y vpe ) (2),

i€ER i1€ERL
By Lemma 12, this implies that
1
v (2) = VW, (2) > Z Ve (2) — Vl[_[]seRl (fust)(z).
i€ER!

Hence, we have
- 0
Zin(f“,Hi)(z) — vwu(z) < min{l, Vngzl(fuﬂi)(z)} = l/(fu’D)(Z).
i=1

The claim is proved.
By Claim 17, we see that

q
(1]
V(fu.D) > Zwiy(f“,Hi) — Uyu.
i=1
Then we have
k k q
Vp, Z )\Z V([}]u,D) Z )\Z (Zwi’/(f“,Hi) — I/Wu> . (18)
u=1 u=1 \i=1
On the other hand we also have the following claim.
Claim 19. 371 wiv(pu myy(2) — vwe(2) < 370 wymin{1, v g,y (2)}

Indeed, assume that z is a zero of some (f*, H;)’s and z is outside I(f").
Then z is not zero of more than N functions (f“, H;). Without loss of gen-
erality, we may assume that z is not zero of (f*, H;) for each i > N. Put
R={1,...,N + 1}. Choose Ry C R such that

fRy = rank{H; }icgz =n+1

and R satisfies Lemma 11 iv) with respect to numbers {emax{y(f“ﬂi)(z)*l’o} };-1:1'
Then we have

Zwi max{v(su g,)(2) — 1,0} < Z max{v(su m,)(2) —1,0}.

i€ER 1€ Ro
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This implies that
vwu(2) = v, ( Z max{v s m,)(2) — 1,0} > Zwi max{v s« g,)(2) —1,0}.
1€ Ry i€ER

Hence, we have

q
Zwiy(fu»Hi)( - VW“ Zwlu(fu H; ) — Upyu (Z)
=1

i€ER

= Z w; min{v s g,)(2),1}

i€ER
+ Zwi max{v s m,)(2) — 1,0} — vy (2)
i€ER
q
< Zwi min{vpu p,y(2), 1} = ijz/%(z)
i€R j=1

The claim is proved.
Hence, if we assume moreover that

k q
ZAZ_:Z (fo, )

then by Claim 19 we have

kg
%ZZ (qu)>>\ Z(szu(qu)—uWu>. (20)

= i=1

From (18) and (20), in order to prove Lemma 13 we only need to prove the
following.

Lemma 21. Let f', f2,..., f* and Hy,..., H, be as in Theorem 13. Assume
that there exists a non zero holomorphic function h € B(p,lo; f*, ..., f*) such

that
k q
Vp, > )\Z (Zwiy(fuﬂi) — VWu> .
u=1 \i=1

Then we have

< 2N — 14— — .
q< n+1+ o) +p(knt
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Proof. If Ry = 400, by usual argument in Nevanlinna theory (see [7, ineq.
(3.11)-(3.12)]), we have

k

k q
(g—2N +n—1) ZTfu(r) < Z% (ZWiN(f“,Hi)(T) — NWH(T)>

u=1 u=1 i=1
k
+o(Y_ Tru(r))
u=1
2N —n+1 k
Mo )+ 0(; Tyu(r))
IN —n+1) < k
8 An+1) ) ;Tf” (r)+ 0(; Tpu(r)),

for all r € [1;+00) outside a Lebesgue set of finite measure. Letting r — +oo,

we obtain
p(2N —n+1)

A(n+1)
Now, we consider the case where Ry < +o00. Without loss of generality we
assume that Ry = 1. Suppose contrarily that

IN —n+1 l
q>2N—n—|—1+p(n+)—|—p(kn—|—0>.

q<2N —n+1+

A(n +1) )

Then, there is a positive constant € such that

p(QNfTL‘Fl) lo+€
2N — 1+ —F—— k .
q> n+1+ NCES) +p | kn+ h\

Put I =1p+€¢>0.
Put (u(2) =

Zag+...+a;’ (1 < u < k) Since

W' (f)

;’1:1 |(f7Hl) i
h € B(p,lo; f',..., f¥), there exists a function g € S(lp; f1,..., f*) and
B=(B1,---,0m) € ZT with |3| <y such that

' R2m—1 k !
/S()|zﬁgy om =0 | Z— > Tpulr,ro) | (22)
T u=1

for every 0 < lpt’ <1 < 1 and

k p
|h] < (H |f“||> lgl- (23)




ALGEBRAIC DEPENDENCE AND FINITENESS PROBLEMS OF
DIFFERENTIABLY NONDEGENERATE MEROMORPHIC MAPPINGS 284

= m >0 (since ¢ =2N +n—-1- & > ¢—-2N +
n—1— 8y and ¢ o= |G|+ [Cel - [#7R]YA. Then a = tlogé is a

plurisubharmonic function on B™(1) and

b+ 0 i< (ko P
NPT ) Gg—eN -1 -2

/ J—
(i) N i
(q— 2N +n—1)(n+1)— LEN_n+D)

Therefore, we may choose a positive number p’ such that

l/
Og(k:n—l—xo)t<p'<1.

Since f* satisfies the condition (C,), then there exists a continuous plurisub-
harmonic function ¢,, on B™(1) such that

P2 dV < |10

We see that ¢ = @1 + -+ + ¢ + a is a plurisubharmonic function on B™(1).
We have

k
ePdV — e¢1+...+wk+tlog¢dv < et10g¢ H Hfu”pvm
u=1
k
=gl TT I7“11Pvm
u=1

k
< 2P TGl - 1P 1722 Yo
u=1

k
=29l TT (Gl - 122Nty
u=1

1o/ B n
kn+ 03 Y T kn /N
by integrating both sides of the above inequality over B™(1) and applying

then we have x + ky = 1. Therefore,

Setting xz =
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Holder inequality, we have

k
/ e£dV < / TGl - 17 #ta-23+n=1t)
B (1) B (1) 0y
< (/ |Z |t/ )\z) )
m(1)
Yy
x / (Gt ¥ - | fr&ta=2N+n=Dt/uy,
u=1 B™
1 xT
Qm/ 2 / |28 g O g | dr
0 S(r)
k 1 Y
xH<2m / ( / (Il - 171 1%-"—”)“?/%) dr> .
0 S(r

gl vy,

u=1
(24)
(a) We now deal with the case where
S uzt Tp(r:70)
li U=
AP e /1=y =
Weseethatlo—t<£ (kn —l—l)t< andnf (kn+l)t< . B
M S Az < Y DA ity

lemma on logarithmic derivative there exists a positive constant K such that,
for every 0 < 7o <r <7’ <1, we have

/

2m—1

p
u wi—n— t r
J e e )

r’—

for all (1 <w <k), and

’

P2m—1 k p
Bolt/O0 g < i Tru (v’ .
f ol 0o <w_r2 et 7o)

u=1

1—r
Choosing ' = r + , we have Tru (1, 710) < 2T¢u (1,7
& €maxi<uy<k Tfu(’l“, To) f ( O) ! ( O)
for all r outside a subset E of (0,1] with [, t-—dr < +oo. Hence, the above

inequality implies that

2p’
S eyt K
J Qd Ay P < (o
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for all (1 <w <k) and

K’ 1\
/ gt/ O <« K (log )
S(r) (L—r)p 1—7r

for all r outside E, and for some positive constant K’. Then the inequality
(24) yields that

1 K/ 1 217/
/ e“dV < 2m/ p2mol (1og ) dr < +o0.
Bm(l) 0 1 —T 1 — 7T

This contradicts the results of S.T. Yau [12] and L. Karp [5].
(b) We now deal with the remaining case where

k
Thu
lim sup —Z“:l 7 (r:ro) =
r—1 logl/(1—1)

As above, we have

’

k p
1
gl O0g, < i (LS 1y
/S(r) |Z g| Om > (1_7ﬁu:1 f (7”,7”0)

for every rg < r < 1. By the concativity of the logarithmic function, we have

/ log |29/ A, + / log |g|*/ g,
S(r) S(r)

k
1
< K" <logJr T + log™ Z Ty (r, r0)> .

u=1

This implies that

k
1
log|glom = O log™ —— + log™ Tru(r,ro)
/S(r) L=r 2.1

u=1
By (23), we have

k
Zpru (r,ro) —|—/ log |glom > Np(r,ro) + S(r)

u=1 (r)

k
> A" NG py (o) + S(r)
u=1

k
(g—2N+n—-1)(n+1)

> A

- Zl 2N —n+1

Tpu (Tv TO) + S(T),
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where S(r) = O(logt = + log™ 22:1 Tgu(ro,7)) for every r excluding a set

1—r
E with [, 12 < 4o0. Letting r — 1, we get
P (q—2N+n—-1)(n+1)
A 2N —n+1 ’
ie.,
p(2N —n+1)
< 2N — 1+ —7—-—=
g Y
This is a contradiction.
Hence, the supposition is false. The proposition is proved. O

Now consider k mappings f1,..., f* € D(f, {H;}?_,,1). We denote I the
set of all irreducible component of | J{_,{z: (f, H;)(z) = 0}. For each v € T,
we define V' to be the set of all (co,...,c,) € C"*! such that

vyC{z : coff(z)+ - Fenfi(z) =0} (1 <u<k).

It easy to see that V" is a proper vector subspace of C"*1. Then Uq]j:l U’yEF vy

is the union of finite proper vector spaces of C**1, and then is nowhere density
Ctl. We set

k
e=c\ [ v (25)
u=1~el
then € is a density open subset of C"*1, and hence there exists ¢ = (cg,...,¢,) €
C. By changing the coordinates if necessary, without loss of generality, from
here we always assume that ¢ = (1,0,...,0) € €. Then we have

dim{z : fi(z)=0}n{z : H(f,Hi)(z):0}§m—2(1§u§k).

i=1

Proof of Theorem 1. (a) Suppose that f!A...A f¥ #0. Then there k indices
0 <iy <---<ig <n such that
. k
i1 i1
P :=det o : Z 0.

1 e k
ik ik
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We have
1
LI £
F R A
P:fol...fg. ! ! "
1 2 k
o T4 I
T 2
PR (P [ A
f}l f}l f}l f}l
k . .
Rl
Foo _fh 0 fn Ty
T T T

Hence, if a point z ¢ Uﬁzl{fé‘ = 0} is a zero of (f, D) then it will be a zero
of P with multiplicity at least & — 1. Therefore, we have

o _ k-1 1
vp > (k- 1)V(f,D) -k Zl/(f“,D)'
u=1
It also is easy to see that P € B(1,0; f!,..., f*). Then, by Proposition 13 we
have
k(2N —n+1)

< 2N — 14— "
7= R T Y

+ knp.

This is a contradiction.
Then f1'A--- A f¥ = 0. The assertion (a) is proved.

(b) Using the same notation and repeating the same argument as in the
above part, we have

n _ k-1 0
vp 2 (k= 1y p) =~ DD ey

u=1i=1
Then, by Lemma 13 we have

kn(2N —n+1)  kn?p

< 2N — 1
7= T S ONmr D TN

This is a contradiction.
Then f'A--- A f* =0. The theorem is proved. O
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4 Proof of Theorem 3

Since the case where M = C™ have already proved by the author in [§],
without loss of generality, in this proof we only consider the case where M =

B™(1).
‘We now deﬁne
oFlz]—( )(0§k§271§i,j§2n+2),

()
— ((FY, Ho), (£, Hy), (%, Hy)) € M2,

e v;: the divisor whose support is the closure of the set of all points z sat-
isfying that v(pu g,)(2) > V(o m,)(2) = Vs, m,)(2) for a permutation (u,v,t)
of (1,2,3).

We write V; =2 V; if V; AV, = 0, otherwise we write V; 2 V;. For V; 2V,
we write V; ~ Vj if there exist 1 < u < v < 3 such that F[;j = Flfj, otherwise
we write V; 4 V.

The following lemma is an extension of [4, Proposition 3.5] to the case of
Kahler manifolds.

Lemma 26. With the assumption of Theorem 3, let f1, 2, f3 be three mero-
morphic mappings in D(f,{H;}!_,,1). Assume that there existi € {1,...,q},
c € Cand a € N™ with |a] = 1 such that ¢, # 0. Then there exists a
holomophic function g; € B(1,1; f*, f2, f3) such that

(1]
>VfH)+22 (.H,)
J;ét
Proof. We have
. ' ' 1 1 1
oL =FeoFf RS R R R
D(Ff') D(F5') D(F5)
Fie Fje Fie
FieDo(F5')  FEDo(F5Y)  FEDo(Fy) (@7)
o (DOUFS) | DOES) o D) DO
= F/° = — x F5° = — ,
1 ( ng cmz )+ 2 ( Flcz Fgcz )
oD (F5')  D(FY)
F3© =l — - .
+ b3 ( cmz Flcz )
This implies that
3
([T He)) - 25 = gi,
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where

gi :(f17Hi) : (f27Hc) : (f37Hc) ' (ZDO((F??) a Da(Ffl))

F??i cmi
+ (fl,Hc) . <f27Hi) . (f3,HC) ) (Da;‘gfl) B Da}gggz)>
+(fYH) - (2 H) - (F3H,) - (@alg;;i) - (Da}g?fi)>

Hence, we easily see that

D (£

)

3
lgal < C-IFH-IP2- D20

u=1

where C' is a positive constant, and then g; € B(1;1; f1, f2, f3). It is clear
that

Vg, = Voo +ZV(qu) (28)

It is clear that g; is holomorphic on a neighborhood of each point of
U2_,(f*, H.)~*{0} which is not contained in J_, (f, H;)"*{0}. Hence, we
see that all zeros and poles of g; are points contained in some analytic sets
(f, Hs)~*{0} (1 < s < q). We note that the intersection of any two of these
set has codimension at least two. It is enough for us to prove that (28) holds
for each regular point z of the analytic set (JI_, (f, H;)~*{0}. We distinguish
the following cases:

Case 1: z € Supp V(s mj) (j # i). We write @, in the form

(= F) (R

q)g::FlnFQMF?fCX Da(Flu_cmz) Da(Ffl—F?(;l)

Then by the assumption that f', f2, f3 coincide on Supp v(f,Hj), We have
Fft = F§' = F$ on Supp v(s,ij)- The property of the general Wronskian
implies that

o 0
vag, (2) 2 2 =v(; (2 +2Z”(fH)
Héz

Case 2: z € Supp v(¢,m,)-
Subcase 2.1: Assume that 2 < vp1 g,y(2) < v(p2 m,)(2) < Vs m,)(2). By
a simple computation, we have

®F, = IR (FY — F§')FiED (FY = F§') = Fyo(FY' — ) FeD® (Fy* - F§')
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It is easy to see that Fi¢(Ff' — Fs'), Fi¢(Ff' — F§') are holomorphic on a
neighborhood of z, and

IN

oo
VFch“(Ffi—FgCi)(Z) 1,
1.

o0
nd o qrye-pyo ()

IN

Therefore, it implies that

_ 0 i)
var (2) 2 1= vy, (2 +QZV(fH)

J#z

Subcase 2.2: Assume that vis1 g,)(2) = v m,)(2) = vigs my(2) = 1. We
choose a neighborhood U of z and a holomorphic function A without multiple
zero on U such that v, = v(pu g,y (1 < u < 3) on U. Hence F¢ = hGif for non-
vanishing holomorphic functions Gif on U. By the properties of Wronskian,
we have % = h® (G, Gi¢, G¥) on U. This implies that

q
vas, (2) = wn(2) = vy () +23 vl ()
i

From the above three cases, we conclude that the inequality (28) holds.
The lemma is proved. O

PROOF OF THEOREM 3. Denote by P the set of all ¢ € {1,...,q} satisfying
there exist ¢ € €, a € N™ with |a| = 1 such that & # 0.

If gP > 3, for instance we suppose that 1,2,3 € P, then there exist
three corresponding holomorphic functions g1, g2,93 as in Lemma 26. We
have 919293 € B(37 37 flv f27 fg) and

3 q 1 3 3 3 q
V919293 Z 22_:12;1/([;]”7]%) - gzzy([}]“, ZZV([I]

u=11i=1 u=1i=1

W\Cﬂ

Then, by Theorem 13 we have

ooV =t (14 g Y e (s D).

This is a contradiction.
Hence §P < 2. We suppose that i ¢ P Vi =1,...,q — 2. Therefore, for all
i€{l,...,q—2} and o € N with |a| = 1 we have

oY =0VeeC.
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By the density of € in C" !, the above identification holds for all ¢ € C"**1\{0}.
In particular, ®¢; = 0 for all i € {1,...,¢ — 2} and @ € N™. Then for
1<i<j<q—2,one of two following assertions holds:
(i) F/ = F9 or F = F¥ or Fi = FI.
ij  poid ij
(ii) Flij, F2ij and F—?;] are all constant.
Fy Fy Fy

Claim 29. For any two indices i, j, if there exist two mappings of{f1 2 73,
for instance they are f', f2, such that F}? = Fy then F}? = Fy) = F}7.

Indeed, suppose contrarily that F}/ = Fy/ # Fi’. Denote by M the field
of all meromorphic functions on B™(1). Then two vectors

(ot () (R g (U] () ()Y
(L H,) (2 ) (P ) (1 H,) (2 H,) (7))

are linear independent on M. Since f! A f2 A f2 =0, the vector

((f1 o (2 H) (f°H ))
(f, Hy)" (2, H;)" (f% Hj)

belongs to the vector space spanned by two above vectors on M for all s. Since

(JLHi) _ (f2,Hi) (SLH) - (F2H)) oo (J.Hs) _ (f2.Hs)
() = () 4 G = () it vields that ¢ = g for all

1 < s < ¢. This implies that f* = 1 f2 which contradicts to the supposition.
Hence, we must have Fi? = Fi/ = Fi7. The claim is proved.

From the above claim we see that for any two indices 1 <i,j < g — 2 and
two mappings f*, f¥ we must have FiJ = FJ or there exists a constant a # 1
with FY = aFJ. B B

Now we suppose that, there exists F}? = BF,” (i < j) with 8 # 1. Since
FY = FyY on U, ;(f, Hi)~'{0}, it follows that U, ;(f, H,)~'{0} = 0.
Take an index ¢ € {1,...,¢ — 2} \ {4,7}, then we must have F{* # Fi' or
Fft #* th. For instance, we suppose that F{t # Fit. Similarly as above, we
have (J,; ,(f, Hs)~'{0} = 0. Therefore |J,_,(f, Hs)~'{0} = 0. This implies

that 5;1](HS) =1forall se{1,...,¢}\ {i}. By Theorem 13, we have

2N —n+1)n

g=1<2N —n+l4p=—p

This is a contradiction. N

Therefore, F}? = Fy? = F3? for all 1 < i < j < ¢ — 2. This implies that
fl=f2= f‘3 The Supp0s1t10n is false.

Hence, we must have f! = f2 of f2 = f3 or f2 = f'. The theorem is
proved. O
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