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Abstract

In this manuscript, we have studied the coupled system of Hilfer
fractional differential equations with nonlocal conditions. We have used
the Leray-alternative Schauder’s and the Contraction principle to ob-
tain the results on the existence and uniqueness of the solution of the
proposed problem in the weighted space of continuous functions. For
the defined problem, sufficient conditions have also been developed to
determine the Ulam stability of the solution. The key conclusions are
well-illustrated with examples.

1 Introduction

Fractional calculus is one of the important areas in mathematics. In recent
years, many researchers paid attention to the fractional calculus (see for in-
stance [15, 17, 20, 22]). It has numerous applications in various fields of science
and technology such as viscoelasticity, physics, biology, control hypothesis,
chemistry, fluid dynamics, etc. see references [1, 4]. There are many definitions
of fractional integrals and derivatives available in the literature, but Riemann-
Liouville, Caputo, Hadamard, etc. are widely used. Later, Hilfer [10] intro-
duced a new fractional derivative (known as Hilfer fractional derivative) which
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is considered as generalized Riemann-Liouville fractional derivative. The main
advantage of utilizing fractional-order derivative over integer-order derivative
is that the integer-order derivatives are local in nature, whereas fractional-
order derivatives are global in nature.

There are many real-world problems that can not be modelled by a single
differential equation. In this case, the coupled differential equations help us
to overcome this difficulty. These type of system can often exist in the various
model such as pesticides in soil and trees, brine tanks, predator-prey, irregular
heartbeats and lidocaine, chemical kinetics, chemostats and microorganism
culturing, etc., see for instances [3, 24, 25, 27, 33] and references therein.

The nonlocal conditions are useful for explaining certain peculiarities of
physical, chemical, or other processes occurring at different points within the
domain, instead of using end-point (initial/boundary) conditions. For the
historical background of these conditions see [6, 21, 35]. Recently, the authors
studied the fractional-order differential systems using nonlocal conditions, see
references [16, 29, 30].

The most interesting topics in the field of differential equations are to
find sufficient conditions for establishing the existence and uniqueness of the
solution and to study the stability analysis of a system. It is well known
that it is almost impossible to find an analytical solution to any differential
equation. Hence, the study of qualitative theory is helpful for us to study
the behavior of any differential system when an analytical solution does not
exist for the system. In recent years, the existence and uniqueness of solutions
of the different types of fractional differential equations (Riemann -Liouville,
Caputo and Hilfer fractional differential equations) were studied extensively
by many researchers, see for the instance [7, 8, 10, 14, 34, 36] and references
cited therein.

The stability theory studies the solutions of differential equations using
small perturbations. In 1940, Ulam [28] introduced Ulam’s stability and then
he studied different mathematical problems. Afterwards, Hyers [11] extended
the results of Ulam’s stability for the linear functional equation in 1941. Ulam
and Hyers also established the various results on the stability of the differ-
ential equation. In the last two decades, stability results were analyzed and
extended by many researchers for fractional-order differential equations (see
for instance [5, 12, 18, 23] and references therein). By utilizing the v-Hilfer
operator, Sousa et al. [26] studied Hyers-Ulam-Rassias stability for fractional
integral differential equations. In 2017, Vivek et al. [31] derived the existence
and stability analysis for nonlinear neutral Hilfer fractional pantograph differ-
ential equations. In 2018, Harikrishnan et al. [9] investigated the existence,
uniqueness and generalized Ulam-Hyers-Rassias stability for coupled differen-
tial equations via the Hilfer-Katugampola fractional derivative. In 2019, Aziz
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Khan et al. [13] derived the existence results and Hyers-Ulam stability for a
nonlinear singular fractional differential equation with Mittag-Leffler kernel.
In 2020, Ankit et al. [19] found sufficient conditions for the existence, unique-
ness and Ulam-Hyers stability of the solutions for the coupled boundary value
problem of nonlinear Caputo-Hadamard fractional differential equations asso-
ciating with nonlocal integral boundary conditions. Recently, in 2021, Wang
[32] established Hyers-Ulam-Rassias stability of the solution for Generalized
fractional systems by the p-Laplace transform method.

As per our knowledge, there is no paper that discusses sufficient condition
for the existence, uniqueness and stability of the solution for the coupled Hilfer
fractional differential equations involving nonlocal conditions. In this article,
we consider the coupled Hilfer fractional differential equations as

Dy p(t) = Nt e(t), p(t), ke < v2 = ko + M2 — Kam, t€J = (0,77,
(1)

{Dgi’mt(f) = L(t,e(t),p(t)), k1 <v1 =K1 +m — K11,

involving nonlocal conditions

Ip:"(0) = £iZ, eir(&), & €[0,7], @)

Iy p(0) = Y0, dip(G), G € [0, T,
where Dgi’nﬂ represents the Hilfer fractional derivative of order ; and type 7,
(i=1,2), and k; € (0,1), m; € [0,1]. Ig7"" is the left-side Riemann-Liouville
integral of order 1 —wv;, i = 1,2. Also £, M : [0,7] x R x R — R are given
continuous nonlinear functions and T > 0. ¢;, d; (i = 1,2,...,m) are real
numbers, &, ¢; (i = 1,2,...,m) are prefixed points satisfying 0 < & < & <
e & <Tand 0 < (1 < (2 < ... < (G < T respectively.

The rest of the paper is organized as follows: In section 2, we introduce
some basic definitions, notations, and preliminaries results. In Section 3, we
prove the existence and uniqueness results using Leray-alternative Schauder’s
theorem and Banach contraction principle. In Section 4, we investigate Ulam’s
stability of the couple Hilfer fractional differential equation. In Section 5, the
validation of our results is given through some suitable examples. Finally, a
summary is given in the last section.

2 Preliminaries

This section is devoted for some basic notations, definitions related to the
fractional calculus, and lemmas before stating our main results.



QUALITATIVE ANALYSIS OF COUPLE FRACTIONAL DIFFERENTIAL
EQUATIONS INVOLVING HILFER DERIVATIVE 194

Definition 2.1. [22] The Riemann-Liouville fractional integral of order 8 > 0
for a function € is given by

I%0(s) = ﬁ /Os(s — )P~ 1(t)dt, s> 0,

where T is the gamma function, and ¢ € L*(J,R™).

Definition 2.2. [22] The Riemann-Liouville fractional derivative of order
0<n—1< B <n for a function ¢ is defined as

TR I
DAy - — 7 dt .
(5) ['(n—q) ds™ /0 (s —t)ati-n""7 s>0

Definition 2.3. [10] The Hilfer fractional derivative of type 0 < o < 1 and
of order 0 < 8 < 1 with lower limit 0 for a function ¢ is defined as

DgPu(s) = (fgf—mci(fgr”w)) (s) = (Igf‘@(pveo (),

provided that the Tight hand side exists.

Remark 2.4. If a =0 and 0 < 8 < 1, then Hilfer fractional derivative be-
comes Riemann-Liouville fractional derivative of order B and if « = 1 and
0 < B < 1, then Hilfer fractional derivative becomes Caputo fractional deriva-
tive of order (8

Throughout this paper we assume that € = €(J,R) is a Banach Space of
all continuous functions from g into R with the sup-norm || - ||¢ and L'(J,R)
is a Banach space of Lebesgue-integral functions from J into R endowed with
the norm

T
||fP||1:/O | P(t)]| dt.

Define C,(d,R) and €] (J,R) are the weighted spaces of continuous functions
as

Co(d,R) ={z:[0,7] = R:z:(0,7] — R is continuous and }ir% (b
—
exists and finite}

with the norm
(E4

e, = sup[t'"Vz(Y)],
ted

and
dﬁ

@R ={reC: -

ce,l
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with the norm
Izller, = [lzlloo + [12"[le.,-

By ¢ =€,, x €,, we denote the product weighted space with the norm
1, p)lle = lelle,, +lplle.,-

Lemma 2.5. [2] Leray-Schauder alternative: Let E is a Banach space
and F : E — E be a completely continuous operator and let

e(F)={zx € E:x=\F(x) for some 0 < X < 1}.
Then either the set e(F') is unbounded, or F' has at least one fized point.

Lemma 2.6. ([7], Theorem 28) Let f : [0,T] x R — R be a continuous
function. A function x € CY[d,R] is a solution of the fractional initial value
problem:

Difa(t) = f(t,2(t), a€(0,1), €(0,1],
I x(0) =z, v=a+p—ap,

if and only if x satisfies the following Volterra integral equation:

"Eotvil 1

= — t —5)¥ L f(s,2(s))ds.
o) = o+ g | (=97 ()

3 Existence and Uniqueness

In this section, we shall discuss the existence and uniqueness of the solution
of the nonlinear Hilfer fractional couple differential system (1) with nonlocal
conditions (2).

In view of Lemma 2.6, the solution (t,p) € € of system (1)-(2) can be
written as follows

vi—1 ™ &i
(0 =y 26 [ (69 £ Gor(o) s
1 t — )Ml e(s, (s s))ds
i [ 9 (). p(e)a
and
vg—1 M Ci
B0 =22 D [G 9 ()0

=1
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1 ¢ Ko—1
iy [ (T () p)s,
where
_ 1 v1—1
= [(vy) — Zgl 1§U1 ! lfr Ul 7 ;Clg
and .
_ 1 vy — 1
3 T g T # 2

Now we state the following assumptions which are required to establish the

existence and uniqueness results:

(A1) For s'=v1£, s1720 the maps are continuous and there exist real con-
stants f;, ¢; >0 (i =1,2) and fy > 0, go > 0 such that V¢, p € R, we

have

| £(t v, p)| < fo+ filt] + falp]
and

1Nt v, p)| < go + g1lt] + gz2[pl.

(A2) The function £,91: [0,7] x R x R — R are measurable functions and

there exist continuous functions p; : § — (0,00), (i = 1,2) such that

£t p) = £(6 5,9 < pr(O (e = ¥l + [Ip — »'l))

and
193¢, v, p) — N, )| < p2() (v =l + [lp — p'[])
with
p; =supp;(t), i=1,2.
ted
(A3)
m £k
K14+v1— 1B Py B
[ z; cié (v1, k1) + Ty (v1, k1)
p2|32| Ko+va—1 p;THQ
d; ("2 7 B(v,, B(vs,
+ F(Iig) ; C (U2 KQ) + F(K}Q) (Ug Hg)

<1
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For brevity, we shall take

B = B S5 T
O Ty +1) &= O Ty + 1)

i=1

_ |31| @ ¢k1tv1—1 TNI
= Tn) chgi B(vy, k1) f1 + ()

i=1

‘31‘ = k1tvi—1 Tr
- Y it B(v, el
Do &} (v1, k1) f2 + ()

=1

Bo B(v1, k1) f1,

B(v1, k1) fa,

|32| m T1—vatrz
D Y. e e ae—
' T(ka+ 1) | o T(rs + 1)

3 m . o TK/2
32| > di¢FT T B(ug, ka)gy + 5 B(va, K2)gn
)

P17 Dy 2 D)

and
K2

32 “ K Vg —
| |) E di¢* T B(va, k2)ga + = B(v2, K2)go.
i=1

O T T(m)

—

Theorem 3.1. Suppose that assumption (Al) is satisfied along with the con-
dition max{{, T} < 1, where U = By + By, T = Dy + D1. Then the couple
system (1)-(2) has at least one solution on [0,T).

Proof. Define operators §, : €,, — C,, and §, : C,, = C,, as

vi—1 ™ &i
00 = Ty Den [ (6= L) bl
+ F(Hl) /0 (t—s)’ﬁ* £(3,t(8),p(s))d$
and
va—1 Gi
(Szp)(t) = 31_‘22&2) ' dl/o (Cz _ S)KQ_lm(S7t(s),p(S))dS
1 ‘ Ko—1
+ ['(ka) /0 (t—s) N(s,t(s),p(s))ds.

We also define the continuous operator § : € — € as

S, p) () = (71 (v, p) (1), 77252 (v, p) (1)), (3)
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It is clear that any fixed points of the operator § is a solution of the system
(1-(2).
The proof is divided into following steps.
Step 1 § is continuous.
Let (v, pn) be a sequence in € such that (t,,p,) — (r,p) € €, we have

+ id [ 7 06 pa) — R )P s
b [ = 9,00, a) — ), sl

<k YZ [ e s a0

— Llon(s) P + s [ (N (a5,

— £(s,¢(s), p(s)))[ds +

3, m Gi o1 va—1
1'!(,%2|) ;di/o (¢ —s) lg
X |51_U2 (m(87tn(s>7pn(s)) - m(s7t(s)7p(s)))|d8

tl—vz t ko—1 va—1 Sl—vg s s $)) — s s s 5
F(”Q) /0 <t_8) 5 l (m< 7tn( )>pn( )) m( 7t( )?p( )))'d

< |: |31| icifl_{l%ﬂ)lle(Ul I'i]_)-f— Tr1
T (k) o 7 ['(k1)

- KD, + |2
R0, (5):Ba(5)) — (s (), 95D,

where we use

/:(t — )@ Dla(s)|ds < (/:(t —a) (s~ aW_DdS) el

= (t —a) """V B(y, )|z

+

B, mﬂ 1 £(s, e (5). p(5))

D AT Bvs, ko) + T
i=1
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As sV £ s17v297 are continuous, we obtain that ||F (v, pn) — F(t,p)|le — 0
as n — o0o. Hence § is continuous.
Step 2 § maps bounded set to bounded set.

Let R > 0 be any constant and also let Bg = B(R,0) = {(v,p) € €
I(t,p)|| < R}. Using assumption (Al), it is easy to find © g, Dy such that
£t (), p(H)lle, < De, (19Ut e(t),p(H)lle,, < Dm. For (v,p) € Br and
t € J, we have

I8Pl < < '3l Z / )£ (s, 1(s), () s
tl - w1—1 s s s
+p<,ﬁ>/0<f— S £(s,v(s), p(s))
3.1

2 m ; Gi - .
5p3 / (G = 5™, v(), p(s))ll s

I'(k

tl*l)z

- ‘ — g)k2—1 s, t(s S s
+F(@)/O<f )=, v(s), p(s))d

|31 /5, . /1171 v1—1 1—vp
<l Zcz S 51 L (s, v(s), p(5)) s

1 V1 t
+ T / (= )15 1 £, (), p(s) s

|32| - Gi o g)re—lgva—1) J1—vy s s s s
*r(mzdz/o (Gi = 9)™= 152 1020 s, x(s), p(5)) | d

- t — s)"2 V2| sV (s v (), p(s)) || ds
+ T / (t—s) Is1=229(s, v(s), p(s)) |d

K1

S |31|B(U1?K/1) Zci5{€1+vl—1®£+ T

——B(v1,k1)Dg¢
() 2 Cik ey (v1,Kk1)D ¢
|3 |B(U2a/{2 Kodvo—1 T2
2 2— B
T ) ;dc O+ ey Bv2:52)Pm

< 0.

Hence § maps bounded set to bounded set.
Step 3 § is equi-continuous.
Let 0 <t <ty <1and (v,p) € Bg. Then we have

167§ (k) — 7" Fa (b))
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1—v
(Sl
['(k1)

:
_té_vl § —8)" L L(s,v(s), p(s))ds
F(fﬁ)/o (t2 — 5)™ 7 £(s,1(s), p(s))d

1 t 1— -1 1— —1 -1
L vl K1 v1 _ g)k1 v1
I'(k1) /0 [ty " (ta — ) 7 (b —s) E
x|t £(s,¥(s), p(s))||ds

1—vy t2
e [ = ). p) s

/O (b — 5L (s, 1(s), p(5))ds

) ty
<F( ,E)/ |t1 vl( 75)5171 7’(1_1}1({1 75)n171|5v171d5
0
@ tl v1 to
1 t1
DeB
LR e g gy - )
1

Similarly, we get

@fﬁB(’Ug, Hg)

{2 _ e tl—vz o —t Ko+v2+1 .
T(ra) (57 =t + 4 (2 — 1)

167728 (1) = &7 Fa(t2)]| <

Thus, we can now say that
||-S"(f1) — S(tQ)HQ —0 as t; — to.

Therefore, § is equi-continuous and from Arzeld-Ascoli theorem, § is com-
pletely continuous.
Step 4 © is bounded.

Let © = {(t,p) € € : (v,p) = 6F(v,p) for some § € (0,1)}. Let (v,p) =
0F(x,p), then for arbitrary t € [0, T,

t(t) = 0F1(t, p)(1), p(t) = 0F2(r, p)(V).
Since

[e(®lle., = [1081(c,p)(t )Ileul

9‘ 'Z )£ (s, x(s), p(s))llds

o / £ x(s) () s
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&i
Z / —5)" " fo + fulltll + f2llplllds

/ﬂ
tl U1

y / (6= 8 [fo + fillell + Follpllds

I(x
m Tl-vitk1
I€1 + 1 ' F(Iil + 1)

+

TH
F(I'ﬂ)

3. "

+(F(I€1) Z i§f1+v1le(U1, KZl)fQ + I‘j(;l)B(Ul,Iil)fé) ||p||(‘3U2

i=1
<Ay + Bol|r||e

15'“%1 "By, k1) f1 +

B(vl,mfl) lele

vy

+Dollplle

vy vy ©

Similarly, we obtain

1 vVa+HKa
L chm e

|32| rk2tv2—1 T
+ (F(Hg) ;dzcz' B(U27"$2)gl + F(%2)

K2

B(vz,mgl) lelle..

13| . R2tvuz—l K
+ (F(Hg) Zdz@ B(va, k2)g2 + F(H2)B(U27H2)92 Iplle.,

=1
<2 + By[tlle,, +D1lple,,

Therefore, we have

(v p)lle = lltlle,, + [Iplle.,
<A + Bolltfle,, +Dollplle,, +2A1 + Billtfle,, +D1llplle
< Ag + Ay + (Bo + B1)|tlle,, + (Do +D1)|plle.,
< R+ max{t, T} (v,p)lle
R
P —
~ 1 —max{4l, T}

vo

where R =y +2A;, U =By +B1, T =D+ D1.

This implies © is bounded. Hence, from Leray-Schauder alternative, the op-
erator § has at least one fixed point. Therefore the problem (1) and (2) has
at least one solution on [0, 7. O
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Theorem 3.2. Suppose that assumption (A2) and (A3) are satisfied. Then
the couple system (1)-(2) has unique solution on [0,T).

Proof. We consider the map § which is defined by (3). From the assumption
(A2), it is easy to check that the assumption (A1) is satisfied. Now we say
from Theorem (3.1) that there exists a constant [ > 0 such that the map
§: B, — By, (B, C €) where B, = {(r,p) € €: ||(v,p)]| <}

For this we have to prove that there exists a constant [; > 0 such that §; :
B;, — By, is contraction map where B, = {v € C,, : |t|| < 1} and there
exists a constant lo > 0 such that §, : B;, = B, is contraction map where
B, = {p €y : ] < Lo}

Let (t,p),(t,p) € € and t € [0,T] then we have

1671 (S (e, 0)) (1) = (Fa (8, ) (D]
= gy o
Z / [£(s, (), p(5)) = £(s,¥(5), p(s)) | ds
fl V1

- — s K1— 1 S s s o s _ s _ s s

VPN / (t= )" "M £(s,v(5), p(s)) — £(5,%(5),8(s)) | d
|31| m & o1 o o )

SF(M) ;Ci/o (& —s5)" s 1p1(s)<sl [l[e(s) —T(s)]]

tl U1
['(k1)

(770 1) ~ )1+ () — )] ) s

n(s) - ﬁ(S)II])ds s e )

p>{|31| . K1+v1—1 p>1kTI'€1

< . 1 1

e 2 e B ) g Bl )

x[[[e =tlle,, + [P —plle,,]-

Similarly, we get
72 [(Fa (e, ) (8) — (B (®.0) (V)]
p§|31| o Ko+vy—1 pSTm

< . 2 2
_{ ) ;d,é B(vs, k) + T(ma) B(vs, k2)
x[[[v —tlle,, + lIp — plle., -

Therefore, we have

I (e 0)) (1) = @@ p)(O)]lle
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Mok m xR
< 1||31H § i nl-i-'ul—lB D1 B
Tl (k1) = et )+ [(k1) (v, k1)
x[lle =lle,, +lIp —plle,,]
[ EHBZH - ko+tvo—1 p;TKZ
di 2 2 B 9 B )
F ) 24T B ) gy Pl

x[lle=%le., +Ilp —plle.,]
< 6 [[r—tle, +lp—ple.,]-

Hence as an application of Banach contraction principle, the operator § has
a fixed point. Therefore the couple system (1)-(2) has a unique solution on
[0,T7. O

4 Stability

In this section, we shall derive the various type of Ulam’s stability results for
system (1)-(2).

Definition 4.1. [23] The coupled system (1)-(2) is said to be Hyers-Ulam
stable, if there exist My2 = max{My, Mz} > 0 such that for any 61 >
0, d2 > 0 and § = max{01,d2} and for every solution (v,p) € C x € of the
inequalities

[ Dot ™ e(t) — £t x(t), p(1))] <01,

IDEp(6) — (6, (1), p(0)] <0, (1)

there exists a unique solution (v',p’) € C x C of the problem (1) and (2) with
||(t7p> - (tlvp/)H < MI,Q(S'

Definition 4.2. [25] The coupled system (1)-(2) is said to be Hyers-Ulam-
Rassias stable, if there exist N12 = max{N1, Na} > 0 and a non-decreasing
function ¢ = max{p1,p2} such that for any &1 > 0, d2 > 0 and § =
maxz{d1,d2} and for every solution (v,p) € C x € of the inequalities

Do ™ e(t) — £(tx(1), p(1)] <pa(H)d1,
[ Do p() = N, e(1), p(1)] <p2(t)d, (5)

there exists a unique solution (v',p’) € C x € of the problem (1) and (2) with

(v, p) = (0l < Nu2g(t)o.
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Remark 4.3. [23] Any function (v,p) € C x C satisfies the inequalities

[ Do+ e(t) = £(t (1), p(1)] <61,
[ Dot ™ p(t) = Nt v(t), p(1)] <02, t €3 = [0,T]

if and only if there are functions g1, g2 € C such that
(i) 1g1(H)] < 01, [g2(b)] < b2,

(i) Do ™ e(t) = £(t¢(8), () + 91 (1), D™ p(t) = N(t x(4), p(1) + g2 ().

Lemma 4.4. If (v,p) € € x C satisfies the inequalities (4), then (v,p) is a
solution of the inequalities

vi—1 ™ &
O~ (S e ) 6 £r(o) ptsas

L
) /0 (t— 3)“1_1£(8’t(s),p(s))ds>’ < My6;
and
‘p(t) N <31iz:2)1 ;di /OCZ(@ — 5)"27N(s,t(s), p(s))ds
L
*F(@)/O (fS)““‘ﬁ(s,t(s),p(s))ds> < My
where o
M = m;cz‘f? + me
and
M, = 2 Em:d G+ ey T
Llrz+1) 2+ 1)

Proof. From Remarks (4.3), we obtain
D™ e(t) = £(t,¥(8), p(1) + 91(1),

D™ p(t) = N(t x(8), (1)) + ga ().
Therefore, by Lemma (2.6), we have

m

- Sy 2 / 9" [£(51(3).B(5)) + g1 ()]s



QUALITATIVE ANALYSIS OF COUPLE FRACTIONAL DIFFERENTIAL

EQUATIONS INVOLVING HILFER DERIVATIVE 205
1 ¢ k1—1
oy [ 9 T G x(0)0(0) + 5
and
vp—1 ™M
=S 2 G e 006 + (ol
L r2=1I(s s)|ds
*rm)/o(‘s) (s, (), p(5)) + 92(s)]ds.
Now
3 i 1 m B H171 ) ) ) \ L t 75%171
0~ (Fy 2 s+ s [

vi—1 m i
xf(s,t<s>,p<s>>ds)]s BN e s

i=1

1 t

i J, 9l
M - /EL L Kk1—1 d

< F(:‘il) ;CZ . (fz 3) |gl(s)| S

1 t
e L =9 s

3T S o L .
< (T 206" ™)
< Mj67.

Simillarly, we get

vo—1 M Ci
NG ) CERE TSR

1

" Tra) /ot(t - S)”“m(svt(s),ms))ds)

< .
F(K}Q < Mo

O

Theorem 4.5. If the assumptions of Theorem (3.2) hold along with the con-
dition Q; + Q, < 1, then the solution of system (1)-(2) is Hyers-Ulam stable.
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Proof. 1t is easy to see that all the hypothesis of the Theorem (3.2) are satis-
fied. Also let (¢,p) € € x € is the approximate solution of inequalities (4) and
(v,p’) € € x € be the unique solution of the couple system.

Dai ™' (1) = £(6,7(8), p'(1)),

D™ p'(t) = N(t, (1), p'(1),
I1 “lt (0) =7 ei’(&), & € 10,77,
I=v2p'(0) = 35, dip'(G), G € [0, 7).

In view of the Lemma (2.6), the solution of the above couple system are as
follows

vi—1 ™ i
RIS [ ¢ )

i=1

v(t) =

1

T T

/0 (t—s)"1 71 L(s,(s),p'(s))ds

and

32tU2_1 - ¢ Kko—1 / ’
T(2) Zdi/o (¢ —s) N(s,t'(s),p'(s))ds

=1

p'(t) =

1

" T)

/o (t— )21 (s,7/(s),p'(s))ds.

Using Lemma (4.4), we get

- I mc- - ;— 5)" 7 L(s,v(s), p(s))ds
O e S O A RO

T T(m) /Ot(t _ s)nllf(s,t(s)vp(s))ds)‘

Balt 0 S = a1 (s, (5), bl
+( L Z/ (6 — ) £(s,¥(s), p(5))

— £(5,¢(3).p'(5))|ds + ﬁ / (t— )" £(5,(5), p(s))
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- £<s,r'(s>,p’<s>>|ds)

|31|’Lv171 & o .
<ot + B3 e [0 (10 <)

ln(s) - p'<s>)ds s IR
x (|r<s> —(s)] + [p(s) — p'<s>|)ds.

Therefore, we have

* Tvlfl m
o <M 5 p1|31| i I:€1+’L}1—1B
v — | €y = Myor + {F(I{l) ;Cﬁl (v1, K1)
pTTm+Ul—1
+ WB(W’ k1) | [llv — t/||€v1 +lp - P/||€U2]
<Mids + Qflfe = Ve, + [P —#[le.,]
(1 =)t ="le,, <Mid1+ Qllp —plle.,- (6)
Simillarly, we get
(1=Q)lp —p'lle., <Ma2do + Qpllt — e, (7)
where
pf|31|TU1_l - Kk1+tvi—1 pTTﬁl—H}l_l
Q=" JETTTYTE B, ——— B(vy,
t T(71) ; i (v1, K1) + T(r1) (v1, K1)
and
P31321T 1 Q- ka1 pyTretvet
— d;CF2 T 1 By, B(vs, k2).
D T(r2) Z Gi (v2, K2) + T(na) (v2, K2)
=1
Inequalities (6) and (7) also written as
(1=9d)[[r="lle,, = llp —p'lle,, < Midy, ()
—Qplle —vlle,, + (1 =9Qp)lp —p'lle,, < Mabo.

The matrix form of equation (8) is

[(th) —Q ] [”t—tlevl} < |:M151:|
—Qp (1=90)] p=¥lle,,] = [Ma2d2
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which implies that

fetlen] < L0 o NP

o —plle.,] — A D (1—90)| | Mad2
where A =1 — Q, — Q.. Further implies
1-9 Q
[t —tle,, < %Mlél + jmzcsz (9)
and

(1-9)

Q
o —plle,, < prﬂSl +

Hence, from equations (9) and (10), we obtain

Mads. (10)

1w, p) = (&0 le < lle=lle,, +lIp =9,

1-9Q Q. Q
< %M151 + zMz(Sz + flegl
(1-9)
+ Y Mad2
< QMI,ZvA(S' (11)

where MLQ = ma;z:{Ml, MQ} > 0,0 = mam{dl,ég} and QMl,z,A = %MLQ.
Hence the system (1)-(2) is Hyers-Ulam stable. O

Lemma 4.6. If (v,p) € C x C satisfies the inequalities (5) and there are
N1, No > 0, such that

(A4)
Igte1(t) < Nugi (1), Iniea(t) < Noga(t),

then (v, p) is the solution of the inequalities

vp—1 ™M &i
-Gy e [ 6 o pios

1

+ m/o (t— s)m—lf(&t(s),p(s))ds) < NI M 6101 ()

and

31“2271 " ) S L Ko—1
pO- (P o [ G o e p(os

1
['(k2)

A "IN, p(9)s ) | < Nl
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Proof. The proof of this lemma is directly derived from Lemma 4.4 and Re-
mark 4.3. O

Theorem 4.7. If the assumptions (A2), (A3), (A4) hold along with the con-
dition Q. +Q, < 1, then the solution of system (1)-(2) is Hyers-Ulam-Rassias
stable.

Proof. 1t is easy to see that all the assumptions of the Theorem (3.2) are
satisfied. Also let (t,p) € € x € be an approximate solution of inequalities (5)
and (v/;p’) € € x € be the unique solution of the couple system.

D™ () = £(6,¢(1),p'(1),
Do p' (1) = N(L (1), p(1),
Il_vlt O) Zz 1 Gt (Ez) & € [O’T]’
Il_mp ( ) Zznl d; iP (Cl) Ci € [OvT]'

In view of the Lemma (2.6), we have

! —73)1{”171 mc- i} c—8) T £(s, (), p'(s))ds
0= e 6 e 0P
o | T ) )
and
/ _ 32“12_1 = ) “ g Ko —1 s IS / s s
P = L G TR ) P
+ F(l/fg) /0 (t—s)"2710(s,v/(s),p'(s))ds.

Using Lemma (4.6), we have

3t S & k1—1 / /
> [ 6= ) ()

i=1

e(t) = ()] = |x(t) -

1 ¢ k1—1 / !
=Ty (T i

v —1 m &i
< ey - (3;;61 / — 5) L5, v(s), p(s))ds

F(L) /ot“ —s)" L <S’r(s>,p<s>>ds> ‘

+
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Balt 7 S [ 6 — sy 15, (5), bl
(Tt ) 6ot

=1

(s, (s),p'(s))ds + ﬁ / (t— 8)™ 1 £(s,¥(s), p(5))

- £<s,t'<s>,p’<s>>|ds)

‘31“1}171 . . . rk1—1
<N M 611 (t) + W ;Cz/o (& —s) pi(s)

x (|t<s> —(s)] + [p(s) - p'<s>)ds

i ﬁ/o (f— S)Iil*lpl(s) <|t($) — t/(s)‘ + |p(3) - p/(3)|)d8
Therefore, we get

m

> gt B, k)

=1

pT|31|T0171

- <N
o= ¥lle., < NiMadier () + | L2

p*Tml-i-'ul—l
A B[l = e, + 11~ Ve

< NIMdr1(8) + Qef[le = Vle,, + P —p'lle,,]-
This implies that

+

(1 =9t —*lle,, <N Midrp1(t) + Qellp —p'lle., - (12)
Simillarly, we get
(T =2p)llp —p'lle,, <NoMadapa(t) + Qpllv — e, s (13)
where
pﬂsl'TUl_l - k1+vi—1 pTTﬁl—H}l_l
Q. = i A ! B ) B ’
SR TP PR e I
and
P313:1T 7 Qx| atont psTretve]
Q, == d; (2T B = _— B .
P Ty T B g Pl )

Inequalities (12) and (13) also written as

(1= Q) = lle,, = Qellp —'lle., <NiMudi1g1(b),
—Qplle=lle, + (1 =Qp)llp = plle., <NoMadapa(t).

vy —

(14)

e
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The matrix form of equation (14) is

(1-9) —Q v — e, < N1 My 6191 (t)
-9 (1=9)] LlIp—7lle., NoMadapa2(t) |

This implies that

[Ht—f’”ez,l} < 1 |:(1Qp) Qe ] [N1M151<P1(f)]

Ilp—plle,] ~ A (1 =90 [ NaMabapa(t) ]
where A =1 — Q, — Q.. Further implies

e le,, < Lo 2INM08610 + TNDMspa())  (15)
and

Ip—rle., < 23250 + LT Ghe . (0

Hence, from equations (15) and (16), we have

(e, p) = ("0 )lle < [e=lle,, + o —p'
(1—-9)
A

Cuy

<

Q.
NlMl(Sl ©®1 (t) + ZNQMQ(SQQOQ (f)

Q 1-9,
+ IpN1M151<P1(f) + %N2M252902(f)
< QN1,2,M1,2,A6QP(O' (17)

where N1 o = maz{Ny, Na} > 0, M; o = maz{My, Mz} > 0,0 = max{d1,d2},
o(t) = max{p1(t), 2(t)} and A, , 0y 04 = %NLQMLQ. Hence the system
(1)-(2) is Hyers-Ulam-Rassias stable. O

5 Applications

In this section, we validate our results with the help of examples.

Example 5.1. Consider fractional differential equation

Dg7zt(8) = 18—?—;2 + 40(1:5183)2(5)) + 30 411+32 COSP(S), ERS 3 = (Oa 1]7
11 .
DgPp(s) = \/ﬁ cos(s) + 15 (v(s)) + oo 2 sinp(s),
(18)
with nonlocal conditions
3 — 3¢(L
Igip(0) =4p(3).
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Herem:%, nlzi, @:%,ng:%,vlzg and vy = 15 Take
e”? t(s) 1
£ + +
(5,%,p) = 10+s2  40(1+p2(s))  30V4 + s2 cosp(s)
and ) L )
N(s,v,p) = \/TWCOS(S) + B( t(s)) + Too¢ “2sinp(s),

s€d andr, p €[0,00). Clearly, £ and N are continuous and

£ <srp>|_f+f\ |+ O|P|

and

1
N(s, v, p)] < = +f|t|+f\p|f0ranytp6[0 o0) and s € J.

100

Therefore, the assumption (A1) is satisfied. Also $4 = B + B; = 0.0587 +
0.1770 = 0.2357, T = Dy + D1 = 0.0391 4+ 0.0265 = 0.0656 and max{, T} =
0.2357 < 1. Hence all the hypothesis of Theorem (3.1) are satisfied and there-

fore the system (18)-(19) has at least one solution.

Example 5.2. Consider fractional differential equation of the form

203 6+ [x(s)|[p(s)] B
{ D2?+: W) = mmarrepen: €= (23],
D3"p(s) = Z=[sin(x(s)) + sin(p(s))],

with nonlocal conditions as

{I§+t(2) = 2t(5) +3u(F),
3 Ap(12) + 5p(Ld).

=2

—~
[\

~
Il

I3,
1 1 1 2 2
Here k1 =5, m =3, ko =%, 2= 7, Ulzgandm:g. Take

6+ [e(s)| + lp(s)]

5o (1 1 o) + p(ay £ €8 end e pello0)

£(s,t,p) =
and

Ns, v, p) = 3

Clearly £ and N is continuous and

1
5¢6

[£(s,t,p) = £(5,%,p)| < — ([t —¥[ + [p — p[)

i[sin('c(s)) + sin(p(s))], s€d andt, p € [0,00).

(21)
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and

(s, v, p) =N(s, T, p)| <

1 _ _
i ([e=tl+[p—p) for any v, p,%.p € [0,00) and s € 3.

Therefore the assumption (A2) is satisfied. Since p} = == and p5 = 21 then
we have

A
® — {P1|3lz cigrtois 1B(U1,H1)+LB(U17’11)

I( (k1)
p2|3 i ratva=1 By, o) 4 p3 1" Blvs, k2)
— ’ I'(k2) 7
< 0.0103
< 1.

As assumption (A3) is satisfied. It follows from Theorem (3.2) that the prob-
lem (20) has unique solution. Also the condition

p1|31|T ! Em K14v1—1 pTTﬁlJrvlil
F(K}l) lgz (U17H1)+ F(K}l)

=1

p§|32|TU2_1 - Kko+vo—1 paTRQ—H)Q_l

) d;(;"""*7 "B(vg,k2) + ——=——
D) 26 (0252 7550

— 0.0059

<1.

Qe+ 9y = B(v1, k1)

+ B(’UQ,KZQ)

Hence we conclude from Theorem (4.5) that the problem (20) is Ulam-Hyers
stable.
If we take ¢1(s) = s and pa(s) = e** for s € J, then we have

1 1 5 1
I3 p1(s) = (s—1t) 2tdt
2

and
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648 s 4
gF(% /Q(sft)’ﬁdt
5p2(s)

) .

I(
Consequently hypothesis (A4) is satisfied with N1 = %, Ny =

A~ —

IN

atl=

%. Hence
5

all assumptions of Theorem (4.7) are satisfied then we say that system (20) is
Ulam-Hyers-Rassias stable.

6 Conclusion

In this manuscript, we have used the Arzeld-Ascoli theorem, Leray-Schauder’s
alternative and Banach contraction principle for establishing the existence and
uniqueness results for the solution of the proposed couple Hilfer fractional dif-
ferential system with nonlocal conditions. The nonlocal conditions which we
have considered in this manuscript yields better results than the initial and
boundary conditions. With certain assumptions, for the given problem, we
have succeed to establish the stability results for the solution using Ulam-Hyers
and Ulam-Hyers-Rassias stabilities. From the obtained results, we conclude
that such an approach is very powerful, effective, and suitable for the solutions
of systems of nonlinear Hilfer fractional differential equation with a nonlocal
conditions. For future works, we would like to consider other fractional opera-
tors such as the ¥-Hilfer fractional operator, Katugampola fractional operator,
etc. to establish the stability results.
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