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Non-autonomous weighted elliptic equations
with double exponential growth

Sami Baraket and Rached Jaidane

Abstract
We consider the existence of solutions of the following weighted prob-
lem:
L := —div(p(z)|Vu|" 2Vu) + (@) u|V 20 = f(z,u) in B
u > 0 in B
u = 0 on 0B,

where B is the unit ball of RY, N > 2, p(z) = (log ﬁ)N71 the singular
logarithm weight with the limiting exponent N — 1 in the Trudinger-
Moser embedding, and &(z) is a positif continuous potential. The non-
linearities are critical or subcritical growth in view of Trudinger-Moser
inequalities of double exponential type. We prove the existence of posi-
tive solution by using Mountain Pass theorem. In the critical case, the
function of Euler Lagrange does not fulfil the requirements of Palais-
Smale conditions at all levels. We dodge this problem by using adapted
test functions to identify this level of compactness.

1 Introduction

In this paper we study the following weighted problem

L := —div(p(z)|Vu|VN2Vu) + £(2)|[ul¥N2u = f(z,u) in B
u > 0 in B
u = 0 on 0B,
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where B is the unit ball of RV, N > 2, f(z,t) is continuous in B x R and
N

behaves like exp{e®* ™ '} as t — 400, for some o > 0. € : B — R is a positive
continuous function satisfying some conditions. The weight p(x) is given by

p(x) = (log m

(2)
Since 1970, when Moser gave the famous result on the Trudinger-Moser in-
equality, many applications have taken place such as in the theory of conformal
deformation on collectors, the study of the prescribed Gauss curvature and the
mean field equations. After that, a logarithmic Trudinger-Moser inequality
was used in crucial way in [31] to study the Liouville equation of the form

3
u = 0 on 0%, ®)

{ “Au = A in Q

Joe
where € is an open domain of RN, N > 2 and ) a positive parameter.
The equation (3) has a long history and has been derived in the study of
multiple condensate solution in the Chern-Simons-Higgs theory [36, 37] and
also, it appeared in the study of Euler Flow [10, 11, 17, 27].
Later, the Trudinger-Moser inequality was improved to weighted inequalities
[2, 12, 13, 16, 21, 30]. The influence of the weight in the Sobolev norm was
studied as the compact embedding in [29].
When the weight is of logarithmic type, Calanchi and Ruf [14] extend the
Trudinger-Moser inequality and give some applications when N = 2 and for
prescribed nonlinearities. After that, Calanchi et al. [15] consider more general
nonlinearities and prove the existence of radial solutions.
In this paper, we focus on the case N > 2 and use the Trudinger-Moser
inequality to study and prove the existence of solutions to the problem (1).
We note that the semi-linear problem of Schrodinger

{—Au—i—V(CE)Z Z ?/I(/ﬂ?ngN)’ in RN )

where N > 3 and |g(z,u)| < c(|u] + [u[?7!), 1 < ¢ < 2* = 22 was studied
by many authors, we refer the readers to Kryszewski and Szulkin [28], Alama
and Li [3], Ding and Ni [19] and Jeanjean [26].

For N = 2, with the same operator as in the problem (4) and where the non-
linearity is acting like exp(at?) as t — +oo, for some a > 0, many works
have been processed, see [5, 22, 25].

In the case N > 2, a lot of works (see [24] and their references) are treated with
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the N-laplacian operator associated to a potential i.e. the following problem

—div(|Vu[N2Vu) + a(z)[ulN2u = h(x,u) in RN
u € WHV(RN),

where the nonlinearity h has subcritical or critical growth in view of Trudinger-
Moser inequalities and the potential a verifies some conditions which guarantee
some compact embedding.

Problems when £(z) = 0 and in the non weighted case i.e. p(xz) = 1, have
been extensive studies by many auhtors, we refer the reader to [1, 4, 23, 33]
and their references. We also mention that the following problem

—div(|[Vu/N2Vu) = f(z,u) in
u = 0 on 09,

where Q is a smooth domain of R, N > 2 and the nonlinearity f behaves like
N
exp{t¥-1} as t — 400 was studied by Adimurthi [1] and Ruf et al. [22, 23].

We point out that the following problem

L, = —div(w(z)Vu)

f(z,u) in B
0 in Bl
0 on OBj,

vl

where Bj is the unit disk of R?, w(z) = log ﬁ and the nonlinearities f are of

double exponential growth, was studied in [15]. Recently, Deng, Hu and Tang
[18] studied the following problem

—div(p(2)|VulN2Vu) = f(z,u) in B
u = 0 on OB,

where N > 2, the function f(z,t) is continuous in B x R and behaves like

N

exp{e®®" '} as t — +oo, for some a > 0. The authors proved that there
is a non-trivial solution to this problem using Mountain Pass theorem. They
circumvented the loss of compactness of the associated energy function by
an asymptotic condition on the nonlinearity and using appropriate Moser se-
quences. Also, they followed the method of Buccardo and Murat to show the
convergence almost everywhere of the gradient. A similar result is proved in
[40].

In literature, more attention has been accorded to the subspace of radial func-
tions

Wi (B p) = cl{u € CF5a(B); /B p(@)| V|V d < oo},
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endowed with the norm

Vullvo = ([ pto)vul i)

and we are motivated by the following double exponential inequality proved in
[13], which is an improvement of the Trudinger-Moser inequality in a weighted
Sobolev space.

Theorem 1.1 [13] Let p given by (3), then

N
/ exp{e™ " Yo < 400, Y ue WG rad(B:p) (5)
B

and

Wi
sup / e:rp{ﬂewllvvfll WY e < 40 & B<N, (6)
ueWOl,rad(va) B
IVulln,,<1

where wy_1 is the area of the unit sphere SV~! in RY.

It seems that the Trudinger-Moser inequality (6), can be considered as a
borderline case of the famous Sobolev inequality.
The solution to the problem of the form (1) is important in several appli-
cations such as the study of classical and quantum mechanics, the evolution
equations appearing in non-Newtonian fluids, reaction diffusion problem, tur-
bulent flows in porous media and image treatment [7, 8, 34, 38]. We report
that in recent years, PDE of divergence form have many applications in digital
image restoration.

Let us now state our results. For this paper, we hypothesize that the
nonlinearity f(x,t) verifies the following assumptions

(A1) f:B xR — R is continuous, radial in z, and f(x,t) =0 for ¢ < 0.

(A2) There exists ty > 0, M > 0 such that

t
0< Fla,t) = / F@,8)ds < M|f(z,0)],¥t > to, Ve € B.
0

1
(A3) 0 < F(x,t) < Nf(m,t)t,Vt >0,Vx e B

and the potential £ is continuous on B and verifies
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(&1) &(z) > & >0 in B for some & > 0.
1 1
(&2) The function ¢ belongs to L¥-1(B).

In view of (4) and (5) we say that f has subcritical growth at +oo if
[f(, )|

———————=0, forall a>0 (7)
s=+o0 exp{Nexs" }

and f has critical growth at +oo if there exists some « > 0 such that

|f(z,9)| =0, Vo > ap and lim /(@ 5)]

o cxpNen Ty i ey = +00 Y <an

(8)

To study the solvability of the problem (1), consider the space

W = {u € WL, (B, o)/ /B £(@)ulNdz < +oo},

endowed with the norm

ol = ([ strvuias + [ ewpuar)” o)

We say that u is a solution to the problem (1), if u is a weak solution in the
following sense.

Definition 1.1 A function w is called a solution to (1) if v € 20 and

/B (p(2)|VulN 2 Vu Vo+&|u|N "?up) do = /Bf(x,u) pdx, forall €20

(10)
It is clear that finding weak solutions of the problem (1) is equivalent to
finding nonzero critical points of the following functional on 20:

E(u) = %/Bp(x)|Vu|Ndx+%/Bg(atﬂu\Nda:—/BF(x,u)dx, (1)

where F'(z,u) :/ f(z, t)dt.

In order to find critical points of the functional & associated with (1), one gen-
erally applies the mountain pass given by Ambrosotti and Robinowitz, see [6].



NON-AUTONOMOUS WEIGHTED ELLIPTIC EQUATIONS WITH DOUBLE EXPONENTIAL
GROWTH 38

Before announcing our first result, we denote

[l

A = _—
! u;éo,ueQUfB|u|Ndx’

(12)

the first eigenvalue of the operator with Dirichlet boundary condition. This
eigenvalue \; exists and the corresponding normalized eigen function ¢, is
positive and belongs to L*>(B) [20].

We start by the first result, in the subcritical double exponential growth,
we have the following result.

Theorem 1.2 Assume that £ is continuous and verifies (£1), (€2). Let f a
function that has a subcritical growth at +oco and satisfy (A1), (A2) and (4s).
If in addition f verifies the condition

NF(x,t)

N < A1, uniformly in =z € B,

(A4) limsup

t—0

where \; is defined by (12), then problem (1) has a non trivial radial solution.

In the case of the critical double exponential growth , the study of problem
(1) becomes more difficult than in the case of subcritical exponential growth.
Our EulerLagrange functional does not satisfy the PalaisSmale condition at
all level anymore. To overcome the verification of compactness of Euler La-
grange functional at some suitable level, we choose testing functions, which
are extremal to the Trudinger-Moser inequality (6). Our result is as follows.

Theorem 1.3 Assume that £ is continuous and verifies (£1), (£2). Assume
that the function f has critical growth at +oco and satisfies the conditions
(41), (As), (A3) and (A4) . If in addition f verifies the asymptotic condition

(A5) lim M > o uniformly in x, with
57 exp(Nexos V=T
N
ﬂo > Q:(m, N) ;

aévfleN(N—l—l—e_ N—-1)

where m = max £(z),
r€B

(N +1)(N —1)!

¢(m,N)=m(&(N) + NN

+1)
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and

G(N):%+N]V;1 N (N—lj)v(gN—2) - (NAJ)V(]JVV_;Q)...?,’

then problem (1) has a non trivial radial solution.

The main reason for this study is that, to our knowledge, there are few

research taking into account both this type of non-linearity and the potential
& # 0 for a non-linear elliptic equation in the framework of Sobolev weighted
spaces.
This paper is organized as follows. In Section 2, we present some necessary
preliminary knowledge about working space, and we give some useful lemmas
for the compactness analysis. In section 3, we prove that the energy & satisfied
the two geometric properties, and the compactness condition but under a given
level for the critical nonlinearity case. Finally, we fulfil the proof of the main
results in section 4. In this work, the constant C may change from line to
another and sometimes we index the constants in order to show how they
change.

2 Sobolev Spaces setting and compactness analysis

2.1 Weighted Lebesgue and Sobolev Spaces setting

Let Q C RN, N > 2, be a bounded domain in RY and let p € L*(Q) be a
nonnegative function. Following Drabek et al. and Kufner in [20, 29], the
weighted Lebesgue space LP(£2, p) is defined as follows:

LP(Q, p) = {u: © — R measurable; / p(x)|ul? dx < oo},
Q

for any real number 1 < p < oc.
This is a normed vector space equipped with the norm

o = ([ ot ar)”

and for p(z) = 1, we find the standard Lebesgue space LP(2) and its norm

ol = ([ 1l )"

In [20], the corresponding weighted Sobolev space was defined as

Wh(Q,p) = {u€ LP(Q); Vu e LP(Q, )}
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and equipped with the norm defined on W1?(2) by

1

lullwio@,p) = (lullh + [Vl ) (13)
LP(Q, p) and WHP(Q, p) are separable, reflexive Banach spaces provided that
p(a)7T € L}, (Q).

loc

Furthermore, if p(z) € L{, (), then C§°(12) is a subset of W1P(€), p) and we

loc

can introduce the space Wy (€, p) as the closure of C§°(Q) in WhP(Q, p).
The space WP (2, p) is equipped with the following norm,

1
g = ( [ el o). (14)
which is equivalent to the one given by (13).

Also, we will use the space Wol’N(Q, p), which is the closure of C§°(Q) in
WHN(Q, p), equipped with the norm

1
~
g = ([ p@Ival¥ dz)".
Q
Let s the real such that
s€(1,400) and p~* € LY(Q). (15)

The last condition gives important embedding of the space W1V (Q, p) into
usual Lebesgues spaces without weight. More precisely, following [20] we have

WEN(Q, p) < LN (Q) with compact injection (16)
and
WHN(Q, p) — LNT(Q) with compact injection for 0 <7 < N(s— 1),

provided
p~* € LYQ) with s € (1,+00).

Let the subspace
Woraa(Bop) = el € Ca(B): [ pl@)|Vul? di < oo},
B

with p(z) = (log ﬁ)Nfl
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Then the space 20 = {u € W()l’md(B,p)// £(x)u|Ndr < +o0} is a Banach

B
and reflexive space provided (&) is satisfied. 27 is endowed with the norm

Jull = ( [ oiwaas+ [ s<x>|uNdx)}V,

which is equivalent to the following norm

1

N
w50 = ( [ ol@)lVul® ao)

2.2 Compactness analysis step one

In this section, we will present a number of technical Lemmas for our future
use. We begin by the following Lemma.

Lemma 1 The following embedding is continuous
W — LYB) forall ¢>1.

Moreover, this embedding is also compact for all ¢ > 1.

Proof. Since p(z) > 1 for all x € B, the following embedding
0] — W(Jl,'rad(B) — Lq<B)’
are continuous for all ¢ > 1. To show that it is also compact, take a sequence of

function uj C 2 such that ||ug|| < C for all k. Then ||uk||W1 < C for all k.

On the other hand, we have the following compact embedd1ng[20] T/V0 rad < L
for all ¢ such that 1 < ¢ < Ns, with s > 1, then up to a Subsequence there
exists some u € W&m 4> such that uy, convergent to u strongly in L4(B) for all
q such that 1 < g < Ns. Without loss of generality, we may assume that
U, —u  weakly in 20
ur ~ —u  strongly in L'(B) (17)
ug(z) — wu(z) almost everywhere in B.

For ¢ > 1, it follows from (17) and the continuous embedding 20 —
LP(B) (p =z 1) that

/|uk7u|qu = /|uk7u|l|uk7u|q*%dfc
B

1
/|uk—u|dx /|uk—u|2q dz)®

lu, — uldz)?® — 0.
B

IN

-

IN
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This concludes the Lemma.
]
A second important Lemma.
Lemma 2 [23] Let Q C RY be a bounded domain and f :  x R a continuous
function. Let {uy,}, be a sequence in L' () converging to u in L(£). Assume
that f(z,u,) and f(x,u) are also in L*(Q). If

/ |f (2, un)up|de < C,
Q

where C' is a positive constant, then
flx,un) = f(z,u) in LY(Q).

In an attempt to prove a compactness condition for the energy &€, we need
a lions type result [32] about an improved TM-inequality when we deal with
weakly convergent sequences and double exponential case.

Lemma 3 Let {ux}r be a sequence in 2. Suppose that ||ug] =1, up, — u
weakly in 20, u,(z) = u(z) and Vu,(z) — Vu(zr) almost everywhere in B.
Then

ﬁl ‘N/
sup/ exp (Neprfl e )dx < +00,
k JB

for all 1 < p < P, where

o[ Q=M ful <1
' +00 if lul| = 1.

Proof. By young inequality we have

1 1 /
exp(Ne®t) < —exp(Ned®) + —exp(Nel ), Va,beR, ¢>1,
q q

1 1 ,
with —+— = 1. And also we can estimate |ug [N using the following inequality
qa q

1

— )" Ya>0, Ve>0 Vg> 1.
(I+¢)art

1I+a)?<(14+e)a?+(1-

So, we get

N’ N’
lur| Y < (1 +e)|uk —ul™ + (1 - (EBLE
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Therefore for any p > 1, using the above inequalities we obtain

1 , 1 ,
/ exp (Nepwfvv:ll g |V )dx < 1/ eXp(Nepqu]\}]:ll (1+e)|up—ul™ )dx
B q9.J/B

1
7, N—1

—1 ’
+l// exp(NePT“n-1 A= Gaar=) V= Dll™ g
q9 JB

From (4) the last integral is finite and to complete the proof we should prove
that for every p such that 1 < p < P, we have

1

sup/ exp(Nepqwﬁ(1+€)\ukfu\Nl)dx < 400,
k B

for some € > 0 and ¢ > 1.
By Brezis-Lieb’s lemma we have

lun — ul| Y = Jun | = Jul|Y 4 0,(1) where o0,(1) =0 as n — +oo.
Then
ltun —ul|Y =1 —|Jul|N 4+ 0,(1) where 0,(1) =0 as n — +ooc.

We may assume that ||u|| < 1. The proof in the case ||u| = 1 is similar. If

lu]| < 1 then for
1

pLl —mm,
(1~ [Juf| ¥y ==

there exists v > 0 such that

p(—uM) ¥ (1 +v) < 1.
On the other hand,
L |k — ull [|ul]

and so ) )
lim g — ul|V = (1= [Jul| V).
k—-+o0

Therefore, for every € > 0, there exists k. > 1 such that
g = wll¥" < (1L +e)(1 = V)™, Y k> k.

Then, for ¢ = 1+ ¢ with € such that e = /1 + v — 1 and for every k > k., we
get ,
pa(1+e)flur —u]¥ <1.
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From (5), this leads to

1

/ exp(Nquwﬁ (1) s —ul ' )dx
B

< / exp(Ne T OPen 1 (b= lu—ul™)
= 1
wﬁ(w)l\"
< exp(Ne“N-1 Tup=ull) Yy
B _1
< sup /eXp(Newf]VV:ll‘"'N )dz < +o0
lul<1J/B
and the proof is complete. 0

3 The variational formulation

As the reaction term f is critical or sub-critical growth, there are positive
constants b and ¢ such as

f(z,8)] < bexp{e ), VzeB, VteR (18)

3.1 The geometrical properties of the energy &

As we mentioned in the introduction, problems (1) have variational structure.
In the sequel, we prove that the functional €& has a mountain pass geometry.
We begin by the first.

Lemma 4 Assume that the hypothesis (A1), (A2), (A3), (44),(45),(&1) and
(&2) hold. Then there exist a > 0 and o > 0 such that

E(u)>a Yu: |ul|=o.

Proof. By (A4), there exist g9 € (0,1) and §p > 0 such that for all (z,t) € BxR

1
< N)\l(l —Eo)tN, for |t| < (50.

Indeed, from (A4) we have

F(z,t)

NF(x,t)

lim sup N < A1,

t—0
or

inf su , 0<t< B} <A

NF(x,t
p{igv )
B>0 t
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This inequality is strict, then there exists ey > 0 such that

) NF(z,t)
f R S
ot

N s 0<t<5}<)\1—60,

hence, there exists g > 0 such that

F(x,t)

N
sup{ N R 0<t<(50}<)\1*€0

and consequently
1
VIt < GoF (2,1) < (1= eo)tN.

From (18), we deduce that for ¢ > N there exist constant ¢g > 0 and ¢; > 0
such that

_N
F(z,t) < c1|t|%exp(et™ "), V|t| > b
and hence we get

N

1 1
F(z,t) < e1|t|%exp(et™ ") + N/\l(l —eo)tV, VteR.

Then, using the fact that A\; / lu|Ndz < ||u|| and the Holder inequality we
B
get

N—-1

1 N 1
£(u) > ~eollull¥ — e / exp(Neo ¥ 1)) % ( / 0 Pr9)
N B B

—

We choose ¢ > 0 such that CogN/ < wy_}, then we get

/ eXp(Neco‘WNl)dx :/ eXP(NeCOHu”N/(ﬁ)N/
B B

Ydz < co, Yu € Wwith |lul]| = o

and this follows from (5). On the other hand, by lemma 1, there exist a
constant ¢4 > 0, such that ||u||n/q < callul|, so we deduce that there exists cs
such that

1
E(u) > weollull™ = esllull” YueW lul = o,

, 1
provided ¢ > 0 and cpo” < wy_}. Finally, we choose o > 0 as the maxi-

mum point of the function g(p) = %"QN — ¢507? on the interval [0, MNLI] and
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let a = (o) then the Lemma follows. O

Lemma 5 Suppose that (A1), (4s2), (£&1) and (£2) hold. Let ¢; be a normal-
ized eigenfunction associated to A; in 20. Then, E(t¢;) — —o0, as t — +oo.

Proof. Let ¢1 € EN L>®(B) be the normalized eigen function associated to
the eigen-value defined by (12) ie such that ||¢1]] = 1. We have

N
£(t01) = Il = [ Flaton)da,

Then using (A1) and (As) and integrating, we get the existence of a constant
C > 0 such that )

F(z,t) > Ce™, ¥ [t| > to.
Consequently, there exist v > A\; and C > 0 such that F(z,t) > —t" + C for

all ¢ > 0.

=1

£tor) < S oulY - LV [ly - €15
- N N N ’
where |B| = mes(B) = Vol(B). Then, from the definition of Ay, we get

AL —7
N

E(tgr) <tV o1 ¥ <0 Vt>o0.

This achieves the proof.

3.2 Compactness analysis step two : the compactness level of the
energy &

The main difficulty in the approach to the critical problem of growth is the
lack of compactness. Precisely the overall condition of Palais-Smale does not
hold except for a certain level of energy. In the following proposition, we iden-
tify the first level of compactness.

Proposition 3.1 Let € be the energy associated to the problem (1) defined
by (11), then

(i) In the subcritical case the functional € satisfies the Palais-Smale condi-
tion (PS)4 at all level d € R.

(ii) In the critical case the functional & satisfies the Palais-Smale condition
(PS)q only for level d such that

WN—-1
Nozév_l

d<
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Proof. (ii) We begin by the critical case. Let d € R and {uy}, in 20 be a
(PS)q sequence, that is

1
E(uy) = N||un||N —/BF(x,un)dm —d, n— 400 (19)

and

|& (un)v] ’fB p(2)|Vun| N —2Vu, . Vodz

+ /£|un|N_2unvdm—/ [z, up)vdz (20)
B B
< €n||UHa Yo € Qﬁ,

where ¢,, — 0 as n — +o0.
By (As), we get for any ¢ > 0, a real t. > 0 such that

F(z,t) <etf(z,t), V|t|>te, uniformlyin z € B. (21)
Hence, for any € > 0, we have
1
N||un||N < C+/ F(z,u,)dzx

< C7+-jf FT$7un)d$‘+5l/‘f(x,un)undx
Jun|<te B

C. + €€n|run|| + 5||un||N

A

Therefore

1
(N*@MMNSC+%N%H

and so (uy,) is bounded in 20, then there exists u € 20 such that, up to a
subsequence
U, = u in 20

u, = u in LY(B) Vg>1
Uy, —> u a.ein B.

We follow the schema of [1] to show the convergence almost everywhere of
the gradient Vu, () — Vu(z) a.e x € B and |Vu, |V 2Vu, — |Vu|¥N2Vu
weakly in (L%<B7w))N. Now, from (18) and (19), we have

| /B £ (@t )tindz| < enlln]] + un] ¥ < C.

By Lemma 2, we obtain

f(z,u,) = f(z,u) in LY(B) as n — +oo. (22)
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From (21), we have

|/ F(z, uy)dz| §C+5|/ f(@,up)ugdz| < C.
B B

Using the condition (As) and the generalized Lebesgue dominated convergence
theorem, we get

F(z,u,) = F(z,u) in LY(B) as n — 4o0. (23)

Tt follows from (19) that

1
lim —||un||N:d+/ F(z,u)dz. (24)
N B

n—-+oo

Then by (Asz) and (20), we have

lim N [ F(z,u,)dz < li , U )updz = N(d F(z,u)dz).
dm ; (x,u)x_nirilm/lgf(xu)u x (+/B (z,u)dx)
(25)

So, d > 0. Moreover, from (19), (20) and passing to the limit we get

/p(x)\Vu\N_QVu.Vvdx—I—/ §|u|N_2uvdx=/ f(z,w)vdz, Yve 2.
B B B

(26)
Therefore u is solution of the problem (1).
Taking v = v, we get

Nd Ndz = d d
/Bp(x)|Vu\ x—&-/BfM x /Bf(x,u)u sz/BF(x,u) x,

which implies that €(u) > 0.
Next, we will distinguish three cases:

(1)d=0
(2)d>0,u=0
(3) d>0,u>0.

Case (1): d=0. We have

0 < &(u) <liminf &(uy,) =0

n—-+o0o

and then )
N||u||N:/BF(x,u)d;v.
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From (23), we deduce
lunll = Jul]  as n — 4oo.
Therefore, up to subsequence,
Un — u strongly in 20.

Case (2): d >0, u=0. Then, from (18) and (19), we get
lim |ju,|Y = Nd and lim / f(z,up)upde = Nd.
n—-+oo n—+oo Jp

We will prove this is impossible and the Case (2) can not occur.
Claim: There exists ¢ > 1 such that

[ 1w ar<c. (27)
B

for some constant C'.

Let ag be the real that appear in the definition of critical or subcritical non-
linearity f. For every e > 0 and ¢ > 1 there exists t. > 0 and C = C(g,e) > 0
such that

N
[f(z, )9 < C’Eyq(exp{Neo‘“(EH)tN_1 }), V|t| > t. and uniformly in z € B.
(28)

Therefore

n qd - b) n qd b n qd
/B|f<x,u>| . /{|un|<t€}'f(“)' :c+/ (@) |0de

{lun|>t}

N
<wny_1 max |f(z,t)|?+ ngq/ exp (1\760‘0(5“”“”N_1 )dx.
BX[—tc,te] B

WN—1

=1, there exists € (0, &)

The last integral is finite. Indeed, since Nd < =§%

%o

such that Nd = (1 — Nn)%. On the other hand, ||u, [N — (Nd)lel7 s0
Q

0
1
N-1

there exists n,, > 0 such that for all n > n,, we get |Ju, ||V < (1 — n)w‘\(;igl
Therefore,

1

un ’ ’ —
o1+ &) (1N o 1N < (1 1 )1 = -

[[un]|

We choose € > 0 small enough to get

, a1
ao(l+e)llun |V < wyTl,
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therefore the second integral is uniformly bounded in view of (5) and the claim
follows.
Now using (20) when v = u,, and for ¢ > 1, we get

el — /B £ (st Yunda] < Ce

and so

unl|¥ < Cen + /|fxun 9 da) /\un )9 da) 7, (20)

where ¢ and ¢’ are conjugate.
Since u, — 0 in L7 (B), the inequality (29) gives

[unll =0,

then d = 0 which is impossible since we supposed that d > 0 and so this case
can not occur.

Case (3): d>0andu>0.
We prove that €(u) = d.

We have
£0) < it EG)
< NlnlglanUnH /BF(x,u)d:r
< d

Now suppose that €(u) < d. Then

/ 1
Y < (N(d+/ Fle,w)dz)) ™. (30)
B
Let
v, = U
T
and
u
v = —
(N(d+/ F(z,u)dz))~
B
It’s clear that v, — v weakly in 20, v a non zero function |jv,|| = 1 and
lv|| < 1.

Applying the Lions-type Lemma 3, we get

1

Pl fon ™
sup exp(Ne N—1 [Un )dx<oo,
B

n
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for some 1 < p < (1 — ||1;HN)N%11

As in the case(2), we are going to estimate / |f(x, up)|%dz.
B
For any ¢ > 0, we have

/ @y = / @y un)lde + / (s un)|da
B {lun|<te} {lun|>te}

< wy_p; max |f($7t)‘Q+CEq/eXp(Neoéo(1+E)\un|N )dm
Bx[—te,te] "B

< CE+0€,q/ exp (Neao<1+s>\|un\|N/|vn|N')dmSC,
B

1 _
provided ao(1 + &) ||un||N' < p wl~", for some 1 < p < (1 — || ¥)¥1.
Indeed, we have

oIV T = N(d+ [ F(z,u)d) < A+ [y F(r,u)de i
A=l = (s [ P wan) — ™)~ g )
Since

i al¥ = (V(a+ [ P 7
then,

ao(1+&)llunY' < ao(1 +26) (N (d + /B B, u)dr)) ™

and to get the desired estimate it’s enough to show that we can choose € > 0
small enough such that

(o)) 1 1
(1420 < () T,
A 1) SNeEEmL
N-1
that is )
L e
(1+2e)(d—&u) ' < —F— (31)
Nﬁao
and the last inequality holds since €(u) > 0 and d < WNAil'

0
From (20) with v = u,, — u, we get

/ p(x)|vun|N72vun-(VU'n — Vu)dx + / §($)|U7L|N72un(un —u)dx
B B

— /B fz,un) (un —u)de = 0,(1).
(32)




NON-AUTONOMOUS WEIGHTED ELLIPTIC EQUATIONS WITH DOUBLE EXPONENTIAL
GROWTH 52

On the other hand, since u,, = u weakly in 20 then

/ p(2)|Vu|N "2 Vu.(Vu, — Vu)dr + / () () Jul N 2u(u, — u)dr = o,(1).
B B

(33)
Combining (32) and (33), we obtain

/ p(z) (|Vua [N 2V, — |Vu|N2Vu).(Vu, — Vu)dz+
B

/ €(@) (Jun) N 2wy — | 20) (up — u)dz — / fla,up)(uy — u)dz = o,(1).
B B

Using the well known inequality
(N 2o—ly¥ " 2y).(r—y) 222 Va—y|¥, V 2,y eRY and N =2, (34)

we obtain

0 S227N(/Bp(x)|VunfVu|Ndx+/B§(:c)|un—u|Ndx)

(35)
< [ £ un)  — w)d + 0,(1)
B
By the Holder inequality, we obtain
2Ny~ < [ )~ w)de +0,(1)
b L "1 (36)
< ([ W[ o =l b+ 0,00,

So,

lun —ul| =0 as n— oo.

By Brezis-Lieb’s lemma, up to subsequence, we get

n—-+o0o

lim |||V = N(d+ / F(z,u)dz) = |u]) ",
B

which contradicts (49).
(7) In the subcritical case, the Palais-Smale condition is satisfied for all level
d € R. Indeed, up to subsequences, we can assume that

lun]] <M in 2
Uy, —u  weaklyin 20
u, —u strongly in LY(B) Vg>1
un(x) — u(z) almost everywhere in B.
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Since f is subcritical at 400, there exists a constant C; > 0 such that

f(z,s) < Cprexp{em™—1 },V(z,s) € B x (0,+00).

Using the Holder inequality
|/ fzyun)(uy u)da:|</ |f (2, un) (uy — u)|de
/ | £z, up)|*dz) (/ |y, — uldz)

ol
N

1<7V71 uﬁ L
< C’(/ exp{QeMN }dx)5||un — ul|2
B 1
wi Ty N Iun\NJX1
llwnl N 1
< C’(/ exp{2eM N1 lun 1 M1 3 d2) ? (|uy — ull2

B
< Cllup —ull2 =0 as n — +oo.

Proceeding as in the case (3), with v = u,, — u in (20), we get
227N, — ||V < \/ fx, up) (up — u)dz| + 0p(1) = 0 as n — +oo.
B

This completes the proof of the Proposition 3.2.

4 Proof of the main results

Proof of Theorem 1.2
Since f(x,t) satisfies the condition (7) for all ag > 0, then by Proposition 3.2,
the functional € satisfies the (PS) condition (at each possible level d). So,
by Lemma 4 and Lemma 5, we deduce that the functional & has a nonzero
critical point v in 2. From maximum principle, the solution u of the problem
(1) is positive.

O
Proof of Theorem 1.3 We are going to estimate the minmax value of the
functional €.The idea is to set up a sequence of functions v,, € 27, and estimate
max{E&(tv,) : t > 0}. For this purpose, let consider the following Moser
function

ogllog( )

wy () = — log™ (1 + n)
N—-1

“WN-1 log™™ (14+n) o< ]|z <e™™

ife™ <|z| <1
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Let v, (z) = il

Then v, € W and ||v,| = 1.

4.1 Helpful Lemmas

We need two technical Lemmas who will help us to reach our aims and objec-
tives.

Lemma 6 Assume £(x) is continuous and (&1) is satisfied. Then there holds
(i)
N+ 1)(N - 1)!

(
m(S(N) + +1+0,(1))
HwnHN <1+ logjz/'lN+ 3 + o (1),
where m = mz%(f(x), on(l) =0 as n — +o0, and
2 N-1 (N-1)(N-2) (N-1)(N-2)..3
S(N) = N + e + N3 4+ + N2 .
(i) 1
E(m,N,n) < o™ < D(&o, N, n),
where
(N+1)(N —1)!
m(G(N) + T + 1+ On(l))
E(m,N,n)=1- (N=1)log(1 7 1) +0,(1)
and
(N+1)(N-1)!
&(N — "+ 1+0,(1
D(fo,N,n)zl—&)( W+ NY Fhro ))—l—on(l).

(N —1)log(1+n)
Proof. (i) We have

1
. / log™ (-5 [V |V dz
WN-1JB |CU|

1
= 7/ erl\ie\NlogN_lgdrzl
log(14+n) Jon rlog £ r
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and,

e

I :/ log™ (log(—))dx §/ logN(i)dx.
e—n<|z|<1 || e~n<|z|<1 2|

Making the change of variable, |z| = ¢~* and integrating by part, we get

I = fe*"<\z|<1logNaOg(‘%))dxSwal/ e N1+ t)Nat
<le|< o
= wN—l(*(1+n)Ne_1\],v"+ﬁ)+/ e N1+ t)N1dt
0 n

N-1
= wyvoi(Fy —Fe V(1 +n)N + — / e N1+ )N 2dt)
0 n

= wn-1(S(N) - e_]:;N B(n,N) + (]zvv;}g! /0 e N1+ t)dt),

where
B(n,N)=1+n)N + (1 +n)N !
j=N-2 .
NS L EL e LD B TR I
=2
and
2 N -1 N —-1)(N -2 N —-1)(N-2)...3
o= 2 No1 (VD=2 | (VoD -2
Then
_ e—nN
I = WN,I(G(N)HNHJ)V(]]VV DI (B, N)
(N-1)! (1+N?)(N-1)!
+ NN + NN )
and
(N + (N = 1)!
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Hence
/|wn(x)\Ndx
< Bl/ 1 N(i)d
= v 1081+ 7) Jengpagzr o il
L N-1 n)dx
R /O<|m<enn10g (1+mn)d
= m e*Nt(lth)thJr%eanlogN_l(qun)
0
(N +1)(N - 1)! 1
= log(1+n) (S + NN JrOn(l))leog(l—i—n)
1 N+ 1)(N - 1)!
W(G(N>+(+]37(N)+l+0n(l))
and thus
fen@* = [ 10" (Ve + [ @) o
m(ev) + FFEIEZ 4o,
= 1+ log(1 +n) .
Then,
m(G(N)+W+1+O7L(1))

NN
(N —1)log(1+mn)

(it) We make a development of order one, we obtain ,

1 >1_m(G(N)jt(]\[Jrljzfgvv_l)!+1+on(1)).
[[wn ()N (N —1)log(1+mn)

Using (£1) and by proceeding in the same way, we get the inequality of the

left.

Now, we present the second elementary Lemma.

Lemma 7

1
. N-1,6 N’
lim exp{Ne“~-1 " ldzx
nHe0 Je—n<|g|<1
’
logV" (14+1)

n
= lim wal/ exp{News ¥~ a+mluwnlN' — Nt}dt > wy_1e
0

n—-+oo

O
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Proof. We make the changes of variable s = 1+t¢, j = n+1, and using lemma
6 (ii), we get,

logN/ (14¢t)

D n — o Lt
N— 4 1 ,
/ exp{NewN—ll U7IL\7 }d:z; = / exp{Ne log N=1 (14n)||wp | N — Nt}dt
en<le|<1 0

and

logN' (146)(1— BE(m,N,n))
1

J / n
/ exp{]\fe‘*’liyfl1 v tdx > / exp (Ne  tes¥-Ta+m — Nt)dt.
en<la|<1 0

Let b:=b(m; N;j) =1— E(m; N;n), then

N " logN' (144)(1— E(m,N,n))
WN—IUN’ ﬁ

exp{Ne“~-1 " }dx > exp (Ne log N=1 (14k) — Nt)dt

en<lal<1 0

1

J bN_llogs N—1
= / exp (Ns( ogs ) —N(s—1))ds
1

N~

i Liog + ) wht
= eN/ eXp(Ns( mEr ) VT st)ds.
1

We claim that

J M)Nl—l

lim exp (Ns( Tog j
Jj—+o0 Jq

— Ns)ds = 1. (37)
Indeed, using the fact that b < 1, and for any j > 4, we have

log s\ T
) N1

— Ns < Ns(Tog3

p V-1 1og5)ﬁ

Pj(s) = Ns" s — Ns, with s > 1.

The interval [1; 5] is then divided as follows

[1,4] = [1,jE T O[T, j — jaD] U [ — j )
First we consider the interval [1, j 2D ], and since

1 1
X[l »‘(lel)](s)ewj(s) < eNSQ(N*Ust < eNs2—Ns e Ll([1,+00))
WJ 2T

X[l ,ﬁ}(s)ewi(s) — NN forae se[l,+00),as j — 400,
g2 =
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using the Lebesgue dominated convergence theorem, we get

1
ST
J2 (bN_llogS)Nl_

log j

lim exp (Ns - Ns)ds

J—+o00 1 )
] ! OP | 1

= J [ Q——
A L N ](s)e TN

1 1
Now we are going to study the limit of this integral on [j2N-1 j — j2(8-1]

and [j —j2<N1’1) , 7], so we compute
(TN ) = —NjaD (1 — ja)

and

N
U () < =T forall j > (5 (38)

we have also
W5 = 7))

b 1 1
= Nexp (——— [logj +log(1 — jz 0 ) - N(j - jovm)
]OgN—l ]

og(1 — T vy

1 1
= Nexp (blogj{1+ _N(j_jz(Nl—l))

< Nlexp (1og {1 = N2+ oliom) +0(5)} = 1)] + Ny
= Nj[exp(-Nj 0 4 o(1)) ~1)] +5ij~+—17>.
Therefore, for every € € (0,1) there exists j. > 1 such that

U;(G =3 T) S NjFFT (1= (1= )N') forevery jZj..  (39)

Let j fixed and large enough. A qualitative study conducted on v, in [1, +00),
shows that there exists a unique s; € (1, j) such that ¢;(s;) = 0 and conse-
quently

1
j—j2(N=1)

J 1 1
/ L el < (- 25 )emex(i 2T w2 ),
j2(N=1)

In addition, from (38) and (39) with & = <>, we obtain

1

maxiy; (7T 4y (j — )] < TR
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as condition that j is large enough. Hence, there exists j > 1 such that

J=J 209=T) ) -
L _
/ . i ds < (5 — 23 0)e 2"V for all j>7.
j2(N=1)
Therefore
j*jﬂNl_l) (lefll,vOgsﬂvlfl
lim . exp (Ne® ™ — Ns)ds =0. (40)

Jj—4o00 jT(an

Finaly, we will study the limit on the interval [j — j T , 7] We mention that

1
for a fixed j > 1 large enough, 9; is a convex function on [j — j2-D , +00),
and ¥;(j) = Nj® — Nj < 0, so we can get this estimate

Jj—s A S .
Pi(s) < p—— V(G — 32 0) +4;())
J2e
j—s . RS S
= 1 7 - ) - s J ]
< 1)@/}(1 J2D), s€fj—j2 Jl
j2=

On the another hand, in view of (37) and (38), if € € (0, =) and j > j. we
have .
hi(s) SN@A = (L=e)N)(j—s), s€lj—j21,j] (41)

1
furtheremore, using the fact that ¢; is convex on [j—j2"- , +00) and w} () =
NN’j*=1 — N, we get

bi(s) = () + 500 (s = j)

b . /b—1 , =y il (42)
=Nj° = Nj+ (NN =N)(s—j), selj—j2""" 4l

So,

’ 3 (s) N 3D
/ 1 e dS Z m(l — € ). (43)
J

—j2(N-1)

Then by bringing together (41), (42) and (43), we deduce

b—Nj
eNJ

1 J
li 1— —j2(N-1) < / ij(s)d
jﬁlinoo NN'jb=1 — N( ‘ ) B j%HJPOO J ST ¢ s

S NI—(1=9N)
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and since lim b =1, then

J—+oo
1 J —1
< 1 #i(8) g < )
N’ 7jﬁnﬂ{100 j_jz(lel) ¢ o= N(l_(l_E)N/)

By tending ¢ to zero, we get

1
j—j2(N=1) 1

) S N1 1
lim L exp (Ne‘ —Ns)ds:—/.
j—=+oo )31 N

So our claim (37) is proved, and the Lemma follows.

4.2 The minmax value of the energy &
In this sub-section we will give an estimation of the min-max of the energy.

Lemma 8 Assume (&1), (A2), (As), (A4) and (45) holds. There exists some
n € N such that

max{&(tv,) : t > 0} < ]\(;)Nfl for some n >1. (44)

N_1
Q

Proof. Let us assume by contradiction that for all n € N,

WN—-1

max{&(tv,) : t > 0} > —. (45)
0
So, for every n € N, there are t,, > 0 such as
E(tpun) = 1{1238( E(tvy).
Then )
WN-1 N
< [ _
Naé\fq = Tzagie(tnvn) an /}3F(m7tnvn)dx
and p
Ozﬁﬂmwk%:ﬁA_Lﬂ%WM%m. (46)

By (As), for any € > 0, there exists t. > 0 such that

flx, )t > (Bg —€) exp (Neo‘otN,) V|t| > t., uniformly in x. (47)
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By Lemma 6, if |z| < e~* we have

N 1 log(1 +n)
noo= L N+ 1)(N - 1)!
¥ e+ T )
1+ 10g(1+]7\7,]) v +0,(1)
+1)(N —1)!
1 m(S(N) + (]3[# +1)
= — log(1+n) — —— + on(1)
va;ill . M(N — Doy
= - log(l—l—n)—(i’)l—kon(l),
WNT1 (N =Dwyy
(48)
where (V4 1)V - 1!
+1)(N - 1)!
Using (46) and (47), we get
0 2 G-e) [ eNen s
0<|z|<e—" , )
ooty (—— log(14n) — —=E2— 0, (1))
N-—-1 N-—-1
Z (60 — 8)/ eXp{Ne WN_1 (N=1)wy 7y }dl‘
0<|z|<e
ot (—I—log(14n) - —AL8—4o(1))
=wn-1(fo — €) exp{Ne SNt TeN — Nn}.
(49)
As a result, (¢,) is a bounded sequence. It should be noted that if
. N WN-1
ngr-&l:loo tn o a(l)\/'717 (50)

one then obtains a contradiction with the boundedness of (¢,). Indeed, oth-
erwise there exists some § > 0 such that for n large enough,

-
N—-1

w — —
1Y > (54 SNV,
ag
Thus a0 a0
N/
N1 1 t’ﬂ 2 N1 1 6—"_ 1
WN-1 WN-_1

and hence, the right hand of (49) tends to infinity which contradicts the
bounded-ness of (¢,). Therefore (50) cannot hold and we get

. WN—-1
lim ¢ = . 51
LN (51)
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We claim that (51) leads to a contradiction with (As). For this purpose, the
following sets should be used

An ={z € Bltyv, >t} and €, = B\ Ay,

where t. is given in (45). We have

th = /f(x,tnvn)tnvndw:/ f(x,tnvn)tnvndx—i—/ fz, thvn)thvn
B An Cy

> (o-e) [ eV Yo+ [ fatyun)tavads
An Cn

= (ﬁo—e)/ exp{Neo‘Ot*Iy v Ydx — (50—8)/ exp{Ne’J’OtiV o Yz
B Cn

+ / flx, tyo,)tyopde.
e"l

Since vy - 0 a.ein B, xe, = 1 a.ein B, therefore using the dominated
convergence theorem, we get

. N _ WN-1 . aotN o’ WN-1 N
= > — oln Un — .
. 111J1r1 t, = (Bo—¢) . 111}_1 /B exp{Ne Ydrx—(Bo—¢) N ¢

By using the fact that
WN—-1

N_1
Qg

th >

we get

1
N’ N N-1_ N’
/exp{Ne"“’t" Un Ydx 2/ exp{NeN~n—1n 1y
B 0<z|<en

1
N-1, N’
+ exp{Ne“~N-1 Y Ldg-
e~k <|z|<1

On one hand, we have by (48)

1

N-1_ N’
/ exp{Ne“N-1n }dx
0<|z|<e—m

> / exp{Ne
0<z|<en

- Nt exp{N + Nn —

¢(M, N)
N -1

EMN) L o.(1))

log(1+n) — N1 Vi

¢(M,N)

+0n(1)ye "
WN-1 eNf C(Nl\/ﬁi\f) .

+o,(1)} — ~

N
= % exp{N —
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On other side, we have by (48), the definition of v, and the result of Lemma
4.1,

logN'(log(lﬁ»
/ exp{Ne llwn IV log N=T (14n) }dw
e n<|z|<1

> wnN-1€ .

1

N-1 N’
/ exp{Ne“~N-1 " }dx
e~n<lz|<1

Hence,

N .
> (Bo _5)UJN—1W(N— l4+e "~-T )

. WN—-1
lim tfj = —
n——+oo 0‘0 -

Since € > 0 is arbitrary, we have

N

O, V) > Bo-

aév_leN(N—l—i-ei N -1 )

This contradicts (As) and establishes the proof.
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