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Abstract

In real life, variability and inaccuracy are always presentand must
be calculated by either possibilistic, probabilistic, polymorphic or other
uncertainty approach. This benchmark study is about to construct new
types of fuzzy soft ideals i.e., (∈,∈ ∨qk)-FSR(L)Is of ordered semi-
group(OSG). Based on this inception, fuzzy soft level subsets are defined
which link ordinary ideals with (∈,∈ ∨qk)-fuzzy soft left(right) ideals.
Some binary operations like ◦λ, intersection ∩λ and union of fuzzy soft
sets ∪λ are given and various fundamental results of ideal theory are
developed through these types of fuzzy soft ideals.

Introduction

Treating global uncertainties in different areas is a major challenge like in, de-
cision making problems, structural engineering, economics, robotics, error cor-
recting codes. Many everyday challenges need a benchmark tools for address-
ing inaccuracies and uncertainty. Since various research subjects in diverse
fields struggle with uncertainty like in geoscience [2], nuclear energy [3], climate
predictions [1], geotechnics [10], structural engineering [4, 5, 6, 7, 8, 9]. Nu-
merous hypotheses like interval-valued theory, probability theory, fuzzy sets,

Key Words: Fuzzy soft subsets, OSGs (∈, ∈ ∨qk)-FSR(L)Is, (∈, ∈ ∨qk)-fuzzy soft ide-
als, level subsets

2010 Mathematics Subject Classification: Primary 46G05, 46L05; Secondary 47A30,
47B47.

Received: 26.07.2020
Accepted: 30.12.2020

155



A BENCHMARK GENERALIZATION OF FUZZY SOFT IDEALS IN
ORDERED SEMIGROUPS 156

rough set theory are developed to tackle uncertainty problems. Nevertheless,
all these hypotheses are valid and have their significance as well as inher-
ent limitations. The incompatibility of parameters tools is a big issue facing
these hypotheses. The benchmark theory of soft set theory was first put in by
molodsove [11]; A theory dealing with uncertainty. This new theory was used
by the author in smoothness of function, game theory, operational research
and theory of probability.This icebreak launch is now used in engineering and
decision taking [12, 13, 14, 15, 16, 17, 18], soft integrations, soft derivatives
and soft number along with the demands [19] and a number more (also refer
[20, 21, 22, 23, 24, 25, 26, 27, 28]). The theory is also used successfully in alge-
braic structures and various applications are obtained [29, 30, 31, 32, 33, 34].
Because of certain shortcomings in the theory of Zadeh [35] of fuzzy sets The
definition of the [36] interval valued sets was introduced providing more ap-
propriate vagueness explanations than fuzzy set.The definition of the fuzzy
subgroups was stimulated by Rosenfield [37] while Biswas studied the inter-
val valued fuzzy subgroups [38]. Such hypotheses to a certain degree solve
uncertainty issuesYet intrinsic limits still remain due to which Any dynamic
problems cannot be adequately answered. The first to offer the idea of a fuzzy
soft set and set a certain operation on fuzzy soft set was Maji et al. [39] like;
union, Intersection, OR and AND. Most theorists have implemented fuzzy soft
sets into diverse algebraic structures. Most of them are; Aygunoglu et al. [40]
gave the concept of fuzzy soft set in group theory and looked normal fuzzy soft
groups. Feng et al. [41] used fuzzy soft sets and studied soft semirings. The
idea of possibility fuzzy soft OSGs was introduced recently by Sana et al. [42]
. Bhakat and Das [43] gave the concept of (α, β)-fuzzy subgroups as they used
the relations of (∈) ”belongs to” and ”quasi-coincident” (q) between a fuzzy
subgroup and a fuzzy point which generalizes the Rosenfelds fuzzy subgroup.
In BCK/BCI-algebras Jun [44][45] gave the idea of (∈,∈ ∨qk)-fuzzy subalge-
bras and it was also generalize this concept to (∈,∈ ∨qk)-fuzzy subalgebras.
Shabir et al. [45] further applied this idea of (∈,∈ ∨qk)-fuzzy ideals to SGs.
The concept of (∈,∈ ∨qk)-fuzzy left (right) ideals in OSGs was introduced by
Khan et al. [46]. The intent of this study is to incorporate Jun’s concept of
”generalized quasi coincident with” relation qk and fuzzy soft sets and present
new type of fuzzy soft ideal theory i.e., (∈,∈ ∨qk)-fuzzy soft ideal in OSGs.
Based on this launch, fuzzy soft level subsets are defined. Ordinary ideals and
(∈,∈ ∨qk)−fuzzy soft ideals are bridged through level sets.Through multiple
ideal theory results, different kinds of binary operations like; union of fuzzy
soft sets ∪λ, ◦λ and intersection ∩λ are defined and several characterization
theorems of OSGs are introduced.
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Preliminaries

Several basic principles and findings are given in this section which are included
in the next part of our developed theory. Begin with the definition of OSG.
(S, ·,≤) is known as an OSG if it satisfy the following conditions:

i. (S, ·) is a semigroup,

ii. (S,≤) is a poset,

iii. Left and right compatibility hold in S.

A 6= ∅ we define Ab as

Ab = {(x, y) ∈ S × S | b ≤ xy}.

A fuzzy set ν of U is a mapping ψ : U → [0, 1], where U is a non empty
universe and [0, 1] is usual interval of <. The set of all fuzzy sets of U is
denoted by F(U). A fuzzy set ψ of U defined as,

ψ(x) =

{
t, if x = y,

0, otherwise,

is known as fuzzy point with value t ∈ (0, 1] and support x and is denoted by
x
t . A fuzzy point x

t is said to belong to (resp. quasi-coincident k) with a fuzzy
set ψ and can be written as x

t ∈ ψ (resp. x
t qk ψ), where t ∈ (0, 1] and k

∈ [0, 1), unless otherwise stated. For a fuzzy point x
t and a fuzzy set ψ of U

we say that:

i. x
t ∈ ψ if ψ(x) ≥ t

ii. x
t qk ψ if ψ(x) + t+ k > 1

iii. x
t ∈ ∨qk ψ if x

t ∈ ψ or x
t qk ψ.

Here we are introducing an ordering relation on F(U) denoted as ⊆qk and
defined as follows:
For any ψ, φ ∈ F(U), we say ψ ⊆qk φ if x

t ∈ ψ ⇒
x
t ∈ ∨qk φ for all x ∈ U .

Also, ψ=qk φ if ψ⊆qk φ and φ ⊆qk ψ. if α ∈ {∈, qk,∈ ∨qk,⊆qk} then α shows
us α does not hold, For all x ∈ U and I ⊆ U .
The characteristic function XI is defined as:

XI(x) =

{
1, if x ∈ I,
0, otherwise.
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Theorem 1. [46] A non empty subset Y of an OSG S is a left (resp. right)
ideal of S if and only if the characteristics function XY of Y is a fuzzy left
(resp. right) ideal of S.

Let ψ, φ ∈ F(U) then ∀ x ∈ S their product is given as:

(ψ ◦ φ)(x) =

{∨
(a,b)∈Ax{ψ(a) ∧ φ(b)}, if ∃ (a, b) ∈ Ax

0, otherwise,

Let U be a non empty initial universe and E be the parameter set A ⊆ E.
Then a mapping ψ : A→ P (U) is called a soft set where P (U) is power set of
U , soft set is denoted by (ψ,A). A pair 〈ψ,A〉 is called a fuzzy soft set over
U where ψ is a mapping given by ψ : A → F(U). The set of all fuzzy soft
sets over U with parameter set E is called a fuzzy soft class and is denoted by
FP(U,E). If U = {g1, g2, . . . , gm} and A = {ε1, ε2, . . . , εn} then the general
tabular form of fuzzy soft set can be written as:

〈ψ,A〉 =

{(
ψ(ε1)(g1), ψ(ε2)(g1), . . . , ψ(εn)(g1), g1

)
,(

ψ(ε1)(g2), ψ(ε2)(g2), . . . , ψ(εn)(g2), g2

)
, . . . ,(

ψ(ε1)(gm), ψ(ε2)(gm), . . . , ψ(εn)(gm), gm

)}
Example 1. Bi-polar Disorder.Bipolar disorder is a psychiatric illness
which is indicated by severe mood swings from low to high, and from high
to low. The low changes are depression and the high ones are mania.These
mood changes can be even mixed, that the patient may feel overjoyed and sad si-
multaneously. Bipolar disorder is difficult to diagnose, Still you should look for
any signs. In addition, a patient shows some symptoms minor, A psychologist
finds it impossible to determine whether or not a patient has bi-polar disorder.
The symptoms of bipolar disorder can be divided into those for mania, and
those for depression. A psychologist can use fuzzy soft set for this particular
problem to make a decision about four patients i.e. U = {p1, p2, p3, p4}. Take
the set of symptoms as the set of parameters, corresponding to each parameter
psychologist judge the patient and map it to a suitable value in [0, 1]. Take E
is the set parameter i.e. E = ε1, ε2, . . . , ε14 where the parameters are given by:

Mania episode Depression episode

ε1 = feeling overly happy, ε8 =feeling sad or hopeless for long periods of time,
ε2 = having a decreased need for sleep, ε9 = withdrawing from friends and family,
ε3 = talking very fast, ε10 = losing interest in activities that he once enjoyed,
ε4 = feeling extremely restless or impulsive, ε11 = having a significant change in appetite,
ε5 = becoming easily distracted, ε12 = feeling severe fatigue,
ε6 = having overconfidence in his abilities, ε13 = problems with memory, attention and decision making
ε7 = engaging in risky behavior, ε14 = thinking about or attempting suicide

Let ψ : E → F(U) defined in the following table:
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disorder mania episode depression episode

patients ψ(ε1) ψ(ε2) ψ(ε3) ψ(ε4) ψ(ε5) ψ(ε6) ψ(ε7) ψ(ε8) ψ(ε9) ψ(ε10)ψ(ε11)ψ(ε12)ψ(ε13)ψ(ε14)

p1 0.5 0 0.5 0.2 0.3 0.2 0.2 0 0.2 0 1 0.5 0.5 0
p2 0.5 0.5 0.5 0.5 0.6 0.5 0.5 0.4 0.5 0.5 0.5 0.5 0.5 0.5
p3 0.75 0.6 0.8 0.5 0.9 1 1 1 0.7 0.8 0.9 1 0.85 0.5
p4 1 1 1 1 1 1 1 1 1 1 1 1 1 1

For any patient under consideration during the above operation the sum∑n
i=1 ψ(εi)(pj), j = 1, ...m Displays the illness stage. In the example above,

the aforementioned amount is found for patient p1 4.1 Therefore p1 has the
disease 4.1 degree, Along with p2 It’s seven, for p3 it is 11 and is more af-
fected as compare to p2, p4 has a maximum degree i.e. 14 and is in a serious
condition.

∅ 6= I ⊆ S is said to be left (resp. right) ideal of S if ∀ x ∈ S and ∀ y ∈ I, x ≤
y ⇒ x ∈ I and SI ⊆ I (resp. IS ⊆ I). A fuzzy soft subset 〈ψ,A〉 of S is
called fuzzy soft left (resp. right) ideal of S if,

i. ψ(ε)(x) ≥ ψ(ε)(y),

ii. ψ(ε)(xy) ≥ ψ(ε)(y) (resp.ψ(ε)(xy) ≥ ψ(ε)(x)),

for all x, y ∈ S and ε ∈ A. A fuzzy soft subset 〈ψ,A〉 of S is said to be fuzzy
soft ideal of S if it is both fuzzy soft left (FSL) and fuzzy soft right ideal
(FSRI) of S. Let 〈ψ,A〉 be a fuzzy soft set over S then the level subset is
denoted by U(〈ψ,A〉; t) and is defined as, U(〈ψ,A〉; t) = {x ∈ S | xt ∈ 〈ψ,A〉}.
Theorem 2. [47] A fuzzy soft subset 〈ψ,A〉 of an OSG S is fuzzy soft left
(resp. right) ideal of S if and only if each non empty level subset
U(〈ψ,A〉, t) ∀ t ∈ (0, 1] is a left (resp. right) ideal of S.

Let U be a universal set and V ⊆ U , a fuzzy soft set 〈ψ,A〉 over V is said to
be a relative whole fuzzy soft set (with respect to universe V and parameter
set A) denoted by Σ(V,A) if ψ(ε) = XbV ≈ ∀ ≈ ε ∈ A, we say that 〈ψ,A〉 is
type ⊂qk subset of 〈φ,B〉 denoted as 〈ψ,A〉 ⊂qk 〈φ,B〉 if,

i. A ⊆ B

ii. ψ(ε) ⊆qk φ(ε) for any ε ∈ A.

Moreover, 〈ψ,A〉 �qk 〈φ,B〉 if 〈ψ,A〉 ⊆qk 〈φ,B〉 and 〈φ,B〉 ⊆qk 〈ψ,A〉. The
product of two fuzzy soft sets is a fuzzy soft set over S denoted by 〈ψ,A〉 �
〈φ,B〉 = 〈ψ ◦ φ,C〉 where C = A ∪B and is defined as,

(ψ ◦ φ)ε =


ψ(ε), if ε ∈ A−B
φ(ε), if ε ∈ B −A
ψ(ε) ◦ φ(ε), if ε ∈ A ∩B.

Here, ψ(ε) ◦ φ(ε) is defined as,

ψ(ε) ◦ φ(ε)(x) =

{∨
(y,z)∈Ax {ψ(ε)(y) ∧ φ(ε)(z)} ∀ ε ∈ A, if ∃ (y, z) ∈ Ax

0, otherwise.
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New Generalization of Fuzzy Soft Ideals in Ordered Semi-
groups (OSGs)

In present era, most of the complicated problems involving the global uncer-
tainties are tackle through a benchmark theory i.e., theory of soft sets. The
contemporary research in this direction and the new investigations of soft set
theory is much productive due to the high level applications of fuzzy soft
set theory in the fields of structural engineering, decision making problems,
fuzzy automate theory, coding theory and economics. In this segment a new
type of fuzzy soft ideal theory based on ”generalized quasi coincident with
relation (qk)” is developed. More reliably, (∈,∈ ∨qk)-FSL(R)Is of OSG are
given and many characterization theorems of OSGs are presented through this
new inception. It is important to remember that ordinary ideals are related
by characteristic function and level subsets with this new form of fuzzy soft
ideals.

Definition 1. A fuzzy soft set 〈ψ,A〉 over an OSG S is called (∈,∈ ∨qk)-fuzzy
soft left (resp. right) ideal of S if it satisfies the following conditions:

i. If x ≤ y then y
t ∈ 〈ψ,A〉 ⇒

x
t ∈ ∨qk〈ψ,A〉 ∀ x, y ∈ S,

ii. Σ(S,A)� 〈ψ,A〉 ⊂qk 〈ψ,A〉 (resp. 〈ψ,A〉 � Σ(S,A) ⊂qk 〈ψ,A〉).

Moreover, a fuzzy soft set over S is (∈,∈ ∨qk)-fuzzy soft ideal if it is both
(∈,∈ ∨qk)-fuzzy soft left and (∈,∈ ∨qk)-FSRI of S.

Theorem 3. A fuzzy soft subset 〈ψ,A〉 of S is an (∈,∈ ∨qk)-fuzzy soft left
(resp. right) ideal of S if and only if the following conditions hold:

i. x ≤ y ⇒ ψ(ε)(x) ≥ ψ(ε)(y) ∧ λ,

ii. ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ (resp. ψ(ε)(xy) ≥ ψ(ε)(x) ∧ λ) ∀ x, y ∈ S,
∀ ε ∈ A and λ = 1−k

2 unless otherwise stated.

Proof. Let 〈ψ,A〉 be (∈,∈ ∨qk)-fuzzy soft left ideal (FSLI) of S. On contrary
assume that ∀ x, y ∈ S, ε ∈ A and x ≤ y where ψ(ε)(x) < ψ(ε)(y) ∧ λ, choose
t ∈ (0, 1] such that, ψ(ε)(x) < t ≤ ψ(ε)(y)∧λ implies that, ψ(ε)(y) ≥ t ∀ ε ∈ A
thus, y

t ∈ 〈ψ,A〉 as, ψ(ε)(x) < t implies that, x
t∈〈ψ,A〉. Also, ψ(ε)(x) + t +

k < λ+ λ+ k = 1 implies, x
t qk 〈ψ,A〉. Therefore, x

t ∈ ∨qk〈ψ,A〉 a contra-
diction to the hypothesis that 〈ψ,A〉 is an (∈,∈ ∨qk)-FSLI. Thus, ψ(ε)(x) ≥
ψ(ε)(y) ∧ λ for all ε ∈ A. Now, (XS(ε) ◦ ψ(ε))(xy) =

∨
(p,q)∈Axy{XS(ε)(p) ∧

ψ(ε)(q)} ≥
∨

(x,y)∈Axy{XS(ε)(x) ∧ ψ(ε)(y)} = 1 ∧ ψ(ε)(y) = ψ(ε)(y) ≥ t im-

plies that (XS(ε) ◦ ψ(ε))(xy) ≥ t leads to xy
t ∈ Σ(S,A)� 〈ψ,A〉. As 〈ψ,A〉 is

(∈,∈ ∨qk)−fuzzy soft ideal, therefore we have Σ(S,A)�〈ψ,A〉 ⊂qk 〈ψ,A〉 im-
plies xy

t ∈ 〈ψ,A〉. Now let us assume ∀ x, y ∈ S, ε ∈ A ψ(ε)(xy) < ψ(ε)(y)∧ λ
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choose t ∈ (0, 1] such that,ψ(ε)(xy) < t ≤ ψ(ε)(y) ∧ λ implies, y
t ∈ 〈ψ,A〉, as

ψ(ε)(xy) < t leads to xy
t ∈〈ψ,A〉, Also as, ψ(ε)(xy) < t ≤ ψ(ε)(y) ∧ λ ≤ λ

implies t ≤ λ means ψ(ε)(xy) + t+ k < λ+λ+ k = 1 implies xy
t qk〈ψ,A〉 thus,

xy
t ∈ ∨qk〈ψ,A〉 a contradiction to the fact that 〈ψ,A〉 is an (∈,∈ ∨qk)-FSLI.

Hence, ∀ ε ∈ A , x, y ∈ S, ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ.
Conversely, assume that conditions (i) and (ii) hold. Let x, y ∈ S, x ≤ y
and y

t ∈ 〈ψ,A〉 i.e., ψ(ε)(y) ≥ t we have, ψ(ε)(x) ≥ ψ(ε)(y) ∧ λψ(ε)(x) ≥
ψ(ε)(y) ∧ λ ≥ t ∧ λ if, t ≤ λ then ψ(ε)(x) ≥ t ∀ ε ∈ A, implies x

t ∈ 〈ψ,A〉. If
t > λ then, ψ(ε)(x) ≥ λ and we have, ψ(ε)(x) + t+k ≥ λ+λ+k = 1 ∀ ε ∈ A.
Thus, x

t qk〈ψ,A〉, therefore, x
t ∈ ∨qk〈ψ,A〉. Now let xy

t ∈ Σ(S,A) � 〈ψ,A〉.
On contrary assume that xy

t ∈ ∨qk〈ψ,A〉 which shows that xy
t ∈〈ψ,A〉 and

xy
t qk〈ψ,A〉 implies, ψ(ε)(xy) < t and ψ(ε)(xy) + t + k ≤ 1. As, (XS(ε) ◦
ψ(ε))(xy) ≥ t. Since, xy = xy ⇒ (x, y) ∈ Axy therefore, (XS(ε) ◦ ψ(ε))(xy) =∨

(x,y)∈Axy{XS(ε)(x) ∧ ψ(ε)(y) =
∨

(x,y)∈Axy{1 ∧ ψ(ε)(y)} = ψ(ε)(y). Hence,

ψ(ε)(y) ≥ t and by condition (ii) we have ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ implies
ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ ≥ t ∧ λ if, t < λ then, ψ(ε)(xy) ≥ t ∧ λ = t leads to
ψ(ε)(xy) > λ so ψ(ε)(xy)+t+k > λ+λ+k = 1. Hence, xyt qk〈ψ,A〉, therefore,
xy
t ∈ 〈ψ,A〉 as we have supposed that xy

t ∈ ∨qk〈ψ,A〉, a contradiction. Thus,
Σ(S,A) � 〈ψ,A〉 ⊂qk 〈ψ,A〉. Hence, 〈ψ,A〉 is (∈,∈ ∨qk)-FSLI. Similarly, the
case for (∈,∈ ∨qk)-FSRI can be proved.

Put k = 0 in Theorem 3, we get the following Corollary.

Corollary 1. A fuzzy soft subset 〈ψ,A〉 of S is (∈,∈ ∨q)-fuzzy soft left (resp.
right) ideal of S if and only if ∀ ε ∈ A and x, y ∈ S, the following conditions
hold:

i. x ≤ y ⇒ ψ(ε)(x) ≥ ψ(ε)(y) ∧ 0.5,

ii. ψ(ε)(xy) ≥ ψ(ε)(y) ∧ 0.5 (resp. ψ(ε)(xy) ≥ ψ(ε)(x) ∧ 0.5).

Proof. The proof follows from Theorem 3.

Using Theorem 1 we have the following characterization of fuzzy left (resp.
right) ideals of OSGs.

Proposition 1. Let ∅ 6= Y ⊂ S. Then Y is a left (resp. right) ideal of S
if and only if the characteristics function 〈Xy, A〉 of Y is an (∈,∈ ∨qk)-fuzzy
soft left (resp. right) ideal of S.

Proof. The proof follows from Theorem 3.
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Example 2. Let S = {v, w, x, y, z} is an OSG with multiplication table and

ordered relation (hasse diagram) as follows:

. v w x y z
v v y v y y
w v w v y y
x v y x y z
y v y v y y
z v y x y z

Figure 1: Multiplication table and Ordered re-
lation

ψ(ε1) ψ(ε2)
v 0.8 0.8
w 0.2 0.2
x 0.7 0.8
y 0.8 0.8
z 0.6 0.7

Then using Theorem 3, 〈ψ,A〉 is (∈,∈ ∨qk)-fuzzy soft ideal of S ∀ t ∈ (0, λ]
with k = 0.4.

Theorem 4. Let I be a left (resp. right) ideal of S and 〈ψ,A〉 is a fuzzy soft
subset of S defined by

ψ(ε)(x) =

{
≥ λ, if x ∈ I
0, otherwise,

for all ε ∈ A. Then, 〈ψ,A〉 is (∈,∈ ∨qk)-fuzzy soft ideal of S.

Proof. Let x ∈ S, y ∈ I where x ≤ y and t ∈ (0, 1] such that y
t ∈ 〈ψ,A〉

then ψ(ε)(y) ≥ t ∀ ε ∈ A. Let I be a left ideal of S, since, x ≤ y, y ∈ I
we have x ∈ I implies ψ(ε)(x) ≥ λ. If t ≤ λ, then, ψ(ε)(x) ≥ t leads to
x
t ∈ 〈ψ,A〉. If t ≥ λ, then ψ(ε)(x) + t+ k > λ+ λ+ k = 1 implies x

t qk〈ψ,A〉.
Now let x

t ∈ Σ(S,A)� 〈ψ,A〉 we have (XS(ε) ◦ ψ(ε))(x) ≥ t. Let on contrary
suppose that x

t∈ ∨qk〈ψ,A〉 therefore, ψ(ε)(x) < t and ψ(ε)(x) + t + k ≤ 1
as (XS(ε) ◦ ψ(ε))(x) ≥ t implies

∨
(a,b)∈Ax{XS(ε)(a) ∧ ψ(ε)(b)} ≥ t implies∨

(a,b)∈Ax{1 ∧ ψ(ε)(b)} ≥ t. Thus, ψ(ε)(b) ≥ t as x ∈ S so for b = x. Hence,
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ψ(ε)(x) ≥ t implies x
t ∈ 〈ψ,A〉 which is a contradiction. Similarly, we can

prove x
t qk〈ψ,A〉. Thus, x

t ∈ ∨qk〈ψ,A〉, therefor, Σ(S,A)� 〈ψ,A〉 ⊂qk 〈ψ,A〉.
Hence, 〈ψ,A〉 is an (∈,∈ ∨qk)-FSLI of S. Similarly, we can prove 〈ψ,A〉 is an
(∈,∈ ∨qk)-FSRI of S.

For k = 0, we get the following Corollary.

Corollary 2. Let I be a left (resp. right) ideal of S and 〈ψ,A〉 is a fuzzy soft
subset of S defined by

ψ(ε)(x) =

{
≥ 1

2 , if x ∈ I
0, otherwise,

for all ε ∈ A. Then 〈ψ,A〉 is an (∈,∈ ∨q)-fuzzy soft ideal of S.

Proof. The proof follows from Theorem 4.

Remark 1. Every fuzzy soft right (resp.left) ideal of an OSG is an (∈,∈ ∨qk)-
fuzzy soft left (resp. right) ideal of S, but the converse is not true as shown in
the following example.

Example 3. Consider the OSG given in Example 2 and choose a fuzzy soft
set 〈ψ,B〉 over S defined as follows:

ψ(ε1)(a) =



0.8, if a = v

0.2, if a = w

0.7, if a = x

0.5, if a = y

0.6, if a = z

Then, 〈ψ,B〉 is an (∈,∈ ∨qk)-fuzzy soft ideal, but U(〈ψ,B〉, t) = {v, x} for all
t ∈ (0.6, 0.7] is not an ideal of S. Hence, by Theorem 1, 〈ψ,B〉 is not a fuzzy
ideal of S for all t ∈ (0.6, 0.7].

Theorem 5. Every (∈,∈)-fuzzy soft ideal is an (∈,∈ ∨qk)-fuzzy soft ideal of
S.

Proof. Let 〈ψ,A〉 is (∈,∈)-FSLI. Let x, y ∈ S and x ≤ y take y
t ∈ 〈ψ,A〉.

Since, 〈ψ,A〉 is an (∈,∈)-FSLI therefore, y
t ∈ 〈ψ,A〉 implies that x

t ∈ 〈ψ,A〉,
but x

t ∈ 〈ψ,A〉 implies x
t ∈ ∨qk〈ψ,A〉. Now let x

t ∈ Σ(S,A) � 〈ψ,A〉. As
〈ψ,A〉 is an (∈,∈)-FSLI therefore, x

t ∈ 〈ψ,A〉 since x
t ∈ 〈ψ,A〉. Hence, x

t ∈
∨qk〈ψ,A〉. Thus, Σ(S,A) � 〈ψ,A〉 ⊂qk 〈ψ,A〉. Similarly, can be proved for
the case of (∈,∈ ∨qk)-FSRI of S.
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Theorem 6. Every (∈ ∨qk,∈ ∨qk)-fuzzy soft left (resp. right) ideal is (∈,∈
∨qk)-fuzzy soft left (resp. right) ideal of S.

Proof. Suppose 〈ψ,A〉 is (∈ ∨qk,∈ ∨qk)-FSLI of S. Let x, y ∈ S where x ≤ y,
take y

t ∈ 〈ψ,A〉 implies that, y
t ∈ ∨qk〈ψ,A〉, as 〈ψ,A〉 is (∈ ∨qk,∈ ∨qk)-

FSLI so x
t ∈ ∨qk〈ψ,A〉. Assume that x

t ∈ Σ(S,A) � 〈ψ,A〉, so by hypothesis
x
t ∈ ∨qkΣ(S,A) � 〈ψ,A〉 implies that x

t ∈ ∨qk〈ψ,A〉. Therefore, Σ(S,A) �
〈ψ,A〉 ⊂qk 〈ψ,A〉. Hence, 〈ψ,A〉 is (∈,∈ ∨qk)-FSLI of S. Similarly, the case
for (∈ ∨qk,∈ ∨qk)-FSRI can also be proved.

Definition 2. Let 〈ψ,A〉 and 〈φ,B〉 be two fuzzy soft subsets of an OSG then
〈ψ,A〉 ⊂∈ 〈φ,B〉 if A ⊆ B and x

t ∈ 〈ψ,A〉 implies x
t ∈ 〈φ,B〉.

Lemma 1. Let 〈ψ,A〉 and 〈φ,B〉 be two fuzzy soft sets over an OSG S such
that 〈ψ,A〉 ⊂∈ 〈φ,B〉 then 〈ψ,A〉 ⊂qk 〈φ,B〉.

Proof. The proof is straightforward.

Theorem 7. A fuzzy soft set 〈ψ,A〉 of S is an (∈,∈ ∨qk)-fuzzy soft left (resp.
right) ideal of S if and only if every non empty level subset U(ψ(ε); t) is left
(resp. right) ideal of S ∀ t ∈ (0, λ] and ε ∈ A.

Proof. Let 〈ψ,A〉 is (∈,∈ ∨qk)-FSLI, let x ∈ S, y ∈ U(ψ(ε); t)⇒ ψ(ε)(y) ≥ t ∀
ε ∈ A by Theorem 1 we have x, y ∈ S, x ≤ y for some t ∈ (0, λ], then ψ(ε)(x) ≥
ψ(ε)(y) ∧ λ ≥ t ∧ λ = t implies x ∈ U(ψ(ε); t). Since, ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ
as ψ(ε)(y) ≥ t where, t ∈ (0, λ] therefore, ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ ≥ t ∧ λ = t.
Thus, xy ∈ U(ψ(ε); t)∀ε ∈ A, Hence, U(ψ(ε); t) is a left ideal of S.
Conversely, let U(ψ(ε); t) is a left ideal of S ∀ t ∈ (0, λ] and assume x, y ∈
S, x ≤ y on contrary suppose that ψ(ε)(x) < ψ(ε)(y) ∧ λ choose t ∈ (0, λ]
such that ψ(ε)(x) < t ≤ ψ(ε)(y) ∧ λ implies ψ(ε)(y) ≥ t so y ∈ U(ψ(ε); t) as
x 6∈ U(ψ(ε); t) which is a contradiction to the hypothesis. Hence, ψ(ε)(x) ≥
ψ(ε)(y)∧λ. Let x, y ∈ S, on contrary ψ(ε)(xy) < ψ(ε)(y)∧λ choose t ∈ (0, λ]
such that ψ(ε)(xy) < t ≤ ψ(ε)(y)∧λ, implies y ∈ U(ψ(ε); t) as xy 6∈ U(ψ(ε); t)
a contradiction to the fact that U(ψ(ε); t) is a left ideal of S. Therefore,
ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ ∀ x, y ∈ S, k ∈ [0, 1) and ∀ε ∈ A. Hence, 〈ψ,A〉 is
an (∈,∈ ∨qk)-FSLI. Similarly, we can prove the case of (∈,∈ ∨qk)-FSRI.

Proposition 2. A fuzzy set 〈ψ,A〉 of S is an (∈,∈ ∨qk)-fuzzy soft left (resp.
right) ideal of S. Then, [〈ψ,A〉]◦ = { x ∈ S |ψ(ε)(x) > 0} is a left (resp.
right) ideal of S.

Proof. Let 〈ψ,A〉 is a fuzzy soft subset of S and is (∈,∈ ∨qk)-FSLI of S, then
∀ x ∈ S, y ∈ [〈ψ,A〉]◦ and x ≤ y by using Theorem 1 we have ψ(ε)(x) ≥
ψ(ε)(y) ∧ λ > 0 ∀ εA → ψ(ε)(x) > 0 → x ∈ [〈ψ,A〉]◦. Also, we have
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ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ > 0 → ψ(ε)(xy) > 0 implies that xy ∈ [〈ψ,A〉]◦.
Hence, [〈ψ,A〉]◦ is a left ideal of S. Similarly, we can show that [〈ψ,A〉]◦ is a
right ideal of S.

Lemma 2. Suppose that 〈ψ,A〉 is an (∈,∈ ∨qk)-fuzzy soft left (resp. right)
ideal of S such that ψ(ε)(x) < λ ∀ x ∈ S and ε ∈ A, then 〈ψ,A〉 is (∈,∈)-fuzzy
soft left (resp. right) ideal of S.

Proof. Let 〈ψ,A〉 is (∈,∈ ∨qk)-FSLI of S such that ψ(ε)(x) < λ ∀ x ∈ S.
Let x, y ∈ S, x ≤ y and y

t ∈ 〈ψ,A〉 implies that ψ(ε)(y) ≥ t and given
that λ ≥ ψ(ε)(y) implies that λ ≥ ψ(ε)(y) ≥ t so λ ≥ t. Since, ψ(ε)(x) ≥
ψ(ε)(y) ∧ λ ≥ t ∧ λ = t. Therefore, x

t ∈ 〈ψ,A〉. Now as Σ(S,A)� 〈ψ,A〉 ⊂qk
〈ψ,A〉 leads x

t ∈ Σ(S,A) � 〈ψ,A〉. So, x
t ∈ ∨qk〈ψ,A〉. If x

t ∈ 〈ψ,A〉, then,
Σ(S,A)�〈ψ,A〉 ⊂∈ 〈ψ,A〉. The case, xt qk〈ψ,A〉 does not hold as ψ(ε)(x) < λ
∀ x ∈ S and t ≤ λ. Therefore, ψ(ε)(x) + t + k < λ + λ + k = 1 implies x

t qk.
Hence, 〈ψ,A〉 is (∈,∈)-FSLI. Similarly, the case for (∈,∈)-FSRI can also be
proved.

Definition 3. For any fuzzy soft subset 〈ψ,A〉 of S and t ∈ (0, 1] we denote
Qk(〈ψ,A〉; t) as follows: Qk(〈ψ,A〉; t) = { x ∈ S | xt qk〈ψ,A〉 } and [ψ,A]kt =
{x ∈ S | xt ∈ ∨qk〈ψ,A〉 }. Obviously, [ψ,A]kt = U(〈ψ,A〉; t) ∪ Qk(〈ψ,A〉; t).
[ψ,A]kt is known as (∈ ∨qk)−fuzzy soft level subset of S and Qk(〈ψ,A〉; t) a
qk− level fuzzy soft subset of S.

Theorem 8. A fuzzy soft subset 〈ψ,A〉 of S is an (∈,∈ ∨qk)-fuzzy soft left
(resp. right) ideal of S if and only if [ψ,A]kt is a left (resp. right)- ideal of
S ∀ t ∈ (0, 1].

Proof. Assume that 〈ψ,A〉 is an (∈,∨qk)-FSLI of S. Let x, y ∈ S, x ≤ y and
t ∈ (0, 1] such that y ∈ [ψ,A]kt implies ψ(ε)(y) ≥ t or ψ(ε)(y) + t+k ≥ 1 ∀ ε ∈
A. As we have ψ(ε)(x) ≥ ψ(ε)(y)∧ λ. Then the following cases are discussed.

(C1) If ψ(ε)(y) ≥ t, then ψ(ε)(x) ≥ t ∧ λ ⇒ ψ(ε)(x) ≥ t implies that x
t ∈

〈ψ,A〉. If t > λ, then ψ(ε)(x) ≥ λ leads ψ(ε)(x)+t+k ≥ 1 so x
t ∈ 〈ψ,A〉.

(C2) ψ(ε)(x)+t+k > 1, if t ≤ λ, then ψ(ε)(x) ≥ ψ(ε)(y)∧λ ≥ 1−t−k = λ ≥ t.
Which shows that x

t ∈ 〈ψ,A〉, if t > λ, then ψ(ε)(x) ≥ ψ(ε)(y) ∧ λ >
1 − t − k ∧ λ = 1 − t − k so x

t qk〈ψ,A〉. Hence, x
t ∈ ∨qk〈ψ,A〉. Now let

x, y ∈ S, y ∈ [ψ,A]kt . Which leads to ψ(ε)(y) ≥ t or ψ(ε)(y) + t + k ≥
1 ∀ ε ∈ A therefore, ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ ≥ t. Thus, xyt ∈ 〈ψ,A〉.

(C3) ψ(ε)(y) ≤ t if t ≤ λ. Then ψ(ε)(xy) ≥ t leads to xy
t ∈ 〈ψ,A〉 if t > λ.

Then, ψ(ε)(xy) ≥ λ and so ψ(ε)(xy) + t + k ≥ λ + λ + k = 1. Thus,
xy
t qk〈ψ,A〉.
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(C4) ψ(ε)(xy) + t + k > 1 leads to xy
t qk〈ψ,A〉. Hence, xy

t ∈ ∨qk〈ψ,A〉, thus
[ψ,A]kt is a left ideal of S.

Conversely, assume that 〈ψ,A〉 is a fuzzy soft subset of S such that [ψ,A]kt is a
left ideal of S if there exist x, y ∈ S, x ≤ y, t ∈ (0, λ]. On contrary assume that
ψ(ε)(x) < ψ(ε)(y) ∧ λ choose t ∈ (0, λ] such that ψ(ε)(x) < t ≤ ψ(ε)(y) ∧ λ,
then ψ(ε)(y) ≥ t implies y ∈ [ψ,A]kt but x 6∈ [ψ,A]kt a contradiction to the
hypothesis. Hence, ψ(ε)(x) ≥ ψ(ε)(y) ∧ λ. Now, let x, y ∈ S such that
f(xy) < ψ(ε)(y) ∧ λ choose t ∈ (0, λ] such that ψ(ε)(xy) < t ≤ ψ(ε)(y) ∧ λ
yield y ∈ [ψ,A]kt but xy

t 6∈ [ψ,A]kt . A contradiction to the fact that [ψ,A]kt is
a left ideal of S. Hence, ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ∀x, y ∈ S, ε ∈ A, thus, 〈ψ,A〉
is (∈,∈ ∨qk)-FSLI of S. Similarly, the case for 〈ψ,A〉 is (∈,∈ ∨qk)-FSLI of S
can be proved.

Definition 4. Let (S, ·,≤) be an OSG and 〈ψ,A〉, 〈φ,B〉 are two fuzzy soft
sets over S, then the λ-product of 〈ψ,A〉, 〈φ,B〉 is denoted by 〈ψ,A〉◦λ〈φ,B〉 =
〈ψ ◦λ φ,A ∪B〉 define as

(ψ ◦λ φ)(ε)(x) =


ψ(ε)(x) ∧ λ, if ε ∈ A−B
φ(ε)(x) ∧ λ, if ε ∈ B −A
(ψ(ε) ◦λ φ(ε))(x), if ε ∈ A ∩B.

where

(ψ(ε) ◦λ φ(ε))(x) =

{∨
(y,z)∈Ax{ψ(ε)(y) ∧ φ(ε)(z) ∧ λ}, if Ax 6= ∅,

0, otherwise.

Definition 5. Let 〈ψ,A〉 and 〈φ,B〉 be two fuzzy soft subsets of S, then the
intersection of 〈ψ,A〉 and 〈φ,B〉 is denoted by 〈ψ,A〉∩λ〈φ,B〉 = 〈ψ∩λφ,A∩B〉
and defined by:

(ψ ∩λ φ)(ε)(x) = ψ(ε)(x) ∧ φ(ε)(x) ∧ λ ∀ ε ∈ A ∩B.

Definition 6. Let 〈ψ,A〉 and 〈φ,B〉 be two fuzzy soft subsets of S, then the
union of 〈ψ,A〉 and 〈φ,B〉 is denoted by 〈ψ,A〉 ∪λ 〈φ,B〉 = 〈ψ ∪λ φ,A ∪ B〉
and defined by:

(ψ ∪λ φ)(ε)(x) =


ψ(ε)(x) ∧ λ, if ε ∈ A−B
φ(ε)(x) ∧ λ, if ε ∈ B −A
ψ(ε)(x) ∨ φ(ε)(x) ∧ λ, if ε ∈ A ∩B.
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Theorem 9. If 〈ψ,A〉, 〈φ,B〉 are two (∈,∈ ∨qk)-fuzzy soft left (resp. right)
ideals of S, then 〈ψ,A〉∩λ 〈φ,B〉 is (∈,∈ ∨qk)-fuzzy soft left (resp. right) ideal
of S.

Proof. Assume that 〈ψ,A〉, 〈φ,B〉 are (∈,∈ ∨qk)-FSLIs of S, then for x, y ∈ S
and x ≤ y ψ(ε)(x) ≥ ψ(ε)(y) ∧ λ ∀ ε ∈ A and φ(ε)(x) ≥ φ(ε)(y) ∧ λ ∀ε ∈
B. Therefore, (ψ(ε) ∩λ φ(ε)) = ψ(ε)(x) ∧ φ(ε)(x) ∧ λ ≥ {ψ(ε)(y) ∧ λ} ∧
{φ(ε)(y) ∧ λ} ∧ λ = (ψ(ε)(y) ∧ φ(ε)(y) ∧ λ) ∧ λ = (ψ(ε) ∩λ φ(ε))(y) ∧ λ.
Hence, (ψ(ε) ∩λ φ(ε))(x) ≥ (ψ(ε) ∩λ φ(ε))(y) ∧ λ) ∀ ε ∈ A ∩ B. Let x, y ∈ S
by hypothesis we have ψ(ε)(xy) ≥ ψ(ε)(y) ∧ λ and φ(ε)(xy) ≥ φ(ε)(y) ∧ λ as
(ψ(ε)∩λφ(ε))(xy) = ψ(ε)(xy)∧φ(ε)(xy)∧λ ≥ {ψ(ε)(y)∧λ}∧{φ(ε)(y)∧λ}∧λ =
(ψ(ε)(y)∧φ(ε)(y)∧λ)∧λ = (ψ(ε)∩λφ(ε))(y)∧λ. Hence, 〈ψ(ε)∩λφ(ε), A∩B〉
is an (∈,∈ ∨qk)-FSLI of S. Similarly, we can prove that 〈ψ(ε)∩λ φ(ε), A∩B〉
is an (∈,∈ ∨qk)-FSRI of S.

Conclusion

The new investigations using soft structures in applied fields like structural
engineering and decision making problems are becoming the central focus for
researchers. This benchmark piece of research achieved another milestone in
the ideal theory of OSGs by developing fuzzy soft ideal theory in OSGs. More
precisely, we introduced (∈,∈ ∨qk)-fuzzy soft ideals of OSGs and determined
several important characterization theorems of OSGs based on this new incep-
tion. Also ordinary ideals and fuzzy soft ideals of type (∈,∈ ∨qk) are linked
through characteristic functions and level subsets. Further, this theory will
provide a suitable platform for further research i.e., (∈,∈ ∨qk)-fuzzy soft bi-
ideal (resp. interior, generalized bi, quasi)-ideals of an OSG will be developed.
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