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Fundamental solution matrix and Cauchy
properties of quaternion combined impulsive

matrix dynamic equation on time scales∗

Chao Wang, Zhien Li and Ravi P. Agarwal

Abstract

In this paper, we establish some basic results for quaternion com-
bined impulsive matrix dynamic equation on time scales for the first
time. Quaternion matrix combined-exponential function is introduced
and some basic properties are obtained. Based on this, the funda-
mental solution matrix and corresponding Cauchy matrix for a class
of quaternion matrix dynamic equation with combined derivatives and
bi-directional impulses are derived.

1 Introduction

In 1843, Hamilton initiated the notion of quaternions which extends the
complex numbers to the four-dimensional space (see [8]). The multiplication
of quaternions are determined by a noncommutative division algebra. Let q =
q0 + q1i+ q2j+ q3k, be a quaternion, where q0, q1, q2, q3 ∈ R, and i, j, k satisfy
the multiplication: i2 = j2 = k2 = ijk = −1, jk = −kj = i, ki = −ik = j, ij =
−ji = k. In the real world, there exists the quaternionic differential equation
structure in many research fields such as differential geometry, fluid mechanics,
attitude dynamics, quantum mechanics (see [1]), etc., and many researchers
focus on the subject with quaternionic background (see [5–7,10,51–54]).
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On the other hand, in 1988, Stefan Hilger introduced the theory of time
scales, which is a powerful tool to study dynamic equations on hybrid domains
(see [9]), by choosing the time scale to be the set of real numbers, the general
results yield the results concerning different types of dynamic equations (see
[20, 23, 27]). In 2016, some equivalent concepts of periodic time scales were
addressed by Wang and Agarwal et al.(see [2,21,22]). In [24,26,28], the concept
of piecewise almost periodic and almost automorphic functions on time scales
with periodicity was first introduced and applied to analyze the almost periodic
solutions to neural networks and biological dynamic models. In [29, 31], the
authors proposed the Π-semigroup and the semigroups induced by complete-
closed time scales to study the almost periodic mild solutions to evolution
equations. Due to the irregularity of time scales, the delay classification was
addressed to solve the delay dynamic equations on hybrid time scales (see [30]).
The notion of changing-periodic time scales is a recent new concept which can
deal with the translation solution problems of the dynamic equations on time
scales with the bounded graininess function µ (see [32]). By using the idea
of decomposition of time scales, the existence and stability of local solutions
of dynamic equations on piecewise periodic time scales were considered (see
[33, 34]). Moreover, the concept of matched spaces of time scales was put
forward to assist in solving the problems on non-translational shift time scales
(see [25, 35–37]). By choosing T = hZ, the same result yields a result for
difference equations with h-step; let the quantum time scale T = qZ, the
hybrid domains T = {hZ} ∪ {qZ}, etc., one can obtain a much more general
result by using the theory of time scales (see [3,4,38–41]). In 2020, Wang, Li,
Agarwal and O’Regan investigated the commutativity of quaternion-matrix-
valued functions and quaternion matrix dynamic equations on time scales and
nine interesting problems were proposed and solved (see [13–15]) in which
several real applications were demonstrated in applied dynamic equations. In
2020, the coupled-jumping timescale theory and applications were proposed
(see [50]).

In 2006, Sheng, Fadag, et al. introduced a combined derivative on time
scales called diamond derivatives which is defined as a linear combination of
Delta and Nabla dynamic derivatives and is a more accurate approximation
to the conventional derivative. The calculation ♦α diamond derivatives of a
function needs the function is Delta and Nabla derivable both (see [17, 18]).
In particular, for α = 1 the ♦α diamond derivatives is ∆-derivatives, and
for α = 0 the ♦α diamond derivatives is ∇-derivatives. In 2020, Wang and
Agarwal et.al established the combined measure theory on time scales and
it was applied to study Lebesgue-Stieltjes combined ♦α-measure and integral
(see [16, 42]). In [12], the non-eigenvalue form of Liouville’s formula and α-
matrix exponential solutions for combined matrix dynamic equations on time
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scales were obtained.
However, there is no work on the combined matrix dynamic equations

on time scales under quaternionic background. Moreover, the dynamic equa-
tions with impulses demonstrate their advantages in describing the dynamical
behavior with a sudden change or an impact, it is significant to investigate
the impulsive dynamic equations on hybrid domains (see [43–49]). Motivated
by the above, since impulsive dynamic equations play a vital role in depict-
ing the natural phenomena with sudden changes in the practical applications
(see [11, 19]), we will introduce a quaternion matrix combined-exponential
function and study its properties. Based on it, a class of quaternion ma-
trix dynamic equation with combined derivatives and bi-directional impulses
is introduced and investigated, some basic results including the fundamental
solution matrix and corresponding Cauchy matrix are obtained for the first
time.

2 Preliminaries

In what follows, we will present some fundamental knowledge of combined
calculus on time scales and generalize these results under the quaternion back-
ground. For convenience, we denote quaternion space by Q throughout the
paper.

A time scale T is a closed subset of R. It follows that the jump operators
σ, ρ : T→ T defined by σ(t) = inf{s ∈ T : s > t} and ρ(t) = sup{s ∈ T : s < t}
(supplemented by inf φ := supT and supφ := inf T) are well defined. The
point t ∈ T is left-dense, left-scattered, right-dense, right-scattered if ρ(t) =
t, ρ(t) < t, σ(t) = t, σ(t) > t, respectively. If T has a right scattered minimum
m, define Tκ := T\m; otherwise, set Tκ = T. The notations [a, b]T, [a, b)T and
so on, we will denote time scale intervals [a, b]T = {t ∈ T : a ≤ t ≤ b}, where
a, b ∈ T with a < ρ(b).

Definition 2.1 ( [4]). For y : T→ R and t ∈ Tκ, we define the ∆-derivative
of y(t), y∆(t), to be the number (if it exists) with the property that for a given
ε > 0, there exists a neighborhood U of t (i.e., U = (t − δ, t + δ)T for some
δ > 0) such that∣∣[y(σ(t))− y(s)]− y∆(t)[σ(t)− s]

∣∣ < ε|σ(t)− s|

for all s ∈ U. That is, the limit

y∆(t) = lim
s→t

f
(
σ(t)

)
− f(s)

σ(t)− s

exists.



quaternion combined impulsive matrix dynamic equation on time scales 110

Theorem 2.1 ( [4]). If a, b, c ∈ T, α, β ∈ R, and f, g ∈ Crd, then

(i)
∫ b
a

[
αf(t) + βg(t)

]
∆t = α

∫ b
a
f(t)∆t+ β

∫ b
a
g(t)∆t;

(ii)
∫ b
a
f(t)∆t = −

∫ a
b
f(t)∆t;

(iii)
∫ c
a
f(t)∆t =

∫ b
a
f(t)∆t+

∫ c
b
f(t)∆t;

(iv)
∣∣ ∫ b
a
f(t)∆t

∣∣ ≤ ∫ b
a
|f(t)|∆t.

Definition 2.2 ( [4]). If r is a µ-regressive function, then the generalized
exponential function er is defined by

er(t, s) = exp

{∫ t

s

ξµ(τ)(r(τ))∆τ

}
for all s, t ∈ T, where the µ-cylinder transformation is as in

ξh(z) :=
1

h
Log(1 + zh).

Theorem 2.2 ( [4]). Assume that p, q : T→ R are two µ-regressive functions.
Then
(i) e0(t, s) ≡ 1 and ep(t, t) ≡ 1;
(ii) ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s);
(iii) ep(t, s) = 1

ep(s,t) = e	p(s, t);

(iv) ep(t, s)ep(s, r) = ep(t, r);
(v) (e	p(t, s))

∆ = (	p)(t)e	p(t, s);

Definition 2.3 ( [1]). Let A : T → Qn×n and A(t) = [arh0(t) + iarh1(t) +
jarh2(t)+karh3(t)]n×n, where 1 ≤ r, h ≤ n, n ∈ N+, the integral of the matrix
function A(t) is defined by∫ t

t0

A(τ)∆τ =[ ∫ t

t0

arh0(τ)∆τ + i

∫ t

t0

arh1(τ)∆τ + j

∫ t

t0

arh2(τ)∆τ + k

∫ t

t0

arh3(τ)∆τ

]
n×n

.

Definition 2.4 ( [18]). Let A : T→ Qn×n be differentiable on T in ∆ and ∇
sense. For t ∈ T, define a diamond-α dynamic derivative A♦α(t) by

A♦α(t) = αA∆(t) + (1− α)A∇(t), 0 ≤ α ≤ 1.

Thus A(t) is diamond-α differentiable if and only if A(t) is ∆ and ∇ differ-
entiable.
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Consider the following two initial value problems of homogeneous quater-
nion matrix dynamic equations on time scales.

X∇(t) = A(t)X(t), X(t0) = I, (1)

X∆(t) = A(t)X(t), X(t0) = I, (2)

where I is an identity matrix.
Now, we will derive a quaternion matrix ∇-exponential function êA(t, t0)

by calculating the solutions of the initial value problems of the quaternion
matrix ∇-dynamic equation (1). Similarly, a quaternion matrix ∆-exponential
function eA(t, t0) can also be obtained.

Theorem 2.3. The quaternion matrix exponential function êA(t, t0) is given
by:

êA(t, t0) = I+

∞∑
n=1

∫ t

t0

Aσ(tn)

∫ σ(tn)

t0

Aσ(tn−1) . . .

∫ σ(t2)

t0

Aσ(t1)∆t1 . . .∆tn−1∆tn

and the quaternion matrix ∆-exponential function eA(t, t0) is given by:

eA(t, t0) = I +

∞∑
n=1

∫ t

t0

A(tn)

∫ tn

t0

A(tn−1) . . .

∫ t2

t0

A(t1)∆t1 . . .∆tn−1∆tn, (3)

where I is n× n-identity matrix.

Proof. For êA(t, t0), by calculating the solution of the initial value problem of
(1), we can obtain

ν(t)ê∇A (t, t0) = êA(t, t0)− êA(ρ(t), t0)

= I +

∞∑
n=1

∫ t

t0

Aσ(tn)

∫ σ(tn)

t0

Aσ(tn−1) . . .

∫ σ(t2)

t0

Aσ(t1)∆t1 . . .∆tn−1∆tn

−
(
I +

∞∑
n=1

∫ ρ(t)

t0

Aσ(tn) . . .

∫ σ(t2)

t0

Aσ(t1)∆t1 . . .∆tn

)

=

∞∑
n=1

∫ t

ρ(t)

Aσ(tn)

∫ σ(tn)

t0

Aσ(tn−1) . . .

∫ σ(t2)

t0

Aσ(t1)∆t1 . . .∆tn−1∆tn

= ν(t)Aσ(ρ(t))

(
I +

∞∑
n=1

∫ σ(ρ(t))

t0

Aσ(tn)

∫ σ(tn)

t0

Aσ(tn−1) . . .∆tn

)
= ν(t)A(t)êA(t, t0).

Hence êA(t, t0) is the solution of initial value problem of (1). Similarly, through
the same proof process, we can obtain (3). The proof is completed.
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3 Quaternion matrix diamond-exponential function and
quaternion combined matrix dynamic equation

In the sequel, we will introduce a definition of quaternion matrix diamond-
exponential function through matrix exponential functions introduced in The-
orem 2.3. For convenience, we introduce some notations, eA

(
ρ(t), t0

)
:=

eρA(t, t0), A
(
ρ(t)

)
= Aρ(t), eA

(
σ(t), t0

)
:= eσA(t, t0), A

(
σ(t)

)
= Aσ(t), so does

ê.

Definition 3.1. Let A : T → Qn×n, where n ∈ N+, we define a quaternion
matrix diamond-exponential function by éA = αeA(t, t0) + (1− α)êA(t, t0).

Lemma 3.1. e∇A (t, t0) = Aρ(t)
(
I + ν(t)Aρ(t)

)−1
eA(t, t0) if I + ν(t)Aρ(t) is

invertible.

Proof. By Theorem 2.3, we have

e∇A(t, t0) =
eA(t, t0)− eρA(t, t0)

ν(t)

=

∞∑
n=1

∫ t
ρ(t)

A(tn)
∫ tn
t0
A(tn−1) . . .

∫ t2
t0
A(t1)∆t1 . . .∆tn−1∆tn

ν(t)

= A
(
ρ(t)

)(
I +

∞∑
n=1

∫ ρ(t)

t0

A(tn) . . .

∫ t2

t0

A(t1)∆t1 . . .∆tn

)
= A

(
ρ(t)

)
eA
(
ρ(t), t0

)
.

On the other hand, since

eA(t, t0) = eρA(t, t0) + ν(t)e∇A (t, t0) =
(
I + ν(t)A(ρ(t))

)
eA
(
ρ(t), t0

)
,

then eA
(
ρ(t), t0

)
=
(
I+ν(t)A(ρ(t))

)−1
eA(t, t0). Therefore e∇A(t, t0) = Aρ(t)

(
I+

ν(t)Aρ(t)
)−1

eA(t, t0). The proof is completed.

Lemma 3.2. ê∆
A(t, t0) = Aσ(t)

(
I − µ(t)Aσ(t)

)−1
êA(t, t0) if I − µ(t)Aσ(t) is

invertible.

Proof. By Theorem 2.3, we have

ê∆
A(t, t0) =

êA(σ(t), t0)− êA(t, t0)

µ(t)

=

∞∑
n=1

∫ σ(t)

t
A(σ(tn))

∫ σ(tn)

t0
A(σ(tn−1)) . . .

∫ σ(t2)

t0
A(σ(t1))∆t1 . . .∆tn−1∆tn

µ(t)
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= A(σ(t))

(
I +

∞∑
n=1

∫ σ(t)

t0

A(σ(tn)) . . .

∫ σ(t2)

t0

A(σ(t1))∆t1 . . .∆tn

)
= A(σ(t))êσA(t, t0).

On the other hand, since

êσA(t, t0) = êA(t, t0) + µ(t)ê∆
A(t, t0),

then êσA(t, t0) =
(
I − µ(t)Aσ(t)

)−1
êA(t, t0). Therefore ê∆

A(t, t0) = Aσ(t)
(
I −

µ(t)Aσ(t)
)−1

êA(t, t0). The proof is completed.

Now, consider the following quaternion combined matrix dynamic equa-
tion:
X́♦α (t) =

[
α 1 − α

]
×
[

A(t)eA(t, t0) Aρ(t)
(
I + ν(t)Aρ(t)

)−1
eA(t, t0)

Aσ(t)
(
I − µ(t)Aσ(t)

)−1
êA(t, t0) A(t)êA(t, t0)

][
α

1 − α

]
X́(t0) = I, where 0 ≤ α ≤ 1.

(1)

Remark 3.1. Note that the quaternion combined matrix dynamic equation
(1) will turn into (1) for α = 0; moreover, it will turn into (2) for α = 1.

Theorem 3.1. éA(t, t0) is the matrix exponential solution of the initial value
problem of (1).

Proof. By Theorem 2.3, Lemma 3.1 and Definition 2.4, we obtain

e♦αA (t, t0) =

(
αA(t) + (1− α)Aρ(t)

(
I + ν(t)Aρ(t)

)−1
)
eA(t, t0).

Similarly, by Theorem 2.3, Lemma 3.2 and Definition 2.4, we have

ê♦αA (t, t0) =

(
αAσ(t)

(
I − µ(t)Aσ(t)

)−1
+ (1− α)A(t)

)
êA(t, t0).

By Definitions 2.4 and 3.1, we have

é♦αA (t, t0) =

(
αA(t) + (1− α)Aρ(t)

(
I + ν(t)Aρ(t)

)−1
)
αeA(t, t0)

+

(
αAσ(t)

(
I − µ(t)Aσ(t)

)−1
+ (1− α)A(t)

)
(1− α)êA(t, t0).

Therefore, we can obtain the desired result.
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Now, we consider the following non-homogeneous quaternion matrix ∆-
dynamic equation: {

X∆(t) = A(t)X(t) +H(t)

X(t0) = X0,
(2)

where A,H : T→ Qn×n, X0 ∈ Qn×n, n ∈ N+.

Theorem 3.2. The fundamental solution matrix of (2) is given by

X(t) =(
I +

∞∑
n=1

∫ t

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

+

∫ t

t0

(
I +

∞∑
n=1

∫ t

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ, (3)

i.e., X(t) = eA(t, t0)X0 +
∫ t
t0
eA
(
t, σ(τ)

)
H(τ)∆τ.

Proof. For (3), we have

µ(t)X∆(t)

=

(
I +

∞∑
n=1

∫ σ(t)

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

+

∫ σ(t)

t0

(
I +

∞∑
n=1

∫ σ(t)

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

−
(
I +

∞∑
n=1

∫ t

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

−
∫ t

t0

(
I +

∞∑
n=1

∫ t

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

= µ(t)A(t)

(
I +

∞∑
n=1

∫ t

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)

×X0 +

∫ t

t0

( ∞∑
n=1

∫ σ(t)

t

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

+

∫ σ(t)

t

(
I +

∞∑
n=1

∫ σ(t)

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

= µ(t)A(t)

(
I +

∞∑
n=1

∫ t

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
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×X0 + µ(t)A(t)

∫ t

t0

(
I +

∞∑
n=1

∫ t

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
×H(τ)∆τ + µ(t)H(t) = µ(t)A(t)X(t) + µ(t)H(t).

Thus we can obtain the desired result.

Consider the following non-homogeneous quaternion matrix ∇-dynamic
equation: {

X̃∇(t) = A(t)X̃(t) +H(t)

X̃(t0) = X0,
(4)

where A,H : T→ Qn×n, X0 ∈ Qn×n, n ∈ N+.

Theorem 3.3. The fundamental solution matrix of (4) is given as

X̃(t) =(
I +

∞∑
n=1

∫ t

t0

Aσ(τn)

∫ σ(τn)

t0

Aσ(τn−1) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn−1∆τn

)

×X0 +

∫ t

t0

(
I +

∞∑
n=1

∫ t

τ

Aσ(τn)

∫ σ(τ2)

τ

Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ, (5)

i.e., X̃(t) = êA(t, t0)X0 +
∫ t
t0
êA(t, τ)Hσ(τ)∆τ.

Proof. For (5), we have

ν(t)X̃∇(t)

=

(
I +

∞∑
n=1

∫ t

t0

Aσ(τn)

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+

∫ t

t0

(
I +

∞∑
n=1

∫ t

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

−
(
I +

∞∑
n=1

∫ ρ(t)

t0

Aσ(τn)

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

−
∫ ρ(t)

t0

(
I +

∞∑
n=1

∫ ρ(t)

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

= ν(t)A(t)

(
I +

∞∑
n=1

∫ t

t0

Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+

∫ t

t0

( ∞∑
n=1

∫ t

ρ(t)
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

+

∫ t

ρ(t)

(
I +

∞∑
n=1

∫ ρ(t)

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ
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= ν(t)A(t)

(
I +

∞∑
n=1

∫ t

t0

Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+ν(t)A(t)

∫ t

t0

(
I +

∞∑
n=1

∫ t

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
×Hσ(τ)∆τ + ν(t)Hσ(ρ(t)) = ν(t)A(t)X̃(t) + ν(t)H(t).

Then we can obtain the desired result. The proof is completed.

Lemma 3.3. For (3), the following equality holds:

X∇(t) =

Aρ(t)
(
I +

∞∑
n=1

∫ ρ(t)

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)

×X0 +

∫ t

ρ(t)

(
I +

∞∑
n=1

∫ ρ(t)

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

+

∫ ρ(t)

t0

Aρ(t)

(
I +

∞∑
n=1

∫ ρ(t)

σ(τ)

A(τn) . . .

∫ τ2

σ(τ)

A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ,

i.e., X∇(t) = Aρ(t)Xρ(t) +Hρ(t).

Proof. For (3), we have

ν(t)X∇(t)

=

(
I +

∞∑
n=1

∫ t

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

+

∫ t

t0

(
I +

∞∑
n=1

∫ t

σ(τ)
A(τn) . . .

∫ τ2

σ(τ)
A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

−
(
I +

∞∑
n=1

∫ ρ(t)

t0

A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

−
∫ ρ(t)

t0

(
I +

∞∑
n=1

∫ ρ(t)

σ(τ)
A(τn) . . .

∫ τ2

σ(τ)
A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

=

( ∞∑
n=1

∫ t

ρ(t)
A(τn)

∫ τn

t0

A(τn−1) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn−1∆τn

)
X0

+

∫ t

ρ(t)

(
I +

∞∑
n=1

∫ t

σ(τ)
A(τn) . . .

∫ τ2

σ(τ)
A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

+

∫ ρ(t)

t0

( ∞∑
n=1

∫ t

ρ(t)
A(τn) . . .

∫ τ2

σ(τ)
A(τ1)∆τ1 . . .∆τn

)
H(τ)∆τ

= ν(t)Aρ(t)

(
I +

∞∑
n=1

∫ ρ(t)

t0

A(τn) . . .

∫ τ2

t0

A(τ1)∆τ1 . . .∆τn

)
X0
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+ν(t)

(
I +

∞∑
n=1

∫ t

σ(ρ(t))
A(τn) . . .

∫ τ2

σ(ρ(t))
A(τ1)∆τ1 . . .∆τn

)
H(ρ(t))

+

∫ ρ(t)

t0

Aρ(t)ν(t)

(
I +

∞∑
n=1

∫ ρ(t)

σ(t)
A(τn) . . .

∫ τ2

σ(τ)
A(τ1)∆τ1 . . .∆τn

)
×H(τ)∆τ = ν(t)Aρ(t)Xρ(t) + ν(t)Hρ(t).

The proof is completed.

Lemma 3.4. For (5), the following equality holds:

X̃∆(t) =

Aσ(t)

(
I +

∞∑
n=1

∫ σ(t)

t0

Aσ(τn)

∫ σ(τn)

t0

Aσ(τn−1) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn−1∆τn

)

×X0 +

∫ σ(t)

t0

( ∞∑
n=1

∫ σ(t)

t
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)

×Hσ(τ)∆τ +

∫ σ(t)

t

(
I +

∞∑
n=1

∫ t

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ,

i.e., X̃∆(t) = Aσ(t)X̃σ(t) +Hσ(t).

Proof. For (5), we have

µ(t)X̃∆(t)

=

(
I +

∞∑
n=1

∫ σ(t)

t0

Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+

∫ σ(t)

t0

(
I +

∞∑
n=1

∫ σ(t)

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

−
(
I +

∞∑
n=1

∫ t

t0

Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

−
∫ t

t0

(
I +

∞∑
n=1

∫ t

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

=

( ∞∑
n=1

∫ σ(t)

t
Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+

∫ σ(t)

t0

( ∞∑
n=1

∫ σ(t)

t
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

+

∫ σ(t)

t

(
I +

∞∑
n=1

∫ t

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
Hσ(τ)∆τ

= µ(t)Aσ(t)

(
I +

∞∑
n=1

∫ σ(t)

t0

Aσ(τn) . . .

∫ σ(τ2)

t0

Aσ(τ1)∆τ1 . . .∆τn

)
X0

+µ(t)Aσ(t)

∫ σ(t)

t0

(
I +

∞∑
n=1

∫ σ(t)

τ
Aσ(τn) . . .

∫ σ(τ2)

τ
Aσ(τ1)∆τ1 . . .∆τn

)
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×Hσ(τ)∆τ + µ(t)

(
I +

∞∑
n=1

∫ t

t
Aσ(τn) . . .

∫ σ(τ2)

t
Aσ(τ1)∆τ1 . . .∆τn

)
×Hσ(t) = µ(t)Aσ(t)X̃σ(t) + µ(t)Hσ(t).

The proof is completed.

Based on Theorems 3.2-3.3 and Lemmas 3.3-3.4, we can consider the fol-
lowing non-homogeneous quaternion combined matrix dynamic equation on
time scales:X́

♦α(t) =
[
α 1− α

] [ A(t)X(t) +H(t) Aρ(t)Xρ(t) +Hρ(t)

Aσ(t)X̃σ(t) +Hσ(t) A(t)X̃(t) +H(t)

][
α

1− α

]
X́(t0) = X0,

(6)
where 0 ≤ α ≤ 1, A,H : T→ Qn×n, X0 ∈ Qn×n, n ∈ N+.

Theorem 3.4. The fundamental solution matrix of (6) is given by

X́(t) = αX(t) + (1− α)X̃(t), 0 ≤ α ≤ 1.

Proof. From Theorem 3.2 and Lemma 3.3, we have

X♦α(t) = α
(
A(t)X(t) +H(t)

)
+ (1− α)

(
Aρ(t)Xρ(t) +Hρ(t)

)
.

According to Theorem 3.3 and Lemma 3.4, we can obtain

X̃♦α(t) = α
(
Aσ(t)X̃σ(t) +Hσ(t)

)
+ (1− α)

(
A(t)X̃(t) +H(t)

)
.

Hence

X́♦α(t) = αX♦α(t) + (1− α)X̃♦α(t) =[
α 1− α

] [ A(t)X(t) +H(t) Aρ(t)Xρ(t) +Hρ(t)

Aσ(t)X̃σ(t) +Hσ(t) A(t)X̃(t) +H(t)

] [
α

1− α

]
.

The proof is completed.

Remark 3.2. In Theorem 3.4, X́(t) can also be written as

X́(t) = éA(t, t0)X0 + α

∫ t

t0

eA
(
t, σ(τ)

)
H(τ)∆τ + (1− α)

∫ t

t0

êA(t, τ)Hσ(τ)∆τ.
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4 Quaternion impulsive non-homogeneous matrix com-
bined dynamic equation

In this section, we will derive the fundamental solution matrix and Cauchy
matrix of quaternion impulsive non-homogeneous matrix combined dynamic
equations.

Consider a quaternion impulsive non-homogeneous matrix combined dy-
namic equation as follows:

X́♦α(t) =
[
α 1− α

] [ A(t)X(t) +H(t) Aρ(t)Xρ(t) +Hρ(t)

Aσ(t)X̃σ(t) +Hσ(t) A(t)X̃(t) +H(t)

]

×

[
α

1− α

]
, t 6= ts,

♦̃X́(t) = BsX́(t), t = ts, X́(t0) = X0 ∈ Qn×n,

(1)

where A,H : T→ Qn×n, Bs ∈ Qn×n, 0 ≤ α ≤ 1, ts < ts+1, s ∈ Z and

♦̃X́(t) =

{
X́
(
σ(t+)

)
− X́(t), t = ts, s > 0

X́
(
ρ(t−)

)
− X́(t), t = ts, s < 0.

(2)

Remark 4.1. For the impulsive term (2), ♦̃X́(t) = X́(t+) − X́(t) for the
right dense point ts (s > 0); ♦̃X́(t) = X́

(
σ(t)

)
− X́(t) for the right scattered

point ts (s > 0). Similarly, ♦̃X́(t) = X́(t−)− X́(t) for the left dense point ts
(s < 0); ♦̃X́(t) = X́

(
ρ(t)

)
− X́(t) for the left scattered point ts (s < 0).

Theorem 4.1. For the quaternion impulsive matrix dynamic equation (1), if
there exist finite number of points ts in any compact interval [a, b]T with a < b,
and the matrices I + Bs are nonsingular for all s ∈ Z. Then a fundamental
solution matrix of (1) is given by

ΦA,H =



éA(t, ρ(t−−s))

[ −1∏
r=−s+1

(
I +Br−1

)
éA(tr−1, ρ(t−r ))

(
I +B−1

)
éA(t−1, t0)X0

+
−s+2∑
v=−1

v−1∏
l=−s+1

(
I +Bl−1

)
éA(tl−1, ρ(t−l ))

(
I +Bv−1

)
EA,H(tv−1, ρ(t−v ))

+
(
I +B−s

)
EA,H(t−s, ρ(t−−s+1))

]
+ EA,H(t, ρ(t−−s)), ρ(t−−s−1) < t < ρ(t−−s),

ΦA,H =



−1∏
r=−s+1

(
I +Br−1

)
éA(tr−1, ρ(t−r ))

(
I +B−1

)
éA(t−1, t0)X0

+
−s+2∑
v=−1

v−1∏
l=−s+1

(
I +Bl−1

)
éA(tl−1, ρ(t−l ))

(
I +Bv−1

)
EA,H(tv−1, ρ(t−v ))

+
(
I +B−s

)
EA,H(t−s, ρ(t−−s+1)), t = ρ(t−−s),
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ΦA,H =



éA(t, t0)X0 + EA,H(t, t0), ρ(t−−1) < t < σ(t+1 ),
1∏

r=s−1

(
I +Br+1

)
éA(tr+1, σ(t+r ))

(
I +B1

)
éA(t1, t0)X0 +

s−2∑
v=1

v+1∏
l=s−1

(
I +Bl+1

)
×éA(tl+1, σ(t+l ))

(
I +Bv+1

)
EA,H(tv+1, σ(t+v )) +

(
I +Bs

)
EA,H(ts, σ(t+s−1)),

t = σ(t+s ),

and

ΦA,H =



éA(t, σ(t+s ))

[
1∏

r=s−1

(
I +Br+1

)
éA(tr+1, σ(t+r ))

(
I +B1

)
éA(t1, t0)X0

+
s−2∑
v=1

v+1∏
l=s−1

(
I +Bl+1

)
éA(tl+1, σ(t+l ))

(
I +Bv+1

)
EA,H(tv+1, σ(t+v ))

+
(
I +Bs

)
EA,H(ts, σ(t+s−1))

]
+ EA,H(t, σ(t+s )), σ(t+s ) < t < σ(t+s+1),

(3)

where EA,H(t, y) = α
∫ t
y
eA
(
t, σ(τ)

)
H(τ)∆τ +(1−α)

∫ t
y
êA(t, τ)Hσ(τ)∆τ , 0 ≤

α ≤ 1.

Proof. For s > 0, by Theorem 3.4, one can obtain

X́(t) =


éA(t, t0)X0 + EA,H(t, t0), t0 < t < σ(t+1 ),

(I +Bs)X(ts), t = σ(t+s ),

éA(t, σ(t+s ))X(σ(t+s )) + EA,H(t, σ(t+s )), σ(t+s ) < t < σ(t+s+1).

Similarly, for s < 0, we have

X́(t) =


éA(t, t0)X0 + EA,H(t, t0), ρ(t−−1) < t < t0,

(I +Bs)X(ts), t = ρ(t−s ),

éA(t, ρ(t−s ))X(ρ(t−s )) + EA,H(t, ρ(t−s )), ρ(t−s−1) < t < ρ(t−s ).

Hence (3) is a fundamental solution matrix of (1). The proof is completed.

In the following example, we will demonstrate all elements which are re-
quired to calculate the fundamental solution matrix of (1) given by (3) on
different types of time scales.

Example 4.1. In (3), for h > 0, q > 1, 0 ≤ α ≤ 1, ts > ts1 , we have

éA(ts, ts1 ) =



I +
∞∑
n=1

∫ t
ts1

A(tn)
∫ tn
ts1

A(tn−1) . . .
∫ t2
ts1

A(t1)dt1 . . . dtn−1dtn, T = R,

α

(
I +

ts−ts1
h∑
n=1

hn
n−1∏̃
n=1

A(ts − ñh)

ts−ts1
h
−(n−2)∑́

n=0
A(ts1 + ńh)

)
+ (1 − α)

(
I

+
∞∑
n=1

∫ ts
ts1

Aσ(tn) . . .
∫ σ(t2)
ts1

Aσ(t1)∆t1 . . .∆tn

)
, T = hZ,
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éA(ts, ts1 ) =



α

(
I +

ln ts−ln ts1
ln q∑
n=1

(q−1)ntn−1
s

q
n(n−1)

2

n−1∏̃
n=1

A(tsq−ñ)

ln ts−ln ts1
ln q

−(n−2)∑́
n=0

A(ts1q
ń)ts1q

ń

)
+(1 − α)

(
I +

∞∑
n=1

∫ ts
ts1

Aσ(tn) . . .
∫ σ(t2)
ts1

Aσ(t1)∆t1 . . .∆tn

)
, T = qZ∫ ts

ts1

(
I +

∞∑
n=1

∫ t
τ A(tn) . . .

∫ t2
τ A(t1)dt1 . . . dtn

)
H(τ)dτ, T = R,

and

éA(ts, ts1 ) =



α

ts−ts1
h
−1∑̆

n=0

(
I +

ts−ts1−(n̆+1)h

h∑
n=1

hn
n−1∏̃
n=1

A(ts − ñh)

ts−ts1
h
−(n̆+n−1)∑́
n=0

A(ts1

+ńh)

)
H(ts1 + n̆h)h+ (1 − α)

ts−ts1
h
−1∑̆

n=0

(
I+

∞∑
n=1

∫ ts
ts1+n̆h A

σ(tn) . . .
∫ σ(t2)
ts1+n̆h A

σ(t1)∆t1 . . .∆tn

)
H(ts1 + n̆h+ h)h,

T = hZ,

α

ln ts−ln ts1
ln q

−1∑̆
n=0

(
I +

ln ts−ln ts1
ln q

−n̆−1∑
n=1

(q−1)n+1tn−1
s

q
n(n−1)

2

n−1∏̃
n=1

A(tsq−ñ)

×

ln ts−ln ts1
ln q

−(n̆+n−1)∑́
n=0

A(ts1q
ń)ts1q

ń

)
H(ts1q

n̆)ts1q
n̆ + (1 − α)

×

ln ts−ln ts1
ln q

−1∑̆
n=0

(q − 1)

(
I +

∞∑
n=1

∫ ts
ts1q

n̆ A
σ(tn) . . .

∫ σ(t2)

ts1q
n̆ A

σ(t1)∆t1 . . .∆tn

)
×H(ts1q

n̆+1)ts1q
n̆, T = qZ.

For ts < ts1 , we have

éA(ts, ts1 ) =



I +
∞∑
n=1

∫ t
ts1

A(tn)
∫ tn
ts1

A(tn−1) . . .
∫ t2
ts1

A(t1)dt1 . . . dtn−1dtn, T = R,

α

(
I +

∞∑
n=1

∫ ts
ts1

A(tn)
∫ tn
ts1

A(tn−1) . . .
∫ t2
ts1

A(t1)∆t1 . . .∆tn−1∆tn

)

+(1 − α)

(
I +

|
ts−ts1
h
|∑

n=1
(−h)n

n−1∏̃
n=1

A(ts + ñh)
|
ts−ts1
h
|−(n−2)∑́

n=0

A(ts1 − ńh)

)
,

T = hZ,

éA(ts, ts1 ) =



α

(
I +

∞∑
n=1

∫ ts
ts1

A(tn)
∫ tn
ts1

A(tn−1) . . .
∫ t2
ts1

A(t1)∆t1 . . .∆tn−1∆tn

)

+(1 − α)

(
I +

|
ln ts−ln ts1

ln q
|∑

n=1
(1 − q)ntn−1

s q
(n−2)(n−1)

2

n−1∏̃
n=1

A(tsqñ)

×
|
ln ts−ln ts1

ln q
|−(n−2)∑́

n=0
A(ts1q

−ń)ts1q
−ń−1

)
, T = qZ
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and

EA,H(ts, ts1 ) =



∫ ts
ts1

(
I +

∞∑
n=1

∫ t
τ A(tn) . . .

∫ t2
τ A(t1)dt1 . . . dtn

)
H(τ)dτ, T = R,

α
|
ts−ts1
h
|∑̆

n=1

(
I +

∞∑
n=1

∫ t
ts1−n̆h+h A(tn) . . .

∫ t2
ts1−n̆h+h A(t1)∆t1 . . .∆tn

)

×H(ts1 − n̆h)(−h) + (1 − α)
|
ts−ts1
h
|∑̆

n=1

(
I +

|
ts−ts1+n̆h

h
|∑

n=1
(−h)n+1

×
n−1∏̃
n=1

A(ts + ñh)
|
ts−ts1+n̆h

h
|−(n−2)∑́

n=0
A(ts1 − ńh)

)
H(ts1 − n̆h+ h),

T = hZ,

α

|
ln ts−ln ts1

ln q
|−1∑̆

n=0

(
I +

∞∑
n=1

∫ t
tsqn̆+1 A(tn) . . .

∫ t2
tsqn̆+1 A(t1)∆t1 . . .∆tn

)

×H(tsqn̆)(1 − q)tsqn̆ + (1 − α)

|
ln ts−ln ts1

ln q
|∑̆

n=1

(
I

+

|
ln ts−ln ts1

ln q
|−n̆∑

n=1
(1 − q)n+1tn−1

s q
(n−2)(n−1)

2

n−1∏̃
n=1

A(tsqñ)

×
|
ln ts−ln ts1

ln q
|−(n̆+n−2)∑́

n=0

A(ts1q
−ń)ts1q

−ń−1

)
H(ts1q

−n̆+1)ts1q
−n̆,

T = qZ.

Example 4.2. In (3), let T = N, ts = 3m− 1, m ∈ N+,

A(t) = H(t−2) =

[
1
4t + i (−1)t

4t + j
sin(tπ+π

2 )

4t
1
4t + i (−1)t

4t + j
sin(tπ+π

2 )

4t

0 1
4t + i cos(tπ+π)

4t + j
tan

(−1)t+1

4 π

4t

]
.

Then

eA(3m− 1, 3m− 3) = I +A(3m− 3) +A(3m− 2)

+A(3m− 2)A(3m− 3) = L1,

êA(3m− 1, 3m− 3) = I +

∞∑
n=1

n∑
ǹ=0

Aǹ(3m− 1)An−ǹ(3m− 2) = L2,

L3 =

∫ 3m−1

3m−3

eA(3m− 1, σ(τ))H(τ)∆τ

= H(3m− 3) +A(3m− 2)H(3m− 3) +H(3m− 2),

L4 =

∫ 3m−1

3m−3

êA(3m− 1, τ)Hσ(τ)∆τ

=

(
I +

∞∑
n=1

An(3m− 1)

)
H(3m− 1)
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+

(
I +

∞∑
n=1

n∑
ǹ=0

Aǹ(3m− 1)An−ǹ(3m− 2)

)
×H(3m− 2),

where

L1 =1 + 3
46m−5 +

5−3(−1)3m−2(i+j)

43m−2
6

46m−5 +
5−3(−1)3m−2(i+j)

43m−2

0 1 + 3
46m−5 +

5+3(−1)3m−2(i+j)

43m−2

 ,
L2

∞∑
n=1

n∑
ǹ=0

1

43mn−2n+ǹ

(1 + (i+ j)(−1)3m−1
)ǹ ǹ∑

l=0
3l
(
1 + (i+ j)(−1)3m−1

)ǹ−l
0

(
1 − (i+ j)(−1)3m−1

)ǹ


×

(1 − (i+ j)(−1)3m−1
)n−ǹ n−ǹ∑

l=0
3l
(
1 − (i+ j)(−1)3m−1

)n−ǹ−l
0

(
1 + (i+ j)(−1)3m−1

)n−ǹ
+ I,

L3 =1 + 3
46m−3 +

5−3(−1)3m(i+j)

43m
6

46m−3 +
5−3(−1)3m(i+j)

43m

0 1 + 3
46m−3 +

5+3(−1)3m(i+j)

43m

 ,
L4 =

∞∑
n=1

1

43m(n+1)−n+1

(1 + (i+ j)(−1)3m−1
)n+1

n+1∑
l=0

3l
(
1 + (i+ j)(−1)3m−1

)n+1−l

0
(
1 − (i+ j)(−1)3m−1

)n+1


∞∑
n=1

n∑
ǹ=0

1

43m(n+1)−2n+ǹ

(1 + (i+ j)(−1)3m−1
)ǹ ǹ∑

l=0
3l
(
1 + (i+ j)(−1)3m−1

)ǹ−l
0

(
1 − (i+ j)(−1)3m−1

)ǹ


×

(1 − (i+ j)(−1)3m−1
)n−ǹ+1

n−ǹ+1∑
l=0

3l
(
1 − (i+ j)(−1)3m−1

)n−ǹ−l+1

0
(
1 + (i+ j)(−1)3m−1

)n−ǹ+1


+

 5−3(−1)3m+1(i+j)

43m+1
5−3(−1)3m+1(i+j)

43m+1

0
5+3(−1)3m+1(i+j)

43m+1

 .
By Theorem 4.1, the following theorem is immediate.

Theorem 4.2. The cauchy matrix of (1) is given by:

W (t, y) =



éA(t, y) + EA,H(t, y), ts−1 < t, y < ts, t−s−1 < t, y < t−s,

éA(t, σ(t+s ))
(
I +Bs

)[
éA(ts, y) + EA,H(ts, y)

]
+ EA,H(t, σ(t+s )),

ts−1 < y ≤ ts < t ≤ ts+1,

éA(t, ts)
(
I +Bs

)−1[
éA(σ(t+s ), y) + EA,H(σ(t+s ), y)

]
+ EA,H(t, ts),

ts−1 < t ≤ ts < y ≤ ts+1,
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W (t, y) =


éA(t, ρ(t−−s))

(
I +B−s

)[
éA(t−s, y) + EA,H(t−s, y)

]
+ EA,H(t, ρ(t−−s)),

t−s−1 < t ≤ t−s < y ≤ t−s+1,

éA(t, t−s)
(
I +B−s

)−1[
éA(ρ(t−−s), y) + EA,H(ρ(t−−s), y)

]
+ EA,H(t, t−s),

t−s−1 < y ≤ t−s < t ≤ t−s+1,

W (t, y) =



éA(t, σ(t+s ))

{
s1+1∏́
l=s

(
I +Bĺ

)
éA(tĺ, σ(t+

ĺ−1
))
(
I +Bs1

)[
éA(ts1 , y) + EA,H(ts1 , y)

]
+

s−1∑
v=s1+1

v+1∏
l=s

(
I +Bl

)
éA(tl, σ(t+l−1))

(
I +Bv

)
EA,H(tv , σ(tv−1))

+
(
I +Bs

)
EA,H(ts, σ(ts−1))

}
+ EA,H(t, σ(t+s )),

ts1−1 < y ≤ ts1 < ts < t ≤ ts+1,

éA(t, ts1 )

{
s−1∏
ĺ=s1

(
I +Bĺ

)−1
éA(σ(t+

ĺ
), tĺ+1)

(
I +Bs

)−1[
éA(σ(t+s ), y)

+EA,H(σ(t+s ), y)
]

+
s−1∑

v=s1+1

v−1∏
l=s1

(
I +Bl

)−1
éA(σ(t+l ), tl+1)

×
(
I +Bv

)−1EA,H(σ(t+v ), tv+1) +
(
I +Bs1

)
EA,H(σ(t+s1 ), ts1+1)

}
+EA,H(t, ts1 ), ts1−1 < t ≤ ts1 < ts < y ≤ ts+1,

W (t, y) =



éA(t, ρ(t−−s))

{−s1−1∏
ĺ=−s

(
I +Bĺ

)
éA(tĺ, ρ(t−

ĺ+1
))
(
I +B−s1

)[
éA(t−s1 , y)

+EA,H(t−s1 , y)
]

+
−s+1∑

v=−s1−1

v−1∏
l=−s

(
I +Bl

)
éA(tl, ρ(t−l+1))(

I +Bv
)
EA,H(tv , ρ(tv+1)) +

(
I +B−s

)
EA,H(t−s, ρ(t−1

−s+1))

}
+EA,H(t, ρ(t−−s)), t−s−1 ≤ t < t−s < t−s1 < y < t−s1+1,

éA(t, t−s1 )

{ −s+1∏
ĺ=−s1

(
I +Bĺ

)−1
éA(ρ(t−

ĺ
), tv−1)

(
I +B−s

)−1[
éA(ρ(t−−s), y)

+EA,H(ρ(t−−s), y)
]

+
−s+1∑

v=−s1−1

v+1∏
l=−s1

(
I +Bl

)−1
éA(ρ(t−l ), tl−1)

(
I +Bv

)−1

×EA,H(ρ(t−v ), tv−1) +
(
I +B−s1

)−1EA,H(ρ(t−−s1 ), t−s1−1)

}
+ EA,H(t, t−s1 ),

t−s−1 ≤ y < t−s < t−s1 < t < t−s1+1,

W (t, y) =



éA(t, σ(t+s1 ))

{
2∏

l̂=s1

(
I +Bl̂

)
éA(tl̂, σ(t+

l̂−1
))
(
I +B1

)[
éA(t1, t−1)

(−s+1∏
ĺ=−1

(
I +Bĺ

)−1

×éA(ρ(t−
ĺ

), tĺ−1)
(
I +B−s

)−1[
éA(ρ(t−−s), y) + EA,H(ρ(t−−s), y)

]
+
−s+1∑
v=−2

v+1∏
l=−1

(
I +Bl

)−1
éA(ρ(t−l ), tl−1)

(
I +Bv

)−1EA,H(ρ(t−v ), tv−1)

+
(
I +B−1

)−1EA,H(ρ(t−−1), t−2)

)
+ EA,H(t1, t−1)

]
+
s1−1∑̌
v=2

v̌+1∏
ľ=s1

(
I +Bľ

)
éA(tľ, σ(t+

ľ−1
))
(
I +Bv̌

)
EA,H(tv̌ , σ(tv̌−1))

+
(
I +Bs1

)
EA,H(ts1 , σ(ts1−1))

}
+ EA,H(t, σ(t+s1 )),

t−s−1 ≤ y < t−s < ts1 < t < ts1+1,
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and

W (t, y) =



éA(t, ρ(t−−s))

{ −2∏
l̂=−s

(
I +Bl̂

)
éA(tl̂, ρ(t−

l̂+1
))
(
I +B−1

)[
éA(t−1, t1)

(
s1−1∏́
l=1

(
I

+Bĺ
)−1

éA(σ(t+
ĺ

), tĺ+1)
(
I +Bs1

)−1[
éA(σ(t+s1 ), y) + EA,H(σ(t+s1 ), y)

]
+
s1−1∑
v=2

v−1∏
l=1

(
I +Bl

)−1
éA(σ(t+l ), tl+1)

(
I +Bv

)−1EA,H(σ(t+v ), tv+1)

+
(
I +B1

)
EA,H(σ(t+1 ), t2)

)
+ EA,H(t−1, t1)

]
+
−s+1∑
v̌=−2

v̌−1∏
ľ=−s

(
I +Bľ

)
éA(tľ, ρ(t−

ľ+1
))
(
I +Bv̌

)
EA,H(tv̌ , ρ(tv̌+1)) +

(
I +B−s

)
×EA,H(t−s, ρ(t−1

−s+1))

}
+ EA,H(t, ρ(t−−s)), t−s−1 ≤ t < t−s < ts1 < y < ts1+1,

where EA,H(t, y) = α
∫ t
y
eA(t, σ(τ))H(τ)∆τ + (1−α)

∫ t
y
êA(t, τ)Hσ(τ)∆τ , 0 ≤

α ≤ 1, s ∈ N+.
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tions for impulsive evolution equations on time scales in shift operators,
Mathematics, 8(6), 1028; https://doi.org/10.3390/math8061028 (2020).

[25] C. Wang, R.P. Agarwal and D. O’Regan, Calculus of fuzzy vector-
valued functions and almost periodic fuzzy vector-valued functions on
time scales, Fuzzy. Sets and Syst., 375 (2019) 1-52.

[26] C. Wang, Almost periodic solutions of impulsive BAM neural networks
with variable delays on time scales. Commun. Nonlinear Sci. Numer.
Simul. 19, (2014) 2828-2842.

[27] C. Wang, R.P. Agarwal, A Further study of almost periodic time scales
with some notes and applications Abstr. Appl. Anal., Article ID 267384,
(2014) 1-12.

[28] C. Wang, R.P. Agarwal, Weighted piecewise pseudo almost automorphic
functions with applications to abstract impulsive ∇-dynamic equations
on time scales, Adv. Differ. Equa. 2014:153, (2014) 1-29.

[29] C. Wang, R.P. Agarwal, D. O’Regan, Π-semigroup for invariant under
translations time scales and abstract weighted pseudo almost periodic
functions with applications. Dyn. Syst. Appl. 25, (2016) 1-28.

[30] C. Wang, R.P. Agarwal, A classification of time scales and analysis of the
general delays on time scales with applications. Math. Meth. Appl. Sci.
39, (2016) 1568-1590.

[31] C. Wang, R.P. Agarwal, Almost automorphic functions on semigroups
induced by complete-closed time scales and application to dynamic equa-
tions, Discret. Continu. Dynam. Syst. B. 25, (2020) 781-798.

[32] C. Wang, R.P. Agarwal, D. O’Regan, R. Sakthivel, Local pseudo al-
most automorphic functions with applications to semilinear dynamic



quaternion combined impulsive matrix dynamic equation on time scales 128

equations on changing-periodic time scales, Bound Value Probl. 133,
doi:10.1186/s13661-019-1247-4 (2019).

[33] C. Wang, R.P. Agarwal, D. O’Regan, Local-periodic solutions for func-
tional dynamic equations with infinite delay on changing-periodic time
scales, Math. Slovaca. 68, (2018) 1397-1420.

[34] C. Wang, R.P. Agarwal, Changing-periodic time scales and decomposition
theorems of time scales with applications to functions with local almost
periodicity and automorphy, Adv. Differ. Equa. 2015:296 (2015) 1-21.

[35] C. Wang, R.P. Agarwal, D. O’Regan, A matched space for time scales
and applications to the study on functions, Adv. Differ. Equa. 2017:305,
(2017) 1-28.

[36] C. Wang, R.P. Agarwal, D. O’Regan, n0-order ∆-almost periodic func-
tions and dynamic equations, Applic. Anal. 97, (2018) 2626-2654.

[37] C. Wang, R.P. Agarwal, D. O’Regan, Weighted pseudo δ-almost auto-
morphic functions and abstract dynamic equations, Georgian Math. J.
doi: https://doi.org/10.1515/gmj-2019- 2066 (2019) (In press).

[38] C. Wang, R.P. Agarwal, R. Sakthivel, Almost periodic oscillations for
delay impulsive stochastic Nicholson’s blowflies timescale model, Comput.
Appl. Math. 37, (2018) 3005-3026.

[39] C. Wang, R.P. Agarwal, Almost periodic solution for a new type of neu-
tral impulsive stochastic Lasota-Wazewska timescale model, Appl. Math.
Lett. 70, (2017) 58-65.

[40] C. Wang, R. Sakthivel, Double almost periodicity for high-order Hopfield
neural networks with slight vibration in time variables, Neurocomputing,
282, (2018) 1-15.

[41] C. Wang, R.P. Agarwal, D. O’Regan, R. Sakthivel, Theory of Transla-
tion Closedness for Time Scales, Developments in Mathematics, Vol. 62,
Springer, Switzerland, 2020.

[42] C. Wang, G. Qin, R.P. Agarwal, D. O’Regan, ♦α-Measurability
and combined measure theory on time scales, Applic. Anal.,
https://doi.org/10.1080/00036811.2020.1820997, 2020 (In press).

[43] C. Wang, R.P. Agarwal, D. O’Regan, Matrix measure on time scales and
almost periodic analysis of the impulsive Lasota-Wazewska model with
patch structure and forced perturbations, Math. Meth. Appl. Sci. 39,
(2016) 5651-5669.



quaternion combined impulsive matrix dynamic equation on time scales 129

[44] C. Wang, Piecewise pseudo almost periodic solution for impulsive non-
autonomous highorder Hopfield neural networks with variable delays,
Neurocomputing, 171, (2016) 1291-1301.

[45] C. Wang, R.P. Agarwal, Uniformly rd-piecewise almost periodic functions
with applications to the analysis of impulsive ∆-dynamic system on time
scales, Appl. Math. Comput. 259, (2015) 271-292.

[46] C. Wang, R.P. Agarwal, D. O’Regan, Weighted piecewise pseudo double-
almost periodic solution for impulsive evolution equations. J. Nonlinear
Sci. Appl. 10, (2017) 3863-3886.

[47] C. Wang, R.P. Agarwal, D. O’Regan, Compactness criteria and new im-
pulsive functional dynamic equations on time scales, Adv. Differ. Equa.
2016:197, (2016) 1-41.

[48] C. Wang, R.P. Agarwal, Exponential dichotomies of impulsive dynamic
systems with applications on time scales, Math. Meth. Appl. Sci. 38,
(2015) 3879-3900.

[49] C. Wang, R.P. Agarwal, D. O’Regan, R. Sakthivel, Discontinuous
generalized double-almost- periodic functions on almost-complete-closed
time scales, Bound Value Probl. 165, doi.org/10.1186/s13661-019-1283-0
(2019).

[50] C. Wang, Z. Li, R. P. Agarwal, D. O’Regan, Coupled-jumping timescale
theory and applications to time-hybrid dynamic equations, convolution
and Laplace transforms. Dynam. Syst. Appl., 30 (2021) 461-508.

[51] P. Wilczynski, Quaternionic-valued ordinary differential equations. The
Riccati equation, J. Differ. Equ. 247, (2009) 2163-2187.

[52] F. Zhang, Quaternions and matrices of quaternions, Linear Algebra and
its Applications, 251, (1997) 21-57.

[53] J. Zhu, J. Sun, Existence and uniqueness results for quaternion-valued
nonlinear impulsive differential systems, J. Syst. Sci. Compl. 31, (2018)
596-607.

[54] J. Zhu, J. Sun, Global exponential stability of Clifford-valued recurrent
neural networks, Neurocomputing, 173, (2016) 685-689.



quaternion combined impulsive matrix dynamic equation on time scales 130

Chao Wang,
Department of Mathematics,
Yunnan University,
Kunming, Yunnan 650091, China.
Email: chaowang@ynu.edu.cn

Zhien Li,
Department of Mathematics,
Yunnan University,
Kunming, Yunnan 650091, China.
Email: lizhienyunnan@163.com

Ravi P. Agarwal,
Department of Mathematics,
Texas A&M University-Kingsville,
TX 78363-8202, Kingsville, TX, USA.
Email: ravi.agarwal@tamuk.edu


