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A note on the ternary Diophantine equation
x2 − y2m = zn

Attila Bérczes, Maohua Le, István Pink, and Gökhan Soydan

Abstract

Let N be the set of all positive integers. In this paper, using some
known results on various types of Diophantine equations, we solve a cou-
ple of special cases of the ternary equation x2−y2m = zn, x, y, z,m, n ∈
N, gcd(x, y) = 1, m ≥ 2, n ≥ 3.

1 Introduction

Let Z,N be the sets of all integers and positive integers, respectively. In 1965,
the first work on the title equation was done by C. Ko [9]. He showed that
x2 − yn = 1 has no solution with y > 2 and n ≥ 2. In 1997, Y. Bugeaud [4]
proved that Diophantine equations

x2 − 2m = ±yn, x, y,m, n ∈ N, gcd(x, y) = 1, y > 1, n > 2

have only finitely many solutions where n ≤ 5.5 · 105. In the same year, same
author gave some partial results to prove the equation

x2 − pm = ±yn, x, y,m, n ∈ N, gcd(x, y) = 1, n ≥ 3

where p is odd prime [5]. In 2003, S. Siksek [14] gave all the solutions of the
Diophantine equation

x2 − 2k · zp = yp, p ≥ 7, k ≥ 2
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in pairwise coprime integers x, y, z. And in the same year, W. Ivorra [8] studied
the equations

xp + 2βyp = z2

and
xp + 2βyp = 2z2,

where p ≥ 7, 0 ≤ β ≤ p− 1. And he also solved

x2 − 2m = yn, m > 1.

Up to day the famous equation x2 − 2 = yn is still unsolved and is one of the
most exciting questions on “classical Diophantine equations”.

Another approach to the title equation is to consider it as a generalized
Fermat equation. Fix nonzero integers A, B and C. For given positive integers
p, q, r satisfying 1/p+ 1/q + 1/r < 1, the generalized Fermat equation

Axp +Byq = Czr (1.1)

has only finitely many primitive integer solutions. Modern techniques coming
from Galois representations and modular forms (methods of Frey-Hellegouarch
curves and variants of Ribet’s lever-lowering theorem, and of course, the mod-
ularity of elliptic curves or abelian varieties over the rationals or totally real
number fields) allow to give partial (sometimes complete) results concerning
the set of solutions to (1.1) (usually, when a radical of ABC is small), at least
when (p, q, r) is of the type (n, n, n), (n, n, 2), (n, n, 3), (2n, 2n, 5), (2, 4, n),
(2, 6, n), (2, n, 4), (2, n, 6), (3, 3, p), (2, 2n, 3), (2, 2n, 5). Recently,two survey
papers concerning solving the equation (1.1) when ABC = 1 were published
by M. Bennett, I. Chen, S. Dahmen and S. Yazdani [1] and by M. Bennett, P.
Mihǎilescu and S. Siksek [2].

In this paper, using some known results on various types of Diophantine
equations, we obtain the following results of the equation

x2 − y2m = zn, x, y, z,m, n ∈ N, gcd(x, y) = 1, m ≥ 2, n ≥ 3. (1.2)

Theorem 1.1. (1.2) has only the solution

(x, y, z,m, n) = (122, 11, 3, 2, 5) (1.3)

satisfying 2 | m and n is an odd prime with

n >

{
3, if 2 - z,
5, if 2 | z.

(1.4)
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Theorem 1.2. (1.2) has no solutions (x, y, z,m, n) satisfying y is an odd
prime and 2 | n.

Theorem 1.3. For any fixed odd positive integer n with n > 3, (1.2) has only
finitely many solutions (x, y, z,m, n) satisfying 2 | x, y is an odd prime and
2 - m.

For any positive integer r, let

ar =
1

2
(αr + ᾱr), br =

1

2
√

3
(αr − ᾱr), (1.5)

where α = 7 +
√

3 and 7− 4
√

3.

Theorem 1.4. If (x, y, z,m, n) is a solution of (1.2) satisfying 2 | x, y is an
odd prime and n = 3, then

(x, y, z,m, n) = (b32s + 3b2s , a2s , b
2
2s − 1, 2, 3) (1.6)

s ∈ Z, s ≥ 0.

Remark 1. By Theorem 1.4, we can obtain the solutions (x, y, z,m, n) =
(76, 7, 15, 2, 3), (175784, 97, 3135, 2, 3) and so on.

Theorem 1.5. (1.2) has only the solution (1.3) satisfying 2 | x, y is an odd
prime, m < 7 and n = 5.

2 Preliminaries

Let D be a nonsquare positive integer, and let h(4D) denote the class number
of binary quadratic primitive forms with discriminant 4D.

Lemma 2.1. ([12]) The equation

u2 −Dv2 = 1, u, v ∈ Z (2.1)

has positive integer solution (u, v), and it has a unique positive integer solution
(u1, v1) such that u1 + v1

√
D < u + v

√
D, where (u, v) through all positive

integer solutions of (2.1). The solution (u1, v1) is called the least solution of
(2.1). Every solution (u, v) of (2.1) can be expressed as

u+ v
√
D = λ1(u1 + λ2v1

√
D)s, s ∈ Z, s ≥ 0, λ1, λ2 ∈ {1,−1}.

Lemma 2.2. Let ar, br (r = 1, 2, · · · ) de defined as in (1.5). Then, (u, v) =
(ar, br) (r = 1, 2, · · · ) are all positive integer solutions of the equation

u2 − 3v2 = 1, u, v ∈ Z, 2 | v. (2.2)
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Proof. Notice that (u, v) is a solution of (2.2) if and only if (u′, v′) = (u, v/2)
is a solution of the equation

u′
2 − 12v′

2
= 1, u′, v′ ∈ Z, (2.3)

and (u′, v′) = (7, 2) is the least solution of (2.3). Therefore, by Lemma 2.1,
we obtain the lemma immediately.

Lemma 2.3. ([12]) If the equation

U2 −DV 2 = 4, U, V ∈ Z, 2 - UV (2.4)

has solutions (U, V ), then it has a unique positive integer solution (U1, V1)
such that U1 + V1

√
D ≤ U + V

√
D, where (U, V ) through all positive integer

solutions of (2.4). The solution (U1, V1) is called the least solution of (2.4).
Then, the least solution (u1, v1) of (2.1) satisfies

u1 + v1
√
D =

(
U1 + V1

√
D

2

)3

. (2.5)

Lemma 2.4. Let k be an integer such that |k| > 1 and gcd(D, k) = 1. If 2 - k
and the equation

X2 −DY 2 = kZ , X, Y, Z ∈ Z, gcd(X,Y ) = 1, Z > 0 (2.6)

has solutions (X,Y, Z), then every solution (X,Y, Z) of (2.6) can be expressed
as

Z = ht, t ∈ N,

X + Y
√
D = (f + λg

√
D)t(u+ v

√
D), λ ∈ {1,−1},

(2.7)

where (u, v) is a solution of (2.1), f, g and h are positive integers satisfying

f2 −Dg2 = kh, gcd(f, g) = 1, (2.8)

1 <

∣∣∣∣∣f + g
√
D

f − g
√
D

∣∣∣∣∣ < u1 + v1
√
D, (2.9)

h(4D) ≡ 0 (mod h) (2.10)

where (u1, v1) is the least solution of (2.1).

Proof. This lemma is special case of results of [10] and [17] for D1 = 1, D2 > 0
and 2 - k.
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Lemma 2.5. If 3 - h(4D), (2.4) has solutions (U, V ) and the equation

X ′
2 −DY ′2 = Z ′

3
, X ′, Y ′, Z ′ ∈ Z, gcd(X ′, Y ′) = 1, |Z ′| > 1 (2.11)

has solutions (X ′, Y ′, Z ′), then every solution (X ′, Y ′, Z ′) of (2.11) can be
expressed as

X ′ + Y ′
√
D = λ1

(
(f + λg

√
D)

(
U1 + λ2V1

√
D

2

)s)3

,

s ∈ Z, s ≥ 0, λ, λ1, λ2 ∈ {1,−1},

(2.12)

Z ′ = f2 −Dg2, f, g ∈ N, gcd(f, g) = 1, (2.13)

where (U1, V1) is the least solution of (2.4), f and g satisfy (2.9)

Proof. We now assume that (X ′, Y ′, Z ′) is a solution of (2.11). Since
gcd(X ′, DY ′) = 1, by (2.11), we have gcd(D, z′) = 1. On the other hand,
since (2.4) has solutions (U, V ) with 2 - UV , we have D ≡ DV 2 ≡ U2 − 4 ≡
1 − 4 ≡ 5 (mod 8). Hence, if 2 | Z ′, then from (2.11) we get 2 - X ′Y ′ and

0 ≡ Z ′3 ≡ X ′2−DY ′2 ≡ 1−D ≡ 4 6≡ 0 (mod 8), a contradiction. So we have
2 - Z ′.

Since gcd(D,Z ′) = 1, 2 - Z ′ and (2.6) has a solution (X,Y, Z) = (X ′, Y ′, 3)
for k = Z ′, by Lemma 2.4, we have

3 = ht, t ∈ N, (2.14)

X ′ + Y ′
√
D = (f + λg

√
D)t(u+ v

√
D), λ ∈ {1,−1}, (2.15)

where (u, v) is a solution of (2.1), f, g and h are positive integers satisfying
(2.8), (2.9) and (2.10). Further, since 3 - h(4D), by (2.10) and (2.14), we get
h = 1 and t = 3. Hence, by (2.8) and (2.15), we obtain (2.13) and

X ′ + Y ′
√
D = (f + λg

√
D)3(u+ v

√
D), λ ∈ {1,−1}, (2.16)

respectively. Furthermore, since (2.4) has solutions (U, V ), by Lemmas 2.1
and 2.3, we have

u+ v
√
D = λ1

(
U1 + λ2V1

√
D

2

)3s

, s ∈ Z, s ≥ 0, λ1, λ2 ∈ {1,−1}, (2.17)

where (U1, V1) is the least solution of (2.4). Therefore, substitute (2.17) into
(2.16), we get (2.12). Thus, the lemma is proved.
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Lemma 2.6. The equation

4− 5A2 = −B3, A,B ∈ N, gcd(A,B) = 1 (2.18)

has only the solution (A,B) = (1, 1)

Proof. Obviously, (2.18) has only the solution (A,B) = (1, 1) with B = 1. We
now assume that (A,B) is a solution of (2.18) with B > 1. Then, (2.11) has
a solution

(X ′, Y ′, Z ′) = (2, A,−B) for D = 5. (2.19)

Notice that h(20) = 1, the least solution of (2.1) is (u1, v1) = (9, 4) for D = 5,
(2.4) has solutions (U, V ) for D = 5 and its least solution is (U1, V1) = (3, 1).
Applying Lemma 2.5 to (2.19), we get

2 +A
√
5 = λ1

(
(f + λg

√
5)

(
3 + λ2

√
5

2

)s)3

, s ∈ Z, s ≥ 0, λ, λ1, λ2 ∈ {1,−1}

(2.20)

and
−B = f2 − 5g2, f, g ∈ N, gcd(f, g) = 1. (2.21)

Let

β =
F +G

√
5

2
= (f + λg

√
5)

(
3 + λ2

√
5

2

)s
,

β̄ =
F −G

√
5

2
= (f − λg

√
5)

(
3− λ2

√
5

2

)s
.

(2.22)

By Lemmas 2.1 and 2.3, we have

(
3 + λ2

√
5

2

)s
=



u+ v
√

5, if s ≡ 0 (mod 3),

(u+ v
√

5)

(
3 + λ2

√
5

2

)
, if s ≡ 1 (mod 3),

(u+ v
√

5)

(
7 + 3λ2

√
5

2

)
, if s ≡ 2 (mod 3),

(2.23)

where (u, v) is a solution of (2.1) for D = 5. Hence, by (2.21), (2.22) and
(2.23), we get

F 2 − 5G2 = −4B, F,G ∈ Z. (2.24)

Substitute (2.22) into (2.20), we have

2 +A
√

5 = λ1β
3, 2−A

√
5 = λ1β̄

3. (2.25)
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Eliminating A from (2.25), we get

4 = λ1(β3 + β̄3). (2.26)

Further, by (2.22) and (2.24), we have

β + β̄ = F, ββ̄ = −B. (2.27)

Therefore, by (2.26) and (2.27), we get

4 = λ1(β3 + β̄3) = λ1(β + β̄)((β + β̄)2 − 3ββ̄)

= λ1F (F 2 + 3B) = λ1F

(
F 2 − 3

4
(F 2 − 5G2)

)
=
λ1F

4
(F 2 + 15G2),

whence we obtain
16 = |F |(F 2 + 15G2). (2.28)

Since F and G are integers, by (2.28), we can only get

(F,G) = (±1,±1). (2.29)

But, by (2.24) and (2.29), we deduce that B = 1, a contradiction. It implies
that (2.18) has no solutions (A,B) with B > 1. Thus, the lemma is proved.

Lemma 2.7. ([12]) Every solution (X,Y, Z) of the equation

X2 + Y 2 = Z2, X, Y, Z ∈ N, gcd(X,Y ) = 1, 2 | Y (2.30)

can be expressed as

X = f2 − g2, Y = 2fg, Z = f2 + g2 f, g ∈ N,
f > g, gcd(f, g) = 1, f 6≡ g (mod 2).

Lemma 2.8. ([6]) The equation

1 + 3X2 = Y r, X, Y, r ∈ N, r ≥ 3 (2.31)

has no solutions (X,Y, r).

Lemma 2.9. ([13]) Let 0 6= b ∈ Z and let f(X) ∈ Q[X] be a polynomial with
at least two distinct zeroes. Then the equation

f(X) = bY n, n > 2

in integers X,Y > 1, n implies that n < C where C = (f, b) is an effectively
computable constant.
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Lemma 2.10. ([11]) The equation

Xr − Y s = 1, X, Y, r, s ∈ N, min{X,Y, r, s} > 1

has only the solution (X,Y, r, s) = (3, 2, 2, 3).

Lemma 2.11. ([7],[15],[16]) The equation

Xr±Y r±2δZr = 0, X, Y, Z, r, δ ∈ Z, gcd(X,Y ) = 1, |XY Z| > 1, r ≥ 3, δ ≥ 0

has no solutions (X,Y, Z, r, δ).

Lemma 2.12. (Theorem 1.1 of [3]) The equation

2X2 = Y r + Zr, X, Y, Z, r ∈ Z, XY Z 6= 0, Y > Z, gcd(Y,Z) = 1, r ≥ 4
(2.32)

has only the solutions (X,Y, Z, r) = (±11, 3,−1, 5).

Lemma 2.13. (Theorem 1.2 of [3]) The equation

X2 = Y r + 2δZr, X, Y, Z, r, δ ∈ Z, gcd(X,Y ) = 1,

|Y Z| > 1, r is an odd prime with r ≥ 7, δ ≥ 2

has no solutions (X,Y, Z, r, δ).

3 Proof of Theorem 1.1

We now assume that (x, y, z,m, n) is a solution of (1.2) satisfying 2 | m and
n is an odd prime with (1.4). If 2 - z, then we have

x+ ym = an, x− ym = bn, z = ab, a, b ∈ N, a > b, gcd(a, b) = 1, 2 - ab.
(3.1)

Eliminating x from (3.1), we get

2ym = an − bn. (3.2)

Since 2 | m and n is an odd prime with n > 3, we see from (3.2) that (2.32)
has a solution (X,Y, Z, r) = (ym/2, a,−b, n). Therefore, by Lemma 2.12, we
get only the solution (1.3) by (3.1).

If 2 | z, then from (1.2) we get

x+ ym =

{
2an,

2n−1bn,
x− ym =

{
2n−p,

2an,
z = 2ab, a, b ∈ N, gcd(a, b) = 1, 2 - a.

(3.3)
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By (3.3), we hve

ym =

{
an − 2n−2bn,

2n−2bn − an.
(3.4)

But, since 2 | m and n is an odd prime with n > 5, by Lemma 2.13, (3.4) is
false. Thus, the theorem is proved.

4 Proof of Theorem 1.2

We now assume that (x, y, z,m, n) is a solution of (1.2) satisfying y is an odd
prime and 2 | n. By (1.2), then (2.30) has a solution (X,Y, Z) = (ym, zn/2, x).
Hence, by Lemma 2.7, we have

ym = f2 − g2, zn/2 = 2fg, x = f2 + g2 f, g ∈ N,
f > g, gcd(f, g) = 1, f 6≡ g (mod 2).

(4.1)

Since y is an odd prime, we see from the first equality of (4.1) that

f − g = 1 (4.2)

and
ym = f + g = 2f − 1 = 2g + 1. (4.3)

On the other hand, by the second equality of (4.1), we have

z = 2ab, a, b ∈ N gcd(a, b) = 1, 2 - a,

f =

{
an/2,

2n/2−1bn/2,
g =

{
2n/2−1bn/2, if 2 - f
an/2, if 2 | f.

(4.4)

Substitute (4.4) into (4.2), we get

an/2 − 2n/2−1bn/2 = ±1. (4.5)

By Lemma 2.11, if n/2 ≥ 3, then (4.5) is false. So we have n/2 = 2, since
n ≥ 3.

Since n/2 = 2, by (4.5), we get

a2 − 2b2 = ±1. (4.6)

Hence, by (4.3), (4.4) and (4.6), we have

ym = 4b2 ± 1. (4.7)

But, since m ≥ 2, by Lemma 2.10, (4.7) is false. Thus, the theorem is proved.
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5 Proof of Theorem 1.3

We now assume that (x, y, z,m, n) is a solution of (1.2) satisfying 2 | x, y is
an odd prime and 2 - m. Since 2 | x, by (1.2), we have 2 - z. Hence, by the
proof of Theorem 1.1, we get (3.1) and (3.2). Further, since y is an odd prime,
by (3.2), we have

a− b = 2 (5.1)

and
an − bn

a− b
= ym. (5.2)

For any positive integer n with n ≥ 3, let

fn(X) =
1

2
((X + 2)n −Xn) =

n∑
i=1

(
n

i

)
2i−1Xn−i. (5.3)

Then fn(X) ∈ Z[X] is a polynomial of degree n − 1. Further, let ζj (j =
0, 1, · · · , n − 1) denote all n-th unit roots with ζ0 = 1. Obviously, by (5.3),
2/(ζj − 1) (j = 1, · · · , n − 1) are total roots of fn(X). By (5.1), (5.2) and
(5.3), we have

fn(b) = ym. (5.4)

Since m ≥ 3, applying Lemma 2.9 to (5.4), we can obtain the theorem imme-
diately.

6 Proof of Theorem 1.4

We now assume that (x, y, z,m, n) is a solution of (1.2) satisfying 2 | x, y is
an odd prime and n = 3. Then, since 2 - z, by (3.1) and (3.2), we get (5.1)
and

a3 − b3

a− b
= ym. (6.1)

Substitute (5.1) into (6.1), we have

1 + 3(b+ 1)2 = ym. (6.2)

Hence, applying Lemma 2.8 to (6.2), we get m < 3, So we have m = 2, since
m ≥ 2.

Since m = 2 and 2 - b by (3.1), we see from (6.2) that (2.2) has a positive
integer solution (u, v) = (y, b+ 1). Hence, by Lemma 2.2, we have

y = ar, b+ 1 = br, r ∈ N. (6.3)
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If r has an odd divisor d with d > 1, then from (1.5) and (6.3) we get

y = ar =
αr + ᾱr

2
=

(αr/d)d + (ᾱr/d)d

2

=

(
αr/d + ᾱr/d

2

)(
αr + ᾱr

αr/d + ᾱr/d

)
= ar/d

(
αr + ᾱr

αr/d + ᾱr/d

)
,

(6.4)

where ar/d and (αr + ᾱr)/(αr/d + ᾱr/d) are positive integers greater than 1.
But, since y is an odd prime, (6.4) is false. It implies that

r = 2s, s ∈ Z, s ≥ 0. (6.5)

Thus, by (3.1), (6.3) and (6.5), we get (1.6). The theorem is proved.

7 Proof of Theorem 1.5

We now assume that (x, y, z,m, n) is a solution of (1.2) satisfying 2 | x, y is an
odd prime, m < 7, n = 5 and (x, y, z,m, n) 6= (122, 11, 3, 2, 5). By Theorem
1.1, we have 2 - m. It implies that m ∈ {3, 5}.

Since 2 | x, we have 2 - z. Hence, by (3.1) and (3.2), we get (5.1) and

a5 − b5

a− b
= ym. (7.1)

When m = 3, substitute (5.1) into (7.1), we have

5(b2 + 2b+ 2)2 − 4 = y3. (7.2)

But, since y > 1, by Lemma (2.6), (7.2) is false.
When m = 5, by (5.1) and (7.1), we have

a5 − b5 = 2y5. (7.3)

But, by Lemma 2.11, (7.3) is false. Thus, the theorem is proved.
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