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On Quaternion-Gaussian Fibonacci Numbers
and Their Properties
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Abstract

We study properties of Gaussian Fibonacci numbers. We start with
some basic identities. Thereafter, we focus on properties of the quater-
nions that accept gaussian Fibonacci numbers as coefficients. Using
the Binet form we prove fundamental relations between these numbers.
Moreover, we investigate whether the quaternions newly defined pro-
vide existing some important identities such as Cassini’s identity for
quaternions.

1 Introduction

The investigation of Gaussian numbers is a research topic of great interest.
A Gaussian number is a complex number whose real and imaginary parts are
both integers, the set of these numbers is denoted by Z[i] (i> = —1). Gaussian
numbers form the lattice of all points with integral rational coordinates on the
plane. As known such numbers were first considered in 1832 by C.F. Gauss
[6] and also discovered the properties of the set of complex integers. In 1963,
A.F. Horadam [10] introduced the complex Fibonacci numbers and Fibonacci
quaternions. In 1965, J. H. Jordan [11] investigated gaussian numbers and
extend some relationships are well-known about Fibonacci sequences to the
gaussian Fibonacci numbers. Also, Jordan derived some identities involving
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the terms of gaussian Fibonacci and Lucas sequences. Then, we have given
some of these below (see, for example [11]):

Y GF=GFna—1, Y GL =GLyny — (14 2i), (1)
=0 =0

GF,1GF,_ 1 —GF? = (-1)"(2 — 1), (
GL,1GL, 1 — GL? =5(-1)""1(2 — i), (3
GF? + GF?, | = Fo, (1 + 2i), (
GF,GLy, = Fon_1(1 + 2i) (
and
GL, =GF,41 + GF,_1, (6)
where GF,, and GL, are the n-th gaussian Fibonacci and gaussian Lucas
numbers, respectively, and Fj, is the n-th Fibonacci number.

Gaussian Fibonacci numbers GF,, are defined by GF,, = GF,,_1 + GF, _o,
where GFy = i, GF; = 1 and n > 2. It is clear that these numbers are
closely related to Fibonacci numbers, it means that GF,, = F,, + iF,_1 and
GF_, = (-1)""YF, —iF,41). Some elements of this sequence can be given
according to the following table:

011 2 3 4 5 n
1| 1147|244 |34+20|0+3| ... | F,+iF,

Table 1. Gaussian Fibonacci numbers.

In 1977, G. Berzsenyi [2] presented a natural manner of extension of the
Fibonacci numbers into the complex plane and gave the applicability of the
generalization. If o and (8 are the roots of the characteristic equation for
gaussian Fibonacci sequence, one can give Binet formula of this sequence as
follows.

1
GF, = 76{(1 —if)a™ — (1 —ia)B"}. (7)
o —

The purpose of this study is to introduce quaternion-gaussian Fibonacci
numbers and investigate their properties. Classically, quaternions are hyper-
complex numbers written with the help of three imaginary units. Quaternions
are represented as

q = (ao, a1, az,a3) = ag + a1 + azj + ask, (8)

where a; (t = 0,1, 2, 3) are real numbers and the vectors i, j, k obey the famous
multiplication rules defined by Hamilton [9] in 1866 for quaternions. Further-
more, the multiplication of their basis elements can be done according to the
following table:
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N N
i 1] k | —
Pil=k|=1] 4
k| j | —i | -1

Table 2. Multiplication of quaternionic units

The conjugate of any quaternion ¢ is given by negating the three imaginary
components. Also, the norm and absolute value for any quaternion ¢ are
defined as ||q|| = ¢-§ =G ¢ and |q| = v/||q]|, respectively. Therefore, there is
a multiplicative inverse of each non-zero quaternion.

Quaternions have been a topic of intensive investigation ever since they
were introduced. Different types of quaternions have been studied by many
mathematicians. The reader can refer to [3, 4, 5, 7, 8, 10, 13, 14] for prop-
erties and applications of different types of quaternions. One of the earliest
studies on this subject belong to A.F. Horadam, in [10] the author defined
Fibonacci quaternions and gave some quaternions recurrence relations. In [7]
and [8], Halici gave the Binet formulas, generating functions, some identities
for Fibonacci and complex Fibonacci quaternions, respectively. In [13], Po-
latli and Kesim investigated the quaternions with generalized Fibonacci and
Lucas number components. In [5], Bolat and Ipek studied Pell and Pell-Lucas
quaternions. Szynal-Liana and Wloch introduced Jacobsthal quaternions and
gave some identities related with these quaternions [14]. In [12], the authors
studied the generalized gaussian Fibonacci numbers.

Inspired by all of these studies, we have described a new type of quater-
nion sequence and called the elements of this sequence as quaternion-gaussian
Fibonacci numbers.

2 Quaternion-Gaussian Fibonacci Numbers

We begin with a formal definition of general term in quaternion-gaussian Fi-
bonacci number sequence.

Definition 2.1. Let us define quaternion-gaussian Fibonacci number sequence
as follows

{GFQn}n>0 = {GFQo,GFQ1,...,GFQy,...}.
The general term GFQ,, is

GFQ, = (GF,,GF,11,GF,12,GF,3) € C*, (9)
where GF,, is the n-th gaussian Fibonacci number and the initial values are

GFQo = (i,1,1+4,2414) and GFQ; = (1,1+i,2+1i,3+2).  (10)
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Notice that using the gaussian Fibonacci numbers we can write the follow-
ing recursive relation

GFQn+ GFQny1 = GFQpi2, n>0. (11)

In the following theorem we give a formula which gives any element of the
sequence. This formula is known as the Binet formula.

Theorem 2.1. For the elements GFQ,,, we have
1
GFQ, = W{GFQl(a” — B") 4+ GFQo(a™ ! — g 1)} (12)

where GFQ, = (1,14 4,2+ 4,34 2i) and GFQo = (i,1,1 4+ 4,2 + ).

Proof. The characteristic equation of gaussian Fibonacci sequence has the
roots « and . Then,
GFQ, = Aa™ + BB" (13)

is the solution for the recurrence relation
GFQn+GFQuy1 = GFQpya. (14)

So, writing n = 0 and n = 1 in the identity (2.5) and solving this system, we
get the values A and B as follows.

1 1
A= 2—5(GFQ1 = BGFQo), B= ——5(aGFQo—GFQy).  (15)

If these values are written in the general solution. Hence, it gives that

GFQ, = %_5{(“@1 _ BGFQo)a”™ + (aGFQo — GFQ1)8"}

) (16)
= W{GFQl(a” — B") + GFQo(a™ ' — ")}
Then, the result is obtained. O
Note that we can also write the formula (12) as follows:
GFQ, =F,GFQ1+ F,,_1GFQy, n > 1. (17)

The formula (12) is more useful in obtaining some identities. Furthermore,
with the help of this formula, we can also derive the numbers with the negative
indices. We give the following corollary without proof.
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Corollary. For the negative integers, we have
GFQ_, = (-1)"(F,41GFQo — F,GFQ1) (18)
where GFQr = (1,14 4,2+ 14,34 2i) and GFQo = (i,1,14+ 4,2 + ).

Theorem 2.2. The sum of first n of numbers GFQ,, is as follows:
Y GFQi = GFQuis — (i + 4k). (19)
1=0

Proof. Since GFQ,, = GFQn+1 — GFQ,_1 for all n > 1, we can write the
following equations:

GFQo=GFQ1 — GFQ -1,
GFQ1 = GFQ2 — GFQ,
GFQ: = GFQs3 — GFQ,.

And with this way of processing, we can write

GFQn—l = GFQn - GFQn—Q»
GFQ, = GFQpir — GFQn_1.

Then, as a result of necessary calculations, we get
n
> GFQi=GFQni2— GFQy = GFQn 2 — (i + 4k). (20)
1=0

O
Corollary. The sum of the first n of the double-indexed numbers GFQa, is

> GFQu = GFQani1 — (k—1). (21)

1=0
Proof. The proof can be easily made similar to Theorem 2.4. O

As known generating functions provide a powerful tool for solving linear
homogeneous recurrence relations with constant coefficients. The generating
function is a function that corresponds to the Binet formula, which finds the
desired elements of the sequence providing the recursive relation.

In the following theorem we give generating function for the numbers
GFQ, with coefficients from gaussian Fibonacci sequence.
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Theorem 2.3. The generating function of the sequence {GFQp}n>0 is as
follows.
oo . .
2t 4+ 3k + (k— i)t
t) = E GFQut" = .
g( ) — QTL 1 _ t _ t2

(22)

Proof. Let us show the generating function of the sequence {GFQ,}n>0 by
g(t):
g(t) = GFQo 4+ GFQit + GFQuot> + ... + GFQut" + ... (23)

Let us multiply the generating function by t and ¢2, respectively, in order to
benefit from the recursive relation. Then by calculating the equations tg(t) and
t2g(t), and also using the recurrence relation, the desired formula is obtained:

(1—t—1*)g(t) = GFQo + (GFQy — GFQo)t. (24)
Then, the result is followed. O

It should be note that using the generating function of the sequence

{GFQn}n>0 = {GFQo,GFQ1,...,GFQy,...} (25)
generating function of the following sequence
Apn=GFQy+GFQ1+ ...+ GFQ, (26)

can also be given. Now we give this function with the following corollary.
Corollary. The generating function of the numbers A,, is as follows:

S Atn = GFQo +tGFQ_,
n=0

1—-2t+¢3 27)

Proof. Using Eq. (22), the generating function of sequence {GFQ,,}n>0 is

GFQo + (GFQ1 — GFQy)t  GFQo+tGFQ_,
1—t—1¢2 o 1—t—1¢2

3

then the generating function of the sequence Y, ; GFQ; has the form

1—t
_ GFQy +tGFQ_,
(1=t —t—1?)
_ GFQo+tGFQ_4
o 1=2t4t3
where GFQ_1 =k — 1. O

o0 o0 F n
ZAntn _ Zn:O G Qnt
n=0
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Now, using the elements of the gaussian Fibonacci sequence, let’s define
the following tridiagonal matrix with complex coefficients and order (n x n):

1 ¢t 0 0 0
-1 1 1 0 0
K, = 0 -1 11 ...0 ] (28)
e |
o 0 00 ... 1

nxn

Next, we state determinant formulas for the sequence {GF @, }nen.

Corollary. For the elements GFQ,, of the quaternion-gaussian Fibonacci se-
quence, we have
det(K,) = Sc¢(GFQ,) = GF,, (29)

where Sc(GFQy,) is the scalar part of the n-th quaternion-gaussian Fibonacci
number.

Proof. Let’s calculate with the induction. For n = 1 and n = 2, we have

respectively,
det(K,) = 1 = GF, = S¢(GFQ)) (30)

and
det(Kg) =1+i=GF, = SC(GFQQ) (31)

Let’s assume that this claim is correct for n — 1 and n — 2. So,
det(Kn_l) = GFn_l, det(Kn_g) = GF,«L_Q. (32)
Then, we get

det(K,) = det(K,—1) + det(K,—2)
=GF,_1 +GF,_2
= GF, = Sc¢(GFQ,,).

Therefore, the truth of the claim is proved.
Furthermore, with the help of this matrix the other desired components of
the GF(Q,, can be found. O

Theorem 2.4. Let n be integer and n > 1. Then, it holds that

GFQn GFanl o GFQl GFQO 1 1 n-l 33
GFQn+1 GFQ, ) \GFQ., GFQ:)\1 0 : (33)
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Proof. For n = 1, it is clear that the equation is correct. According to the
assume, we know that this claim is true for n:

GFQn GFQn—l o GFQl GFQO 1 1 n—l 34
GFQni1 GFQ, ] \GFQ: GFQ:J\1 0 : (34)

The, for n + 1 we write the following equation:
GFQ, GFQ,\ (1 1\" [(GFQ, GFQ)\(1 1\" '[1 1
GFQ, GFQ:)\1 0] ~ \GFQy GFQ@;)\1 0 1 0
_( GFQ, GFQn-1) (1 1
- \GFQny1  GFQ, Lo
= (GFQTL+1 GFQn >

GFQn+2 GFQn—i—l
Thus, the claim is proved. O

In the next theorem, we give one of the very important relation on the
Fibonacci-like numbers which is known as Cassini’s identity. Cassini’s iden-
tity helps to quantify how much deviation from geometry in each term of
the sequence. In this sense, in [1] the author investigated the quaternionic
Fibonacci Cassini’s identity with the maple’s help.

Now, with the help of Theorem 2.4, we give the Cassini’s identity in the
following theorem.

Theorem 2.5. The Cassini’s identity for the numbers GFQ,, is as follows:
GFQ; — GFQus1GFQu-1 = 5(=1)""(2 - j). (35)
Proof. We will use the following equation
( GFQ, GFQn_1> _ <GFQ1 GFQ0> (1 1)"‘1_ (36)
GFQny1  GFQ, GFQ: GFQ:)\1 0

Let’s take determinant for both sides of the equality (36). And let’s calcu-
late the values GFQ? and GFQ2GFQo. Thus, using definition 2.1 we have
GFQo = 2i + 3k, GFQ, = i+ 4k and GF Q2 = 3i + 7k. Following the
quaternion multiplication rules, the desired values are found

GFQ} = 17, GFQ2GFQo = —27 + 5j. (37)
The, we have
GFQ? — GFQu1GFQ,_1 = (GFQ? — GFQ2GFQo)(—1)""
=5(-1)"""(2 - j).

Thus, the proof is completed. O
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Corollary. For the numbers GFQ.,, and n > 0, we have

GFQni+1 GFQ, \  [(i+4k 243K\ (1 1\" (38)
GFQuio GFQuy1) \3i+7k i4+4k)\1 0) -

Proof. The accuracy of the claim can be easily seen by the induction method.
O

Theorem 2.6. For the numbers GFQ,,, we have
GFQZ + GFQ%.H = _15F2n+37 (39)

where F, is the n-th Fibonacci number.

Proof. Let us calculate the numbers GFQ? and GFQ? 11 one by one. Then
using the Eq. (17), we get

GFQ? = (F,GFQ, + F,,_1GFQy)*
= F2GFQ? + F,F, 1(GFQ,GFQo + GFQuGFQ) (40)
+ F2_ GFQ}.

Calculating
GFQ3 = —17, GFQ?} = —13,

and
GFQ1GFQg = —14+5j, GFQyGFQ, = —14 —5j

and by placing these values in the Eq. (40), we obtain that

GFQ? = —(1TF? + 28F, F,,_, + 13F?_,). (41)
Similarly, we get

FQ2., = —(1TF2, | + 28F,F,41 + 13F2). (42)
Thus, we obtain

GFQ? + GFQ? .| = —(1TFanq1 + 28Fs, + 13Fs, 1)
= —(45Fy, + 30Fy, 1)
= —(30Fy, 41 + 15Fy,)
= —(15Fy 40 4+ 15F2,41)
= —15F5,43.

So, we get the desired result. O
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The next theorem gives the norm value of elements GFQ,,.

Theorem 2.7. The norm value of GFQ,, is
|GFQ.|| = GFQ,, - GFQ, = 3F5,42(1 + 27), (43)
where F,, is the n-th Fibonacci number.

Proof. Using the formula that gives the norm values of these numbers, let’s
first write the following equation.

|GFQ.,|| = GF? + GF2,, + GF? , + GF2, (44)

Now, let us calculate each term on the right side of the Eq. (44). Then, we
can write the following equations by the aid of formula in Eq. (7):

L (1 —ip)%a® 1 (1— )82 —2(1 —ia)(1—if)(aB)"} (45)

2 __
Ch = o

If we calculate the other terms in the same way and write in the Eq. (44),
then some simplifications can be seen. Thus, we obtain that

(@=B)? - ||GFQnl| = (1 —if)*a™ + (1 —ia)? " —2(2 — i)(—1)"
+ (1 —iB)%a® ™ 4 (1 —ia)?B* T2 - 2(2 — i) (—1)""!
+(1=iB)2a® 1 4 (1 —ia)? > — 2(2 — i) (-1)"+?
+ (1 —=if)%a® 0 4+ (1 —ia)?f2F0 — 2(2 — ) (-1)" .
Expanding the terms in parenthesis proves the formula
(a=B)*-[|GFQu| = {(ca™)?*(1+a® +a' +a°) + (uB")* (1 + % + B + 5°)},

where 0 =1 —if8 and = 1 —ia. Also, by taking advantage of the repeated
relations of a and 3, we can give this norm value as follows. Furthermore,
using the equations,

o =F,a+F, 1, B=F,p+F, 1, af=—-1,a+p=1,  (46)
we get
(a=B)? - [|GFQul| = 3{o* (4" + 3a®") 4 p (45" + 36%")}
=3{(1 — BH) (4" +30°") + (1 — ) (4% 4 35%"))
+6i{da®" — 3" 4 4p%" — 35701}
=3{a®*(Ta+4) + B2 *(78 + 4)}
+ 6i{a®" (4o — 3) + B* 7148 - 3)}.
Then, the result is obtained. O]
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Especially, we can also calculation this norm using the equality GF,, =
F, + iF,_1. In this case, the norm value in relation to Fibonacci and Lucas
numbers is as follows

GF; = (Fy +iFy1)’ = F; = F_y + 2i(F o). (47)
Then,

GFi + GF’I2L+1 = Fi - Fz—l + Qi(FnFn—l) + F3+1 - Fj + 2i(Fn+1Fn)
= F2n+1 — Py 1+ 2iF, Ly,
= Fopy1 — Fop_1 + 2iFy,.

and
|GFQu|| = (Fanta + Fon)(1 + 2i) = 3F,410(1 + 2i).

3 Conclusion

In this study, we first focused on gaussian Fibonacci numbers and showed that
these numbers provide some important identities. Then, we have defined the
quaternions that accept these numbers as coefficients. We would like to point
out that these quaternions will be important in the study of other quaternions
and some other identities can be also given involving these numbers. In the
future, we will study this type of quaternion in a generalized Gaussian number,
for example, the Horadam gaussian numbers.
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