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Stochastic orders for a multivariate Pareto
distribution

Luigi-Tonut Catana

Abstract

In this article we give some theoretical results for equivalence be-
tween different stochastic orders of some kind multivariate Pareto dis-
tribution family. Weak multivariate orders are equivalent or imply dif-
ferent stochastic orders between extremal statistics order of two random
variables sequences. The random variables in this article are not necce-
sary independent.

1 Introduction

Pareto distributions are popular models in finance, economics and related ar-
eas. Also, they are used to model random variables like risk, prices or income.
Many generalized models was publised and the multivariate case is very inter-
esting. Thus, Kotz et al. (2000) offered a continous multivariate distributions
course. Weak stochastic orders (or weak hazard rate order) are equivalent (or
imply) the stochastic (or hazard rate) order between extremal order statis-
tics. Shaked and Shantikumar (2007) and Zbaganu (2004) offered results and
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a course in this field. In the multivariate case appear new stochastic orders in-
equalities with a weak form, due to P(X < z) and P(X > z, X # z). Catana
(2016) proves some results which show us important difference between uni-
variate distribution and survial functions and multivariate distribution and
survial functions. Stochastic comparisons of two random vectors have been
extensively studied and discussed in the literature. Recently, Balakrishnan et
al. (2016) and Misra and Naqvi (2018) analized different multivariate stochas-
tic orders of some family distributions.

In nature parallel and series systems are very common phenomena. Parallel
and series system are 1-out-of-n and n-out-of-n system, respectively. A k-out-
of-n systems is a system which functions if and only if at least k out of its n
components function. Stochastic comparison of system lifetimes has always
been a relevant topic in reliability optimization and life testing experiments.
Several papers have dealt with comparisons among systems (largely on the
parallel and the series) with heterogeneous independent components following
a certain probability distribution with unbounded/bounded support, such as
exponential, gamma, Weibull, generalized exponential, generalized Weibull,
beta, Kumaraswamy, or log-Lindley. Ordering of the smallest Pareto order
statistics has practical appeal. Balakrishnan et. al. (1998) offered an order
statistics course. Samaniego (2007) also offered a system signatures course.

The multivariate Pareto distribution which we work in this article was
proposed by Mardia (1962) with the joint density function

n —1
xloran ) =alat Dot n =) (T o)
=1
n —(a+n)
(Z i:n+1> '1(b1,oo)><4..><(bmoo) (331,1'2,...,%11),
i=1

x; >b; >0,a>0.
Arnold (1983) observed that the survial function of this distribution is

P(sz)—<zgg;n+1> x>0 >0, 0> 0.
i=1

By the survial function continuity of this distribution it results P(X >

n —a

x, X £1x)= (Z‘l’j?—n—l—l)
i=1

Also, Arnold and Pourahmadi (1988) and Wesolowski and Ahsanullah

(1995) presented some results for this distributions when (b1, ..., b,) = (1,...,1).

Preda et. al. (2016) offered a new distributions family and studied its

properties.
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Catana (2019) analized the weak hazard rate function of a bivariate uni-
form distributions family. Bancescu (2018) presented the likelihood order of
some classes of statistical distributions and Nadaralajah et al. (2017) anal-
ized different stochastic orders of smallest order statistics from some Pareto
distributions.

We present the structure of this article. In the section 2 there are presented
the preliminaries. In the section 3 we give results for different stochastic orders
between multivariate Pareto distributions. In the section 4 we prove some pa-
rameters conditions imply stochastic and hazard rate orders of smallest Pareto
statistics. In this case, the random variables are not neccesary independent.
In the last section we discuss the conclusions.

2 Preliminaries

We consider (€2, F, P) be a probability space, X : @ — R” be a random vector
with n > 2. For a random vector X we consider pux(B) = P(X € B) be its
distribution on (R™, B(R™)), Fx(z) = P(X < z) its distribution function and
F{(z)=P(X >z,X #x).

If X : Q — Ris a random variable, we consider Fx(z) =1 — Fx(z).

If X has density, we denote fx its density function.

For n > 1, if F§ (respectively Fx) is differentiable, we define the hazard

rate function r : Supp(F%) — R, r(z) = (—% (lnF)*((x)))

a function g : R” — R, Supp(g) = {z € R" : g(x) # 0}.

We denote Ry = {z € R: z > 0}.

For x = (21,22, ...,2,) € R", with (1) <w(9) < ... < 2y, We denote z;)
is the i-th ordered number.

Definition. (Shaked et al., 2007) Let xz,y € R™. We say x is smaller
than y (and denote x <vy) if x; <y; Vi € {1,2,....,n}.

Definition. (Shaked et al., 2007) Let x,y € R™. We denote min(z,y) =
(min(z1,y1), ..., min(xy,, y,)) and max(z,y) = (max(z1,y1), ..., max(Ty, Yn)) -

Also, for z,y € R™, we denote z < y if x; < y; Vi € {1,2,...,n}.

Definition. We say that the positive random variable X is distributed
univariate Pareto(and denote X ~ P (a,b), where a,b € Ry ) if

, where for

i=1,n

Fx(@)=2(2) 7 1 ().

For x> b
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Definition. We say that the positive n-dimensional random vector X is
distributed multivariate Pareto (and denote X ~ MP (a,b), where a € Ry |
beRY) if

n —1
loran ) =alat Dot n =) (T 0)
=1
n —(a+n)
<Z T —n+ 1) Ly 00) x5 (byy00) (15 T2, 0y Tny)

For x1 > by,...,xp, > b,

Fi(x1,.yxn) = (Z % —n+ 1) .
i=1

Remark. If X ~ MP (a,b) then X; ~ P (a,b;).

For completeness we present definition for different multivariate stochastic
orders and important results.

Definition. (Shaked et al., 2007) Let X, Y : Q@ — R random variables.
We say that X is said to be smaller than Y in the

(i) usual stochastic order (written as X <4 Y ) if Fx (v) < Fy (x) Vo €
R;

(i) hazard rate order (written as X <p, Y) if rx(z) > ry(zx) Vo €
Supp(Fx) N Supp(Fy).

Definition. (Shaked et al., 2007) We say C C R™ is increasing if Yo € C
Vy € R" then x <y =1y e C.

Definition. (Shaked et al., 2007) Let X, Y : Q — R? be two random
variables, d > 2. We say that X s said to be smaller than Y in the

(4) usual stochastic order (written as X <4 Y ) if P(X € C) < P(Y € C),
for all increasing set C C RY;

(#) weak stochastic order (written as X <uws Y) if F (z) < Fy (x), for
all x € R™;

(#i) dual weak stochastic order (written as X <qwst Y ) if Fx(z) > Fy(z),
for all x € R™;

(iv) weak hazard rate order (written as X <wnr Y) if rx(z) > ry(2)
YV € Supp(F%) N Supp(Fy);

(v) hazard rate order (written as X <p,. Y) if

Fi(x) - Fi(y) < Fi (min(z,y)) - F (max(z,y)) Yz, y € R

(vi) likelihood ratio order (written as X <, Y') if

Px(@) - fr(y) < fx(min(z,p)) - fy (max(z,y)) Yo,y € R".

Theorem 2.1. (Shaked et al., 2007, Theorem 6.G.15., p. 315) Let X =
(X1,..,Xpn) and Y = (Y1,...,Yy,) be two nonnegative random vectors. Then
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(a) X <wst Y if, and only if, min (a1 X1, ..., 0, X)) <5t min (a1 Y7, ..., 0, Yy)
whenever a; > 0,1 =1,2,...,n.

(b) X <awst Y if, and only if, max (a1 X1, ..., 0y Xp) <st max (a1Y7, ..., a,Yy,)
whenever a; >0,1=1,2,...,n.

Theorem 2.2. (Shaked et al., 2007, Theorem 6.D.7., p. 294) Let X =
(X1,..,Xp) and Y = (Y1,...,Y,) be two nonnegative random vectors. If
X <uwhr Y, then min (a1 X7, ..., an Xp) <pe min (a1Y7, ..., a,Ys) whenever a; >
0,:=1,2,...,n.

It is well known (Shaked et al., 2007):

<st= =wst; <dwst;
<hr= =whr= <wst

and

(Xla aXn) st (’<wst7 '<dwst) (Yla 7Yn) = X’L st Y;,
(Xl, ,Xn) <whr (Yl,...,Yn) = Xl <hr Y;

Theorem 2.3. (Shaked et al., 2007, Theorem 6.E.G., p. 300) Let X =
(X1,..,Xp) and Y = (Y1,...,Y,) be two random vectors. If X <. Y then
X < Y.

Theorem 2.4. (Shaked et al., 2007, Theorem 6.E.8., p. 801) Let X =
(X1,.., Xpn) and Y = (Y3,...,Y,,) be two random vectors. If X <. Y then
X <4 Y.

Definition. A function K : R" — [0,00) is said to be multivariate to-
tally positive of order 2(MTP;) if K(z)-K(y) < K(min(z,y)) - K(max(z,y))
Vz,y € R™.

Theorem 2.5. (Shaked et al., 2007, Theorem 6.D.1., p. 290) Let X =
(X1,....Xp) and Y = (Y1, ..., Yy,) be two random vectors with common support
S which is a lattice. If F% or Fy is MTPs, then X <ypr ¥ = X <p, Y.

Remark. For X = (X1,..,X,) and Y = (Y1,...,Y},) be two random
vectors with common support S which is a lattice and fx (z)- fy (y) < fx (y)-
fy(x) Ve,y e R" x > y. If fx or fy is MTPs, then X <. Y.

(It is a same argument as the proof of theorem 2.5.)

3 Main results

Lemmas 3.1 and 3.2 give equvalence between usual stochastic order, hazard
rate order and distributions parameters of univariate Pareto distributions.
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Theorems 3.3 and 3.4 give implications between weak stochastic order and
parameters of multivariate Pareto distributions.

Lemma 3.1. Let X ~ P (a,b) and Y ~ P (c,d). Then X <Y <one of
the conditions is hold:

(i) a=cand b < d;

1

(i) a>c,b<d and d > (Z—Z)E.

Proof. Let us prove ” = ” implication.

Fx(x) < Fy(z) Vo > max(b,d) & x¢7¢ < g—: Vo > max(b,d). Let + — oo
and it results a > c.

If d < b, then let € > 0 such that d + ¢ < b.

1=Fx(d+e) <Fy(d+e)= (%) < 1, contradiction. Then b < d.

If a =cthen Fx(z) < Fy(z) Vo >d & % > 2 Vo >d< b <d, which is
true. 1 1

Ifa>cthenxc_a§g—:Vm>d©x2 (Z—Z)E Ve >d&s d> (Z—Z)E.

Let us prove ” <=7 implication.

Ifx<bthenFX( ) Fy( ) 1.

If x € (b;d] then Fx(z ( )

Ifx>dthenx>d>( )“ ‘
Lemma 3.2. Let X ~ P (a,b) an
Proof.rx()—;andry() Cx>0
Then X <5, Y S rx (z) >ry (x )Vw>0<;> >tV >0a>c O
Theorem 3.3. Let X ~ MP (a,b) and Y ~ MP(C d). If X <upst Y
then one of the conditions is hold:

(i) a=cand b; <d; Vi e {1,...,n};
(ii) a > ¢, b; < d; and d; > (Z—j)ﬁ vie{l,..,n}.
Proof. X <yst Y = X; <& Y; =one of the conditions is hold:
(i) a = c and b; < d;;

_1
(ii) a > ¢, b; < d; and d; > (%) 0
Theorem 3.4. Let X ~ MP(a,b) and Y ~ MP (c,d). If a > ¢ and

b<dthen X <ys Y.
Proof. Let x € R™,z > d. Then

<i§n+l> g(i”jnﬂ) g(i@nﬂ) .
i=1 ¢ i=1 =1

Thus F% (21, ..., 2n) < Fy (X1, .., Tp) -
If x # d then

)
)_c @FX(QT) < Fy(.’];) O
(¢,d). Then X <, Y & a > c.
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and

n 2 —a n 2 —a
(Z (b - 1) “Lpi,00) (#3) + 1) < (Z (d - 1) Ly ,00) (i) + 1) <
i=1 v i=1 v

Thus F% (21, ...,xn) < Fy (21,0, 2p) . O
Theorem 3.5 gives equivalence between weak hazard rate order and param-
eters.

Theorem 3.5. Let X ~ MP(a,b) and Y ~ MP (¢,d). Then X <whr
Y &

b<d, 2

d(n) = — <% *)

ab—cd’ i1

=1 °
n n

> oGt X (% -z
JEN{s} JE{1,2,...,n\(JU{3})

E abl;-dj + E (ablj- - cffi) bj
jeniy JE{12,. n\(IUgih) S !
Vi,j € {1,...,n}, I C{1,2,..,n}.

Proof. For x1 > by,...,x, > b, it results

—InF% (x1,....,x,) = aln (le —n—l—l)

=
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and
a 1
(7“)()2» (wl,...,xn) = 17 iy
Y E-n+1
j=1"
For x € R it results
a
(Tx)z- (.2?1,...7.27”) = Py )
it 30 g5 (05 = 05)  Liey.00) (25)
i
and
c
(T‘Y)Z’ (:L'17 7:1:’ﬂ> = n d
T + Z:l & (@5 —dj) - 1, ,00) ()
=
Thus

X <unr Y & (rx),; (x1, .., xn) = (ry); (21, ...,70) VZ €RY &

a C
= m
xX; + 21 l% (il?j — bj) . 1(bj,oo) (.’Ej) xZ; + 21 (%‘ (LL'] — dj) . l(d_j,oo) (1'])
i i

Vr e R} &

11 [y d;
( - > i) [ (@5 = b5) - 1b;,00) (25) = —= (@5 = dj) - L(a;,00) (25)| <0
J

Vo e R%.
Let us prove ” = 7 implication.
X <phr Y = X <yt Y =a>cand b < d.

For z > d
2 V< n=—1 (2 -2
> (=) =00 (5-2)

Jj=1

7
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Let z; — o0, j € {1,...,n} and it results ablj_ — C‘i;_ <0& abg_ < C‘fl‘_.
J J J J
For 1 = 29 = ... = x,, = x it results
n n
b; d; b; d;
— <(n-1——=——|Vx>d, &
Z ab; Z cd; v<m-1) ( c )=

Forx #dlet I ={i:b; <z <d;} and J={i:x; >d;}. Then

1 1 LY
@n)“z 3

jendiy 4

Ve } d<

1 1 Ly,
(G-7)=+ > m

Jjen{iy 7

n m
> o

JeI\{i}

n

n

(z; —bj)+ Y

jeJ\{i}

jeJI\{i}

> ey

jen\{i}

%)
S-S )a+
a C

max
z€RY
zhd
JEIN{i }
Thus

JGI\{} je\{i}

oL ().

jeJ\{i}
n

jen{it 7

d+z

JEI\{3}

2

jeJ\{i}

RO

— (25— by) —

b
ab

d;

Ca;

b di)
bj Cd

) Ve #d<

(2-%)=

b;
2 gt 2

(3 -

jGI\{}

yef\{}( b

7 (@5 = dj)

B

“)s,
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Let us prove 7 <= 7 implication.

Let i € {1,....,n}, z € R", z > d.

b di’_ <0 and z(;y < x;. Then
cd; (1) J

abj

by d; . by dy
(abj — Cdj) x; < (abj Cdj) x(1)- It results

i bi — di xz; < Y
— ab;  cd; 7= —

j=1 J J
by "L d; b d;
— <(n-1(2=-=2
_Z ab; Z cd; zm = (n=1) <a c )
Jj=1 Jj=1
n
Then Zl (ablj]‘ - C‘Zij) x] S (n - 1) (% - %) :
J:
Thus (rx); (@1,...,xn) > (ry); (X1, ..., Tn) -
If x # d then
11 LAY - by d;
(a‘c)“ 2. gt 2 (ab. - cd)xj <
jeN{s} 7 jeN{iy > /

1 1 oy ~ by d;

—_ ) . _ | <
gé%)é (a c) it _ Z abjxj * _ Z (abj cdj> il =
o¥d JeI\{i} JeJI\{i}

2 b; - b; d;
 d. L ) p..
. Z abj J + . Z (abj Cdj) J
jendi} JEIN{i}

Thus (rx); (z1,....,2n) > (ry),; (21, ..., zp) . O

Remark. In this article Y % =% . card(I\{i}) and
Jer\{i}

(B — ) = (% — 4. card({1,2,...,n}\ (1 U {i})).

JE{1,2,.. ,n I\ (JU{4})

Theorem 3.6 shows that F% and fx are MTPs.

Theorem 3.6. Let X ~ MP (a,b). Then F% and fx are MTPs.
Proof. It is obvoius

Fx(2)Fx (y) < Fx(min(z, y)) Fx (max(z,y)) Vo, y > b &

(iZ—n+1> <iij—n+1> >
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" min(z;, y;) “~ max(z;, y;)

i=1 i=1
(it is similar the case © % b or y # b for the inequality F% (z)F%(y) <

Fx (m;n(% y) Fx (max(z, y)))

fx (@) fx(y) < fx(min(z, y)) fx (max(z, y)) Yo,y € R" <

n T n y
= 1 : 1
=1 =1

<Zm1nxz,yz n—l—l) (Zw_n+1> Yz > b,y > b.

i=1

N
NgE
s|E
N——
N
NgE
&g
N———
AV

i M

n
min xl,yl Z max .’E“yz )
<~
( > (z—l

TiYj > zn: min(z;, y;) 'maX(ffyyj)

= bibi bibi

Let us prove x;y;+x;y; > min(z;, y;) -max(x;, y;)+min(z;, y;) -max(z;, y;)
Vz,y € R™.
If ZT; < Yiy Tj < Yj then

min(x;, y;) - max(z;, y;) + min(z;,y;) - max(z;, yi) = viy; + ;Y.

If x; > yi,x; > y; then

min(z;, y;) - max(x;, y;) +min(z;, y;) - max(z;, ¥i) = vix; +y;2 = Y, + ;Y.
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If ; < wyi,x; > y; then
Tiy; + x5y, — min(w, y;) - max(zy, y;) — min(z;, y;) - max(z;, y;) =
Ty + iy — vy — Yy = x5 (Y — i) +y5 (T — ys) =

(i — @) (x; —y;) 2 0
If xT; > Yi, Tj < Y then

xiy; + x5y — min(x;, v;) - max(x;, y;) — min(xy, y;) - max(zg, y;) =

Ty + Ty — Yiys — 2 = x5 (Y — x) +yj (v —yi) =

(yi — i) (x5 —y;) =20
Thus z;y;+;y; > min(z;, y;) -max(x;, y;)+min(x;, y;) -max(x;, y;) Yo,y €
n
= Z % > Z min x“yzb max(x;,y; V{E,yERn.

ibj

ij=1 ij=1
It results fx (2) fx(y) < fx (min(z, y)) fx (max(z, ) and
Fi(2)F; (y) < Fi (min(e, y)) F (max(z, y)) Va,y € R".
Therefore F'y and fx are MTP,. O
Theorem 3.7 gives equivalence between hazard rate order and parameters.
Theorem 3.7. Let X ~ MP(a,b) and Y ~ MP (¢,d). Then X <p,
Vebsd b <

d(n) = 2 4 n b, )
= cdbj 7],;1 ab;
ok N ()2
JeN{i} Je{1,2,....n\(JU{i})
2 b; L b; d;
2 wdi > (abj—cdj)bj
JjeI\{i} j€{1,2,...,n}\(JU{i})

Vi,j € {1,...,n}, I C{1,2,..,n}.

Proof. Tt results from theorems 3.5, 3.6 and 2.5. O

Theorem 3.8 gives equivalence between likelihood order and parameters.

Theorem 3.8. Let X ~ MP (a,b) andY ~ MP (¢c,d). Then X <, ¥ &
b<d

bi d;
) Bt S ey
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d; b;
(n=1) (53 — % )

diny =2 = o D Vi, j € {1,...,n}.
ng dj (c+mn) 7],:1 bj(a+n)
Proof. Let us prove ” = 7 implication.

X<, Y=2X<4Y=>X<usY =b<dand

X <Y = fx@)fyr ) <fx@fr(z) Ve,y e R" 2 > y.
But

fx (@) fy (y) < fx @) fy (x) Vo,y eR" v >y &

Vi€ {l,...,n} z; — g%g is increasing on {z € R" : z > d} &

9 fy(z) _
Oz; fx () >0Vied{l,..,n} Ve >d.
For x > d
d fy(z) _
Oz; fx (z)
" - n —(c+n)
c(c—l—l)...(c—i-n—l).(l—[dj) (Z‘Z’f—n+1>
i Jj=1 j=1 J )
8% " -1 R ) _
a(a—’_l)“.(a—i_n_l)'(Hbj) (sz_n—’—l
=1 j=1
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a+n B c+n
n n
bi(Ew”f—n—Fl) di<zy—n+l>
j:1 J j:1 J
Thus P
Iy (@) >0Ve >ds
8a:ifX(x)
atn > ctn Ve >d<s

Z di z; < (n—1) bs di Vo > d.
a+n dj(c—i—n) a+n c+n

J=1

Let z; — o0, j € {1,...,n} and it results 5 (arm) < Tlern):
For x1 = x5 = ... = x,, = x it results

n

Y bi d; b; d;
— <(n—1 B p
j;bj(a+n) Zd‘(c—f—n) < (n )<a—|—n c—i—n) Vo > d,) &

j=1 7

Let us prove ” <=7 imphcatlon.
Letze{l ,n}, zeR" z>d.

d’L
b(a+n) d(c+)<0andm < z;. Then

b; b; d;
(b_7~<a+n> - d.7-<c+n>) Tj < (bj<a+n> - d_7<c+n>) (1) It results
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n

2 (bj (abzrm 4 (cdln)) v = Jz: <bj (ab:—n) d; (cd:-n)> o=

Jj=1

— =y ——— |z n— - .
j:lbj( +n) “~d;j(c+n) @ = a+n c+n

J=1

3 by d; b; d;
Thus ‘21 (bj(a+n) - dj(c-i-n)) zj < (n—1) (a+n - C+n) .
j=
Then 5 7y 2 0
But fx and fy are MTPs. It results X <;,. Y. O

4 Corollaries

Corollaries 4.1 and 4.2 show that some conditions for multivariate Pareto
distributions parameters imply univariate stochastic order or hazard rate order
between extremal statistic orders of two random variables sequences. Corollary
4.3 gives sufficient conditions to have usual multivariate stochastic order.

Corollary 4.1. Let Xi,..., X, random wvariables with (X1,...,Xp) ~
MP (a,b) and Yi,...,Y, random variables with (Y1,...,Yn) ~ MP (¢, d). If
a>cand b <d then min (a1 X, ...,a,Xp) <st min (a1Y7y, ..., a,Y,) whenever
a; >0,i=1,2,...,n.

Proof. We apply theorem 3.4 and theorem 2.1. [J

Corollary 4.2. Let X,..., X, random wvariables with (X1,...,Xp) ~
MP (a,b) and Yi,...,Y, random variables with (Y1,...,Y,) ~ MP (¢, d). If
(n—l)(%—%)

b; d;
b < d7 ab; < cd; d(n) > = 4 n oy, 0
T 2 @
j=1 7 j=1
b - b, d
) L a + ) ) (a c) 2
JEI\{i} J€{1,2,...,n\(JU{4})
n n

Z abbij d-j + Z (abbij - (,‘(3]') b]
jeI\{i} j€{1,2,...,n}\(JU{3})
Vi,j € {1,...,n}, I C{1,2,...,n},
then min (a1X1, ..., 0, X,) <pr min (a1Y1,...,a,Y,) whenever a; > 0, i =
1,2,...,n.
Proof. We apply theorem 3.5 and theorem 2.2. [J



STOCHASTIC ORDERS FOR A MULTIVARIATE PARETO DISTRIBUTION 68

Corollary 4.3. Let X ~ MP(a,b) and Y ~ MP(c,d). If b < d,
b d;
b;(a+mn) < dj(c+n)?
b

(n_l)(cj}‘n_a;n) ..
diny > 5 e Vi,j € {1,...,n} then X <4 Y.
];1 dj(cil»n)i

Z b]‘(aqn)
Proof. 1t results from theorems 3.8 and 2.4. I

i=1

5 Conclusions and future research

In this article we proved that the weak stochastic order implies some condi-
tions between parameters and the simply order between parameters implies
weak stochastic order. Also, we proved that the weak hazard rate order and
likelihood order are equivalent with some conditions of parameters. In a future
research we will analyze stochastic orders for other multivariate distributions.
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