DOI: 10.2478 /auom-2021-0003 < sciendo

An. St. Univ. Ovidius Constanta

Vol. 29(1),2021, 37-52

Univalence Criteria for some General Integral
Operators

Camelia Barbatu and Daniel Breaz

Abstract

The main object of this paper is to extend the univalent condition
for two general integral operators. A number of known univalent condi-
tion would follow upon specializing the parameters involved in our main
results.

1 Introduction and preliminaries

Let A denote the class of the functions of the form

fz)=2z+ Z anz"
n=2
which are analytic in the open unit disk
U={ze€C:|z|<1}
and satisfy the following usual normalization conditions:
f0)=71(0)-1=0,

C being the set of complex numbers.
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We denote by § the subclass of A consisting of functions f € A, which are
univalent in U.

In this paper, we obtain new univalence conditions for the general integral
operators M,, and C,,.

We consider the integral operator:

where f;, g; are analytic in U, and «y, 3;,v; € C for all i = 1,n, n € N\ {0},
6 € C, with Reé > 0.

Remark 1.1. The integral operator M,, defined by (1), introduced by Barbatu
and Breaz in the paper [1], is a general integral operator of Pfaltzgraff, Kim-
Merkes and Ovesea types which extends also the other operators as follows:

i) Forn=1,0=1, a1 — 1= a1 and f1 = 1 = 0 we obtain the integral
operator which was studied by Kim-Merkes [6]

Folz) = /O (ff))a it

it) Forn =1, =1 and oy — 1 = 1 = 0 we obtain the integral operator
which was studied by Pfaltzgraff [18]

i11) For a; — 1 = «; and B; = v; = 0 we obtain the integral operator which
was defined and studied by D. Breaz and N. Breaz [/]

) zté—ln f"—(t)aidt%,
[t (e

this integral operator is a generalization of the integral operator introduced by
Pascu and Pescar [12].

i) For a; — 1 = ~v; = 0 we obtain the integral operator which was defined
and studied by D. Breaz, S. Owa and N. Breaz [5]

D,(z) =

1
F)

5 / “ wor dt] ,

this integral operator is a generalization of the integral operator introduced by
Pescar and Owa in [16] .

In(2) =
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v) For a; — 1 = a; and ; = 0 we obtain the integral operator which was
defined and studied by Frasin [7]

1
5

6/02 té_lilj (fit))a (' (1)” dt] :

this integral operator is a generalization of the integral operator introduced by
Ovesea in [11].

vi) For a; — 1 = a; and v; = 0 we obtain the integral operator which was
studied by Ularu in [21]

To(2) = [6 I t‘“{lﬁ[ (ff)) (1) dt]

Thus, the integral operator M,,, introduced here by the formula (1), can
be considered as an extension and a generalization of these operators above
mentioned.

Fn(z) =

1
B

Now we consider the integral operator:

(2)
where f;, g;, h; are analytic in U and 9, o, B;,y; are complex numbers for all
i=1,n,neN\{0}, 6 €C, with Red > 0..

This general integral operator was introduced by Barbatu and Breaz in the
paper [2], is a general integral operator of Pfaltzgraff, Kim-Merkes and Ovesea
types which extends also the other operators as follows:

Remark 1.2. i) Forn=1,6 =1 and ay — 1 = 1 = 0 we obtain the integral
operator which was studied by Kim-Merkes [6]

Folz) = /0 (ff))a dt.

it) Forn=1,8 =1 and oy — 1 = v1 = 0 we obtain the integral operator
which was studied by Pfaltzgraff [18]

Gulz) = / ) de
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i11) For a; — 1 = B; = 0 we obtain the integral operator which was defined
and studied by D. Breaz and N. Breaz [4]

Dp(z) = [5/:#—1113[1 (@)a dtr,

this integral operator is a generalization of the integral operator introduced by
Pascu and Pescar [12].

iv) For a; —1 = ; = 0 we obtain the integral operator which was defined
and studied by D. Breaz, Owa and N. Breaz [5]

1
5

In(2) = [6 /0 o H FAGI dt] :

this integral operator is a generalization of the integral operator introduced by
Pescar and Owa in [16] .

v) For a; — 1 = 0 we obtain the integral operator which was defined and
studied by Frasin [7]

1
5

Folz) = [6 [ e 1:I (2)" (wy” dt] ,

this integral operator is a generalization of the integral operator introduced by
Ovesea in [11].

vi) Form =1, = f and a; — 1 = «; and B; = v = 0 we obtain the
integral operator which was defined and studied by Stanciu in [20]

=[5 [0 (L0e0) ]

Thus, the integral operator C,, introduced here by the formula (2), can
be considered as an extension and a gemeralization of these operators above
mentioned.

The following univalent conditions was derived by Pescar.

Theorem 1.3. (Pescar [14]) Let v be complex number, Rey > 0 and ¢ a
complex number, |c| <1, c# —1, and f € A, f(2) =2+ a2’ + ... If

)

2Rey 1 — |Z|2Re'y

el |21

Revy fliz) | =7
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for all z € U, then the integral operator

F«@——(v[fﬂv%wd§i,

s reqular and univalent in S.

Theorem 1.4. (Pescar [14]) Let v be complex number, Rey > 0 and ¢ a
complex number, |c| <1, c# —1, and f € A. If

2f"(2))
f'(z)

for all z € U, then for any complex v with Rey > Red, the integral operator
. 1
e = (o[ otroa)
0

In [22], it is defined the class 8(p), which for 0 < p < 2, includes the
functions f € A which satisfy the conditions:

2Rey 1 _ |Z|2Re'y
Rey

el [2]

B

1s in the class 8.

f(2) #0 for 0<]z| <1 (3)

(=)

Theorem 1.5. (Singh [19]) If f € 8(p), then the following inequality is true
21 (2)
[f(2))”

Finally, in our present investigation, we shall also need the familiar Schwarz
Lemma.

and

"

<p (4)

for all z € U.

-1

<plef,z€U (5)

Lemma 1.6. ( General Schwarz Lemma [8]) Let f be the function regular in
the disk Up = {2z € C: |z| < R, R > 0} with |f(z)| < M for a fized number
M > 0 fized. If f(2) has one zero with multiplicity order bigger than a positive
integer m for z =0, then

M
If(2)] < Rimzm, z € Ug.
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The equality for z # 0 can hold only if
0 M
f(Z) = ezgRimzma

where 0 is constant.

2 Main results

Our main results give sufficient conditions for the general integral operators
M,, and C,, to be univalent in the open disk U.

Theorem 2.1. Let f;,g; € A, where g; be in the class 8 (p;), 0 < p; < 2,
M;, N; are real positive numbers and 9, i, Bi, Vi, ¢ be complex numbers for all
1= 1,n, with

Red > {lai = 1[(1+p;) My + 1] + 8| + [l [(1+p) N +1]},  (6)

i=1
where || <1, ¢ £ —1. If

"

g; ()
9:(2)

<1

)

[fi () < Mi, gi (2)] < Ni,

and
o 1= gy Sl = 10+ ) Mo 1] 5]+ ol [+ 11 ()

for all z € U, i = 1,n then, the integral operator M,,, defined by (1) is in the
class 8.

Proof. Let us define the function

@ = [T o (29)

i=1

for all f;,g; € A, i=1,n.
The function M, is regular in U and satisfies the following normalization

’

condition M, (0) = M, (0)—1 = 0.

n

We easily find that

G- [l (SR 1) e e (2 )]
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for all z € U, i = 1,n, which readily shows that

2Red

2Red 1 — ‘Z| ZMT/L/(Z) Re6
<
lef 121 + 2Red M! (z) lef 121
1— [ & [ zfi(z) ‘ zg; (2) 2g;(2) H
e e I 1 : +186i + ] |22 1| <
Red &~ | (%) 124 9i(2) P 9i(z

n

+R1652[| z—1|(

i=1

2HONN
fi(2)

zgi (2)

9i(2)

#1) +15 + il (|22 +1()8] |

By applying the General Schwarz Lemma to the functions f;,g;, i = 1,n
we obtain:

~—

Ifi ()] < M;|z|, |gi(2)] < Nilz|.

Since g; be in the class 8 (p;), 0 < p; < 2 for all i = 1,n from (8) and
hypothesis we obtain:

s 5 L |05

cerisEl (1)
+R1§§ i |2 (qug >+1> <
§|0|+R165:1{Ia,-1 <|U”]£()])l +1>Mi+1 }+

9i(» )

1 n
= il -1+ v
"5, {m o

| (= bewas

1
Fig 2 1o = 1 (Ml + M+ 1) 18]+ il (e |21 + Ne 1) +
i=1

—|—1>Ni+1

7|c\+ Zﬂaz (1 +pi) My + 1]+ |Bi] + %l [(1+pi) Ni + 1]} (9)

So, using (7) and (9), we have

2Red

2Red 1- |Z‘ ZM:{(Z)
<1
N+ =R |30 | =
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forall z €U, i=1,n.
Finally, by applying Theorem 1.4, we conclude that, the general integral
operator M, given by (1) is in the class 8. O

Theorem 2.2. Let f;, g;,h; € A, where g; be in the class 8 (p;), 0 < p; < 2,
M;, N;, P; are real positive numbers and 6, o, 3,7, ¢ be complex numbers for
all i = 1,n, with

Res > {loi = 1| [M; + NP (1+pi) + 1] + 8| + bl (P + D}, (10)

i=1

where |¢] <1, c# —1. If

6] DU PPNESN VI E) ()] b
0 <M, gi(2)| < N, () <1, (2) <P

and

o <1- Z{Iaz [M; + N (1+pi) + 1] + 18:] + [ul (B + 1)} (11)

for all z € U, i = 1,n, then the integral operator C,, defined by (2) is in the
class 8.

Proof. Let us define the function

_ /Of[ [(Jz(t)egi”))m_l (ns' ()™ (hit(t)>7i] dt,

for all f;,g;,h; €A, i =1,n.
The function C), is regular in U and satisfies the following normalization
condition C,(0) = C,(0)—1=20.

We easily find that

2Red
2Red Cl(2)
2Red mn
Re§ |Z|

< el

Reé Z| i1

Zh”( )
hi(2)

zf’( ) _ ’
(2)

et

1 _ |Z|2R€(5 n

g || 180

+ |7l
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L of 2O 2g;(2) | |lo:(2))”
<|+Re5;llz ( 1i(2) +1>+ wE|| = ||
1 <> zh'()

By applying the General Schwarz Lemma to the functions g;, i = 1,n we
obtain
|9i (2)| < Ni|z],

Since g; be in the class 8 (p;), 0 < p; < 2 for all i = 1,n from (12) and
hypothesis we obtain:

2Red

le| |22 + L ;'élé C//(( ))
. z (Z) 2
C e Oli—l Mz 1 5 — 1 ]\]Z
=t R 2{' S +<[gi<z>} H) }+
L S 22hi(2) | | zhi(2)
TRes Z['B‘ ik "'([mf E “) :

<lel+ 55 Z{Iaz | [M; + N2 (pi + 1) + 1] + |Bi| + lul (P + 1)} . (13)

So, using (1 ) and (13), we have

2Red

2Res | 1 — |7 2Cr(2)
<1
el 12 + 2Red Cl(z) |~

forall z €U, i =1,n.
Finally, by applying Theorem 1.4, we conclude that, the general integral
operator €, given by (2) is in the class 8. O

3 Corollaries and consequences

First of all, upon setting M; = N; = 1 in Theorem 2.1, we have the following
corollary:

Corollary 3.1. Let f;,9; € 8(pi), 0 < p; < 2 and 0, ay, Bi,7i, ¢ are complex
numbers, for all i = 1,n, with

Red >y [(pi +2) (| = 1+ [l + il Jel < 1. (14)

i=1
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If
@l @< |49 <,
and
1 n
el <1 g Do 10i-+2) fas = 1+ bl + 5] (19
i=1

for all z € U, i = 1,n then, the integral operator M,,, defined by (1) is in the
class 8.

Lettingn =1, =y =« and a; — 1 = 51 = 71 in Teorema 2.1, we obtain
the next corollary:

Corollary 3.2. Let f,g € 8(p), 0 < p <2, M,N are real positive numbers
and o, c complexr numbers, with

Rea > |a—1[[(1+p) M+ (1+p) N +3], |¢ <1 (16)
If
FEl<M la@I<N, (L)<,
and 1
|c\Slf%>|a71|[(1+p)M+(1+p)N+3]. (17)
for all z € U then, the integral operator M, defined by
z a—1 é
M(z) = {a [ [roso2?] dt} , (19)

is in the class 8.
Letting § = 1 and ; = 0 in Theorem 2.1, we obtain the following corollary:

Corollary 3.3. Let f;,g; € A, where g; be in the class 8 (p;), 0 < p; <2, M;
are real positive numbers and oy, B;, ¢ be complex numbers for all i = 1,n, with

153 o~ 1[0+ p) M+ 1 48]}, [l <1, e#£-1.  (19)
=1
If
Fel <, |58 <y
gz(z)
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and

|| §1—2{|ai—1|[(1 +pi) M; + 1] + | Bil} (20)

=1

for all z € U, i = 1,n then, the integral operator F,, defined by

5. = | 1_1 [(ﬂf”) <g/<t>>ﬁi] a 1)

s in the class 8.

Remark 3.4. The integral operator from Corollary 3.3, given by (21) is a
known result proven in [21].

Letting § = 1 and 8; = 0 in Theorem 2.1, we have the following corollary:

Corollary 3.5. Let f;,g9; € A, M;, N; are real positive numbers and «;,~;, ¢
be complex numbers for all i = 1,n, with

1> Z‘“ai —U[Q +pi) My + 1]+ [yl [(T+p) Ni+ 1]}, [ef €1, c# -1
i=1

(22)
If
Ifi (2)] < Mi, |gi (2)] < Ny,
and
el < 1= flai = 1 [(1+p) Mi + 1+ [yl [T+ p) Ni+ 1]} (23)
i=1

for all z € U, i = 1,n then, the integral operator S, defined by

5. (2) /Oﬁl l(fit))a"'_l (gi(tt)))”"] U (24)

s in the class 8.

Remark 3.6. On the integral operator from Corollary 3.5, given by (24) if
we take o; — 1 = a;, we obtain another known result proven in [10].

Putting 6 = 1 and a; — 1 = 0 in Theorem 2.1, we obtain the following
corollary:
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Corollary 3.7. Let g; € A, where g; be in the class 8 (p;), 0 < p; < 2, N; are
real positive numbers and B;,;,c be complex numbers for all i = 1,n, with

1> S8+l [ +p) N+ 1}, Jel <1, e£-1  (25)
=1
It
19: (2)] < N, 9(()) <1,
and .
e < 1= 3" {16l + Pl [(1 + o) Ni + 1]} (26)
=1

for all z € U, i = 1,n then, the integral operator J,,, defined by

)= [T oo™ (22) ] (1)

is in the class 8.

Remark 3.8. The integral operator from Corollary 3.7, given by (27) was
proven in [7].

Letting M; = N; = P; = 1 in Theorem 2.2, we obtain the following
corollary:

Corollary 3.9. Let f;, gi,h; € 8 (p:), 0 < p; <2 and d, o;, B;, Vi, ¢ are complex
numbers, for all i = 1,n, with

Reb >3 [+ 8) s~ 1+ Bl +2 bl <1 (9
=1
i
1) HEPREAC
A | = PR RS e =
and .
1
A <1 o S [l +8) o — 11+ 18]+ 2 il (29
i=1

for all z € U, i = 1,n then, the integral operator C,, defined by (2) is in the
class S.
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Lettingn =1, ==« and a; — 1 = 8 = 71 in Theorem 2.2, we have:

Corollary 3.10. Let f,g,h € 8(p), 0 < p < 2, M,N, P are real positive
numbers and o, c complex numbers, with

Rea > |a—1/[M+N?>(1+p)+P+3], <1 (30)
If
2f (2) h(2) zh' (2)
<M, z)| <N, ; <1 <P
@) o) W) )
and )
<l———|a—1|[M+N?(1 P 1
el < 1= p—la = 1| [M + N*(1+p) + P +3] (31)
for all z € U then, the integral operators C, defined by
z h(t)) a—1 é
Clz) =1 a / [f(t)e-‘?(t)h’(t)t] dty (32)
0

is in the class 8.
Letting § = 1 and «; = 0 in Theorem 2.2, we obtain the next corollary:

Corollary 3.11. Let f;,g;,h; € A, where g; be in the class 8 (p;), 0 < p; < 2,
M;, N; are real positive numbers and o, B;, ¢ complex numbers, for alli = 1,n,
with

1>Z{|ai_1|[Mi+Ni2(1+pi)+l]+|5i‘}v lef <1, e¢#-1. (33)

=1
If
2f; (2) h; (2)
0 < M;, gi(2)| < Ny, () <1
and N
el < 1= {low = 1] [M; + N7 (1 +pi) + 1] +|8il} (34)
=1

for all z € U, i = 1,n then, the integral operator T,, defined by

T (2) = /0]:[1 Kﬁiﬂem)%_l (h/(t))ﬁi] dt, (35)

s in the class 8.
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Remark 3.12. The integral operator from Corollary 3.11, given by (85), if
we take ; = 0, we obtain a known result proven in [20].

Putting 6 = 1 and 5; = 0 in Theorem 2.2, we obtain the following corollary:

Corollary 3.13. Let f;,g;,hi € A, where g; be in the class 8 (p;), 0 < p; < 2,
M;, N;, P; are real positive numbers and o, 7y;,c complex numbers, for all i =
1,n, with

1> Z{‘O‘i =1 [Mi+ N7 (A +p) + 1]+ |ul (P + 1)}, Jef <1, c#-1.
o (36)
If

fi(2)

< M;,  |gi(2)] < Ny,

and
n

el < 1= {lai =1 [Mi+ N7 (14 p) + 1] + [l (P + 1)} (37)
i=1

for all z € U, i = 1,n then, the integral operator R,,, defined by

Ru(2) = /Olj [(fiit)e%(”)m_l (@)7] dt, (38)

is in the class 8.

Remark 3.14. Putting v; = 0 in (38) we obtain another known result proven
in [20].

Letting § = 1 and a; — 1 = 0 in Theorem 2.2, we obtain:

Corollary 3.15. Let h; € A, P; are real positive numbers and S3;,;,c complex
numbers, for all i = 1, n, with

1> {8+l (P+ 1}, Jef <1, e# -1 (39)
i=1
If
B (2) h ()| _
e el
and .
el < 1= {IBil + [l (P + 1)} (40)

i=1
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for all z € U, i = 1,n then, the integral operator J,, defined by

9, (2) = /oﬁl {(h/(t))ﬁi (h(tt)))v} dt, (41)

is in the class 8.
Remark 3.16. The integral operator from Corollary 3.15, given by (41) was
proven in [7].
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