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Godel filters in residuated lattices

Dana Piciu, Christina Theresia Dan and Anca Dina

Abstract

In this paper, in the spirit of [4], we study a new type of filters
in residuated lattices : Gddel filters. So, we characterize the filters
for which the quotient algebra that is constructed via these filters is a
Gddel algebra and we establish the connections between these filters and
other types of filters. Using Go6del filters we characterize the residuated
lattices which are Gé&del algebras. Also, we prove that a residuated
lattice is a GOdel algebra (divisible residuated lattice, MTL algebra, BL
algebra) if and only if every filter is a Gddel filter (divisible filter, MTL
filter, BL filter). Finally, we present some results about injective G&del
algebras showing that complete Boolean algebras are injective objects
in the category of Gdédel algebras.

1 Introduction

Residuated lattices have been studied in [1], [7], [19], [20], etc. Residuation
is a fundamental concept of ordered structures. The commutative residuated
lattices were introduced by Ward and Dilworth in [20] as generalization of ideal
lattices of rings; non-commutative residuated lattices are algebraic counterpart
of substructural logics. Filters are important in defining congruence relations
in such lattices. Filters correspond to subsets closed with respect to Modus
Ponens and they are sometimes called deductive systems. At present, the filter
theory of residuated lattices has been studied, and some important results
have been published. There are a lot of classes of filters: Boolean filters
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(or Boolean deductive systems or implicative deductive systems or positive
implicative filters), Heyting filters (or implicative filters or G(RL) filters), BL
filters, MV filters (or fantastic filters), MTL filters, divisible filters, involution
filters, etc. (see [3], [4], [5], [9], [15], [21], [22]).

In this paper we present a new type of filters in a residuated lattice :
Gddel filters. So, we characterize the filters for which the quotient algebra
that is constructed via these filters is a Gddel algebra (i.e., a BL algebra L
in which 22 = x, for every x € L) and, using these filters, the residuated
lattices which are G6del algebras. Gddel filters have been studied in [12] and
[14] in the particular case of BL algebras. In this paper we generalize these
results in the context of residuated lattices. We state and prove some results
which establish the relationships between Gé&del filters and other filters of
a residuated lattice: Boolean, Heyting, BL, MV, MTL, divisible filters and
by some examples we show that these filters are different. We prove that a
residuated lattice is a G6del algebra (divisible residuated lattice, MTL algebra,
BL algebra) if and only if every filter is a Gddel filter (divisible filter, MTL
filter, BL filter). Also, using Gd&del filters, we obtain a new characterization
for Godel algebras: A residuated lattice L is a Gédel algebra if and only if
[t = (x0y)|V]y = (x@y)] =1, for every z,y € L, see Corollary 59. Finally,
we show that a complete Boolean algebra is an injective object in the category
of Gédel algebras.

2 Preliminaries

We begin by reminding definitions and properties of residuated lattices used
in this paper.

Definition 1. (/2], [10], [11], [18], [19], [20]) A residuated lattice is an alge-
bra (L,V,N,®,—,0,1) of type (2,2,2,2,0,0) with an order < such that:

(LRy) (L,V,A,0,1) is a bounded lattice relative to the order <;

)
(LRs) (L,©®,1) is a commutative monoid;
)

(LR3) ® and — form an adjoint pair : a @ x < y iff a < x — y for every

a,x,y € L.

We denote by RL the class of residuated lattices and by L a residuated
lattice (unless otherwise mentioned).

For z € L and a natural number n we define z* = z — 0,2** = (2*)*,20 =
land z" =z 1 ©z for n > 1.

In our paper we use the following rules of calculus in residuated lattices
(see [3], [8], [11], [12], [16], [17], [20]):
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A Boolean algebra (L, V, A, ,0, 1) becomes a residuated lattice (L, V, A, ®, —
,0,1) defining for every z,y € L,x @Oy =z Ay, x = y = 2’ Vy. A Boolean
algebra is a residuated lattice L in which x V 2* =1 for every z € L (see [9]).

Definition 2. (/9], [13], [16], [22]) A residuated lattice L in which 2* = x for
all x € L (or, equivalently, x ®y = x ANy for all x,y € L) is called a Heyting
algebra (or G(RL) algebra or pseudo Boolean algebra).

In a residuated lattice L we consider the identities:
(BLy) 2@ (x — y) =z Ay (divisibility);
(BL3) (x = y)V (y = x) =1 (prelinearity);
(MV) (z = y) > y=(y— x)— =z, for every x,y € L.
Definition 3. ([11], [18]) We say that the residuated lattice L is
(7) divisible if L verifies (BL1);
(1i) a MTL algebra if L verifies (BLs);

(ii7) a BL algebra if L verifies (BL1) and (BLs), that is, L is a divisible
MTL algebra;
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(iv) a MV algebra if L verifies (MV).

It is not hard to see that an equivalent presentation of MV algebras can
be given as BL algebras plus condition z** = z, for every x € L (see [6]).
Definition 4. ([11]) A BL algebra L in which x* = x for every x € L is called
a Gédel algebra.

The standard Gddel algebra is the BL algebra ([0, 1], max, min, ®g, —¢
,0,1) determined by the Gddel t-norm. (see [11])

Remark 5. Heyting algebras are divisible residuated lattices. Indeed, if L is
a Heyting algebra, then t @y = x Ay for everyx,y € L. Butz Oy <z O (x —
y) <z Ay, s0x®(x—y)=xAy, for every x,y € L.

In a residuated lattice we can define both the notion of deductive system
(Definition 6) and the notion of filter (Definition 7) and they are equivalent:

Definition 6. ([18]) Let L be a residuated lattice. A subset F C L is called
deductive system if :

(F1) 1€ F;

(Fy) If x,ox >y € F, theny € F.

Definition 7. ([18]) Let L be a residuated lattice. A subset F' C L is called a
filter:

(F)) Ift <y and x € F, theny € F};

(F) Ifx, y € F, thenx @y € F.

In this paper, we shall work with the notion of filter.

We denote by F(L) the set of all filters of L.

For F € F(L), the relation ~p defined on L by (z,y) €~p iff z — y,y —
x € Fiff (xt —»y)©®(y = x) € F is a congruence relation on L (see [18]). The
quotient algebra L/ ~p denoted by L/F becomes a residuated lattice.

For € L we denote by x/F the congruence class of x modulo ~g . So,
the order relation on L/F is given by a/F < y/F iff ¢ — y € F. Clearly,
z/F=1/Fiff x € F.

3 Types of filters in residuated lattices

Let V be a subvariety of the variety RL of residuated lattices.
Definition 8. ([4]) A filter F € F(L) will be called a 'V filter if L/F € V.

We denote by VF(L) the set of all V filters of L.
For different subvarieties of residuated lattices we obtain a classification of
filters.
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3.1 The class of Boolean filters

Definition 9. ([3], [4], [15], [22]) A filter F of a residuated lattice L is called
Boolean filter if L/F is a Boolean algebra.

Let BF (L) be the set of all Boolean filters of L.

Theorem 10. (/3], [12], [14], [22]) For a filter F' of a residuated lattice L the
following conditions are equivalent:

(i) F € BF(L);
(i1) xVa* € F for every x € L.

Theorem 11. ([22]) A residuated lattice is a Boolean algebra if and only if
any filter is a Boolean filter.

Corollary 12. ([22]) A residuated lattice L is a Boolean algebra if and only
if {1} is a Boolean filter of L.
3.2 The class of Heyting filters

Definition 13. ([4/, [22]) A filter F of a residuated lattice L is called Heyting
filter if L/F is a Heyting algebra.

Let HF (L) be the set of all Heyting filters of L.

Theorem 14. ([3], [9], [14], [22]) For a filter F of a residuated lattice L the

following statements are equivalent:

(i) F € HF(L);

(ii) x — x® € F for every x € L;

(i5i) (xNy) — (x ©y) € F, for every x,y € L;
)

(iv) If v = (y = 2) € F, then (x = y) = (x = z) € F.

Theorem 15. ([22]) A residuated lattice is a Heyting algebra if and only if
any filter is a Heyting filter.

Corollary 16. (/22]) A residuated lattice L is a Heyting algebra if and only
if {1} is a Heyting filter of L.
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3.3 The class of MTL filters

Definition 17. ([4], [5], [21]) A filter F' of a residuated lattice L is called
MTL filter if L/F is a MTL algebra.

Let MTLF (L) be the set of all MTL filters of L.

Theorem 18. ([21]) For a filter F of a residuated lattice L the following are
equivalent:

(i) F € MTLF(L);
(i) (x > y)V(y — ) €F for every x,y € L.

Theorem 19. A residuated lattice is a MTL algebra if and only if any filter
is a MTL filter.

Proof. Let L be a MTL algebra, so for every x,y € L we have (x — y)V (y —
xz) = 1. If F is a filter of L, then 1 € F, so (x — y)V (y — z) € F, thus
F € MTLF (L), by Theorem 18.

Conversely, if any filter is a MTL filter, then F' = {1} is a MTL filter, so
(x > y)V(y - x) € F ={1}, for every z,y € L. We conclude that L is a
MTL algebra. O

Corollary 20. A residuated lattice L is a MTL algebra if and only if {1} is
a MTL filter of L.

3.4 The class of divisible filters

Definition 21. (/4/, [5]) A filter F' of a residuated lattice L is called divisible
filter if L/F is a divisible residuated lattice.

Let DivF(L) be the set of all divisible filters of L.

Theorem 22. ([5]) For a filter F of a residuated lattice L the following con-
ditions are equivalent:

(i) F € DivF(L);
(1) (xNy) = [z (x = y)] € F, for every x,y € L.

Theorem 23. Let L be a residuated lattice. L is a divisible residuated lattice
if and only if any filter of L is a divisible filter.
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Proof. If we suppose that L is a divisible residuated lattice then z Ay =
x©® (x —y), for every 2,y € L. So, (x Ay) = [t © (x = y)] =1 € F, for any
filter F' of L. From Theorem 22 we deduce that F' € DivF(L).

Conversely, if any filter of L is a divisible filter, then F' = {1} is a divisible
filter, so (x Ay) — [z ® (x — y)] = 1, for every x,y € L. We deduce that
xAy=2x0 (x —y), so, L is a divisible residuated lattice. O

Corollary 24. A residuated lattice L is divisible if and only if {1} is a divisible
filter of L.
3.5 The class of BL filters

Definition 25. ([4], [5]) A filter F of a residuated lattice L is called BL filter
if L/F is a BL algebra.

Let BLF(L) be the set of all BL filters of L.
In [5] it is proved the following result : BLF(L) = MTLF(L) N DivF(L).

Theorem 26. (/5]) For a filter F of a residuated lattice L the following three
conditions are equivalent:

(i) F € BLF(L);
() If (x = y) = (x — 2) € F, then (x — 2) V (y = 2) € F}
(7i1) (x = y) = (x> 2)) = ((x = 2) V (y = 2)) € F, for every x,y,z € L.

Theorem 27. A residuated lattice is a BL algebra if and only if any filter is
a BL filter.

Proof. We consider L a BL algebra. Then L is a divisible residuated lattice and
a MTL algebra. So, since BLF(L) = MTLF (L) N DivF (L), by Theorems 19
and 23 any filter of L is a BL filter.

Conversely, if any filter of L is a BL filter, then {1} is a BL filter, so {1} €
MTLF (L) N DivF(L). From Corollaries 20 and 24, L is a BL algebra. O

Corollary 28. A residuated lattice L is a BL algebra if and only if {1} is a
BL filter of L.
3.6 The class of MV filters

Definition 29. ([4], [22]) A filter F of a residuated lattice L is called MV
filter of L if L/F is a MV algebra.

Let MVF(L) be the set of all MV filters of L.
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Theorem 30. ([3], [22]) For a filter F' of a residuated lattice L the following
statements are equivalent:

(i) F € MVF(L);
(it) ((x = y) = y) = ((y > a) = x) € F for every x,y € L.

Theorem 31. (/22]) A residuated lattice is a MV algebra if and only if any
filter is a MV filter.

Corollary 32. ([22]) A residuated lattice L is a MV algebra if and only if
{1} is a MV filter.

4 Godel filters in a residuated lattice

In this section we introduce a new type of filters in a residuated lattice (taking
[4] as guideline): Gddel filters. So, we characterize the filters for which the
quotient algebra that is constructed via these filters is a Gddel algebra.

We deduce that a residuated lattice is a Godel algebra if and only if every
filter is a Gédel filter. Also, using these filters, we obtain a new characteriza-
tion for Gédel algebras: A residuated lattice L is a G6del algebra if and only
if[x = (z0y)]V]y— (x©y)] =1, for every z,y € L, see Corollary 59.

In [12] and [14], G&del filters were studied in the particular case of BL
algebras, so in this section we generalize these results for residuated lattices.

As in [4] we say:

Definition 33. A filter F' of a residuated lattice L is called Go6del filter if
L/F is a Gédel algebra.

Let GoF (L) be the set of all Gédel filters of L.

Remark 34. In [12] and [14], for a Gddel filter in a BL algebra is used the
name of implicative filter.

We recall some equivalent conditions for Gédel filters in a BL algebra:

Proposition 35. ([12], [14]) For a filter F of a BL algebra L the following
conditions are equivalent:

(1) F is a Gédel filter of L;

(ii) x — x® € F for every x € L;

(#i1) Ify = (y > x) € F, theny — x € F}

)
)
)
)

() Ifx — (y = z) € F, then (x — y) — (x — 2) € F, for every x,y,z € L.
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Theorem 36. In any residuated lattice L,
GoF(L) = BLF(L) nHF(L).

Proof. If we consider F' € BLF(L) N HF(L), then L/F is a BL algebra and
since ' € HF (L), then z — 22 € F, for every z € L (by Theorem 14, (ii)).
We deduce that z/F — 2%/F = 1/F, so z/F < 2%/F. Since for every x € L,
x?/F < z/F, we obtain z/F = 2?/F, so L/F is a Gédel algebra and F is a
Godel filter.

Conversely, we consider F' € GoF(L). Then L/F is a G8del algebra, i.e.,
L/F is a BL algebra and x/F = (z/F)?, for every x € L. We conclude that
F is a BL filter and x — 22,22 — x € F, hence also F is a Heyting filter (see
Theorem 14, (i7)). So, F' € BLF(L) N HF(L). O

Theorem 37. For a filter F' of a residuated lattice L, the following are equiv-
alent:

(i) F € GoF(L);
(16) Forz,y,z€ L, ifx — (y —» z) € F, then (x — z) V (y = z) € F.

Proof. (i) = (ii). We presume that F' € GoF (L) and let x,y, z € L such that
x — (y — z) € F. Since every Gédel filter is a Heyting filter (see Theorem 36),
we deduce from Theorem 14, (iv), that (x — y) — (x — 2) € F. Since every
Gddel filter is also a BL filter (see Theorem 36), we deduce from Theorem 26,
(i), that (x — 2) V (y — z) € F.

(#4) = (4). To show that F' is a Gddel filter it is suffice to prove that F'
is a Heyting filter and a BL filter. To demonstrate that F' is a Heyting filter
it is enough to justify that F' verifies condition (i) from Theorem 14. Since
z— (x — 2?) =22 — 22 =1 € F, using (i), we deduce that (z — %)V (z —
1?) = x — 22 € F, that is, F is a Heyting filter of L. Following Theorem 26,
to prove that F' is a BL filter it is suffice to confirm that F' verifies condition
(#i) from this Theorem. So, let x,y, 2z € L such that (z — y) — (z — 2) € F.

C.
Since (x = y) — (x = 2) <z (y = 2) and F is a filter, we deduce that
x — (y — z) € F. Now, using the condition (i7) from this Theorem, we obtain
that (x — 2) V (y — z) € F, that is, F is a BL filter. O

Proposition 38. Let F be a filter of a residuated lattice L. If F' is a Gddel
filter of L, then [z — (x ©y)| V [y = (x @ y)] € F, for every x,y € L.

Proof. Let F € GoF(L). Using Theorem 36, F € BLF(L) N HF(L).
Since F' € HF(L), following Theorem 14, (iii), (x Ay) = (x ® y) € F, for
every z,y € L. Since z ® (z = y) < x Ay we deduce that (z Ay) = (zOy) <
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O —=y)]— (oY 2 (r —y) = [z — (r©y)]. By hypothesis, F is a
filter, so (z = y) — [ = (x ® y)] € F. But F € BLF(L), so using Theorem
26, (i), we get [t = (z O y)]V [y = (x ©y)] € F, for every x,y € L. O

Proposition 39. Let F' be a filter of a residuated lattice L. If [x — (z @ y)] V
[y — (x ©y)] € F, for every z,y € L, then F € MTLF (L) N HF (L).

Proof. Since [x — (x @ y)] V [y — (x ©y)] € F, for every z,y € L, then for
x = y we obtain that (r — 2?)V (z — 2?) = 2 — 2% € F, so F € HF(L),
see Theorem 14, (ii). Since  ©® y < x,y we obtain x — (z ®y) <z — y and
y— (@oy)<y—asofz—= (@oy)]Vy— (@oy)] < (@—y)V(y — ), for
every z,y € L. By hypothesis, F is a filter, so (x — y) V (y — z) € F. Using
Theorem 18, (ii), F € MTLF(L), so, F € MTLF(L) N HF(L). O

In [3] it is proved that HF(L) N MVF(L) = BF(L).
Remark 40. In any residuated lattice L,
HF(L) G DivF(L).

Indeed, if we suppose that F € HF (L), then L/F is a Heyting algebra. By
Remark 5, L/F is a divisible residuated lattice, so F € DivF(L). Obviously,
HF (L) # DivF(L). Indeed, since every MV algebra is a BL algebra, thus a
divisible residuated lattice, then F = {1,d} from Example by Remark 51 is a
divisible filter but b — b*> = b — 0 = ¢ ¢ F, so by Theorem 14, it is not a
Heyting filter of L.

Theorem 41. In any residuated lattice L,
GoF(L) = MTLF(L) nHF(L).

Proof. Let F € MTLF(L) N HF(L). Since HF (L) C DivF (L), see Remark
40, we deduce that F € MTLF(L) N DivF(L) = BLF(L), see [5]. Thus,
F € BLF(L) NnHF(L) = GoF(L), see Theorem 36.

Conversely, if F' € GoF(L), then by Theorem 36, F € BLF(L) N HF(L).
Since every BL algebra is a MTL algebra, F' €¢ MTLF(L) N HF(L). O

Using Propositions 38, 39 and Theorem 41, we deduce:

Corollary 42. For a filter F' of a residuated lattice L, the following conditions
are equivalent:

(i) F € GoF(L);

(it) [z = (zOY)]Vy— (x©y)] € F, for every x,y € L.
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Using Corollary 42 and Theorem 37, we obtain:
Corollary 43. Let F € F(L). The following are equivalent:
(1) F € GoF(L);
(it) [t = (xOY)]Vy—= (x©y)] € F, for every x,y € L;
(iit) For x,y,z € L, if x — (y = z) € F, then (x — 2) V (y — z) € F.

Remark 44. It is possible to give a direct proof for the equivalence conditions
(it) and (iii) from Corollary 43. Indeed, let F' be a filter of a residuated lattice
L : (ii) = (#1). Let x,y,z € L such that  — (y — z) € F. Using (ii),
[z = oy Vy = (xeoy)] € F. Since F is a filter a = [z — (y —
oz = oy Vy = (xoy)]) € F. Fromcp, a = (x = (y —
Doz = oy Ve = (y = 2oy = (o0y)]). By cs and cs,
r=(y—2)=(2@0y) - z<x = (r0y)] = (x = z). Hence, [z — (y —
2)]0([z = (x0y)] <z — 2. In a similar way, (v — (y — 2)]Oy = (zOy)] =
y—=>(x—=2)]|0y—=(o0y))<y—=z S, a<(z—2)V(y—=2). Since F
is a filter and a € F, we deduce that (x — z) V (y — z) € F. Now we prove
(i13) = (i1). Let x,y € L. Sincex — [y — (x@y)] = (xOy) = (zOy) =1 € F,
from (iii) we deduce that [v — (x O y)]V]y = (x ©y)] € F.

Remark 45. In Corollary 43, for L a BL algebra, the condition (iii) becomes:
Ife 5> (y—>z2) € F then (v = 2)V(y = 2)=@Ay) 2 2z2=20(x—
Y)] = 2= (x = y) = (x = z) € F. So, in this case, the condition (iii) from
Corollary 43 coincides with the condition (iv) from Proposition 35. Thus, if
the residuated lattice is a BL algebra we get the results from [12] and [14].

Remark 46. Using the equivalent conditions for Gdédel and Heyting filters
from Theorem 14 and Corollary 43 it results directly that: GoF (L) C HF(L).
Indeed, if F is a Gédel filter, then [x — (x ©y)|V [y = (x ©y)] € F, for every
x,y € L. But from ci1g, [t = (2 Qy)]V]y = (0 y)] < (zAy) = (O y).

Since F is a filter, (x Ny) — (x ©y) € F, so F is a Heyting filter.

Theorem 47. In any residuated lattice L,
GoF(L)nMVF(L) = BF(L).

Proof. Since GoF(L) C HF(L) and HF (L) " MVF(L) = BF(L), see [3], we
have GoF (L) N MVF(L) C BF(L).

Conversely, we consider F' € BF(L). Then L/F is a Boolean algebra, so
is a GOdel algebra and a MV algebra (see [6], [16], [18]). We conclude that
F € GoF(L)NMVF(L), so GoF(L) nMVF(L) = BF(L). O
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Remark 48. In a residuated lattice L, we have
BF(L) ;Cé GoF(L).

Indeed, from Theorem 47, BF(L) C GoF(L). We show that GoF (L) # BF(L).
We consider the following example ([13]) of a BL-algebra (it is not a MV al-
gebra): L = {0,a,b,¢c,1}, with 0 < ¢ < a,b < 1, a,b incomparable and the
operations:

— 10 ¢ a b 1 ®l0 ¢ a b 1
0|1 1 1 1 1 0/0 0O O 0 O
c |0 1 1 1 1 c|0 ¢ ¢ ¢ c
a0 b 1 b 1° al0 ¢c a ¢ a
b |10 a a 1 1 b0 ¢ ¢ b b
1({0 ¢ a b 1 110 ¢ a b 1

It is easy to see that F = {1,a} is a Gédel filter, since [t — (xOY)|V [y —
(x©y)] =1, for every x,y € L. AlsobVb* =bVvV0=>b¢F, so, Fisnota
Boolean filter.

Example 49. In [15] it is proved that L = {0,a,b,¢,1} with0 < a,b<c<1
and a,b incomparable is a residuated lattice with the operations:

- 10 a b ¢ 1 ®l0 a b ¢ 1
01 1 1 1 1 00 0 0O 0O O
a|b 1 b 1 1 a|l0 a 0 a a
bla a 1 1 1° b0 0 b b b°
c |0 a b 1 1 c|0 a b ¢ c
1({0 a b ¢ 1 110 a b ¢ 1

In fact, L is a Gédel algebra. Obviously, F = {a,c,1} € BF(L), see [3]. Using
Theorem 47 we obtain that F' € GoF(L).

Remark 50. There are Gddel filters which are not MV filters, i.e., GoF(L)
\ MVF(L) # 0. Indeed, in [3] is proved that F = {1,a} from Example by
Remark 48 is not a MV filter but it is a Gddel filter.

Remark 51. There are MV filters which are not Gédel filters, i.e., MVF(L)
\ GoF(L) # 0. We consider L = {0,a,b,¢,d,1}, with 0 < a,b < ¢ < 1,0 <
b<d<1, a,b and, respective c,d incomparable (see [13]) a finite residuated
lattice which is a MV algebra. We have in L the following operations:
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=10 a b ¢ d 1 ®|l0 a b ¢ d 1
0/1 1 1 1 1 1 00 0 O O O O
al|ld 1 d 1 d 1 al0 a 0 a 0 a
ble ¢ 1 1 1 1, b0 0 0 O b b
c|lb ¢ d 1 d 1 c|0 a 0 a b c
dla a ¢ ¢ 1 1 dl0 0 b b d d
110 a b ¢ d 1 110 a b ¢ d 1

It is easy to see that F = {1,d} is a filter and F is not a Gddel filter because
b= BobVbL—=(bob)]=0b—=>0Vb—0)=cVc=cé¢F. SinceL is
an MV algebra, every filter of L is a MV filter. In particular {1,d} is a MV
filter.

Remark 52. In any residuated lattice L, we have
GoF(L) & BLF(L).

Indeed, from Theorem 36, GoF(L) C BLF(L). We show that GoF(L) # BLF(L).
Since every MV algebra is a BL algebra, then the filter F' = {1,d} from Ex-
ample by Remark 51 is a BL filter which is not a Gddel filter.

Remark 53. In any residuated lattice L, we have
GoF(L) G HF(L).

Indeed, from Theorem 36, GoF(L) C HF(L). To show that GoF (L) # HF (L),
we consider the following example ([13]) of a finite residuated lattice which is
a Heyting algebra : Let L = {0,a,b,p,n,c,d, 1}, with0 < a,b<p<n <c,d<
1, a,b and c,d incomparable, and the following operations:

=10 a b p n ¢ d 1 ®|l0 a b p n c d 1
0|1 1111111 0/{0 0 0OOO O O O
alb 1 b 1 1 1 1 1 al0 a 0 a a a a a
bla a 1 1 1 1 1 1 b0 O b b b b b b
pl0 a b 1 1 1 1 1, p|l0 a b p p p p p
n|0 a b p 1 1 1 1 n|0 a b p n n n n
c|0 a b p d 1 d 1 c|0 a b p n ¢c n c
d|0 a b p c ¢c 11 d|0 a b p nn d d
110 a b p n ¢ d 1 110 a b pn ¢ d 1

It is easy to see that F' = {1,d} is a Heyting filter and is not a Gddel filter,
since [a = (aOL)|VDh—=(a0b)]=(a—0Vb—=0)=bVa=p¢F.
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Remark 54. In any residuated lattice L, we have
GoF(L) S MTLF(L).

Indeed, from Theorem 41, GoF(L) C MTLF(L). We show that GoF(L) #
MTLF(L). Since every MV algebra is a MTL algebra, then the filter F =
{1,d} from Example by Remark 51 is a MTL filter which is not a Gédel filter.

Proposition 55. Let L be a residuated lattice and F,G € GoF(L). Then
FNG e GoF(L).

Proof. Since F,G € GoF(L), for z,y € L, by Corollary 43, (ii), [x — (z ©
Y)|V[y = (x®y)]isin F and also in G, so [ — (zOy)|V]y = (zG@y)] € FNG,
that is, FNG € GoF(L). O

Proposition 56. Suppose that F' and G are two filters of a residuated lattice
L and F C G. If F € GoF(L), then G € GoF(L).

Proof. Since F' € GoF(L), for x,y € L, from Corollary 43, (ii), we have that
[z — (zOy)|V]y — (zOy)] € F. By hypothesis, F C G, so [z — (z@y)]V]y —
(x ®y)] € G, for each z,y € L. O

Theorem 57. A residuated lattice is a Gddel algebra if and only if any filter
is a Gddel filter.

Proof. Let L be a Gddel algebra, i.e., a BL algebra with 22 = x, for every
x € L (or equivalent, z Ay = x @y, for every x,y € L). If F is a filter of L,
thenl e Fand [z = (z0y)|Vy = (zoy) =[x = (zAy)]Vy—= (zAy)] =
(x = y)V(y — ) =1 € F, so by Corollary 43 we deduce that F' € GoF (L).

Conversely, if any filter of L is a Gédel filter, then F' = {1} is a Gé&del filter.
Using Theorem 36 we deduce that {1} is a BL filter of L and from Corollary
28, L is a BL algebra. Now, using Proposition 35, 2 — x? € F = {1}, for
every x € L, so x = x2, thus L is a Gédel algebra. O

Corollary 58. A residuated lattice L is a Gddel algebra if and only if {1} is
a Gédel filter of L.

Using Corollary 58 we obtain:

Corollary 59. A residuated lattice L is a Gédel algebra if and only if [x —
(xoy)|Viy— (xo0y)] =1, for every x,y € L.

So, we obtain an equivalent definition of Gdodel algebras:
In a residuated lattice L we consider the condition:

(Go) [xr = (zOY)]Vy— (x©y)] =1, for every z,y € L.
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Definition 60. The residuated lattice L is called Gédel algebra if it satisfies
(Go) condition.

Finally, we remark that the connections studied in this paper, between
Gdédel filters and other filters are in concordance with the relations between
the corresponding classes of algebras, mentioned in Section 2.

5 Injective objects in the Go6del algebras category

In this section we present some results for injective Gdédel algebras. So, we
show that a complete Boolean algebra is an injective object in the category of
Godel algebras.

In what follows, we consider G a Gé&del algebra and B(G) the Boolean
algebra of all complemented elements of G.

Proposition 61. For g € G, the following are equivalent:
(1) g € B(G);
(i1) g =9"";

(tit) gV g* =1.

Proof. (i) = (it). Let g € B(G). There exists € G such that gV« =1 and
gAz=0.Thus, 2 < ¢g*. But ¢* =10g* = (gVa)0g* = (g0g*)V(zOg*) =
OV (z©®g*) =20g° <z It results x = ¢g*. So g* € B(G). Analogously g**
is the complement of g*. Because G is a distributive lattice, we get g = g**.

(i) = (iii). (9 = g*) = 9" =[(9©g) = 0] = g" = g* — g = 1. Since
g O (g" = g) =g"Ng =g ®g =0 we obtain that g* — g < ¢** = g.
But, g < ¢* — g, so we have that g* — g = g¢. Since G is a BL algebra,
gvg =[g—=9) > gIN[(g"—>9) —g=1

(#i1) = (i). From gV g* = 1 we obtain g A g* =0, so g € B(G). O

Remark 62. From Proposition 61, B(G) ={g € G:¢** =g} ={g* : g € G}.

Definition 63. For Gy, G5 two Gddel algebras, f : G1 — Ga is an morphism
of Gédel algebras if for every x,y € Gy : f(0g,) = 0q,, f(xOy) = f(z)O f(y)
and f(x — y) = f(z) = f(y), for every z,y € G1.

Remark 64. A morphism of Gddel algebras f : Gy — Go wverifies f(z*) =
[f(x)}*7 f(1G1) =1a,, f(x/\y) = f(‘r)/\f(y)7 f(x\/y) = f(fC)\/f(y), (f(CE))2 =

f(x) for every x,y € Gy. Hence every morphism of Gédel algebras is also a
morphism of Boolean algebras.



GODEL FILTERS IN RESIDUATED LATTICES 198

Let GO be the category of Go6del algebras. Obviously, B C GO, where B is
the category of Boolean algebras.

Remark 65. Since GO and B are equational categories, then the monomor-
phisms and the injective morphisms are the same.

Theorem 66. B is a reflective subcategory of SO. The reflector R : GO — B
preserves monomorphisms.

Proof. Let G € Ob(§0) and we define, using Proposition 61,

R(G)=B(G)={g":9€Gy={9€G:g9"" =g},

(which is a Boolean subalgebra of G) and ®x(G) : G — R(G) by ®x(G)(x) =
x**, for every x € G. Since G is a Gbdel algebra, (x A y)** = x** A y**
every z,y € G, so Px(G) is a morphism in §O. For G1,G2 € Ob(S0) and
1 € Homgo(Gr,Ga), let R(f) : R(G) — R(Ga), R(F)(z*) = £(z*) = ((z))"
for each z € G;. We prove that R(f) is a morphism in B. For z,y € Gy,
(@Ay)" =z"vy", (xVy)" = 2" Ay", so R(f) (2" Ay") = R(f)((zVy)") = (f(=V
y) = f@) Af(y)" =R(E)ARF)Y), R(f) (@ Vy") = R(f)(zAy)) =
(e ny)* = )V 1) = ROV RO, RIO) = R =
(F(1))* = 1° = 0. Analogously, R(f)(1) = 1 and R(f)((z)*) = (R(/)("))"
In this way, R : GO — B becomes a covariant functor.

For G1,G2 € Ob(50), let us consider the diagram

Forz € Gy, (Px(G2)of)(x) = (f())™ and (R(f)o®xr(G1))(x) = R(f)(«™") =
(f(x))**, hence the diagram is a commutative one. For G € Ob(50), B €
Ob(B) and f : G — B a morphism in §O we consider f' = fixq) : R(G) — B,
such that, for z € G, f'(z*) = f(x)*. For x,y € G, we have f'(z* A y*) =
F((@vy)) = (flevy) = flx)" Afly)" = (@) A f(y"). Analogously,
Pt vy = Fat)V ). Also, F/((5)) = F(@*)°) = [(2)* = f(a")* =
(f'(z*))*, and similarly f'(0) = 0 and f/(1) = 1. We conclude that f’ is an
morphism in B. From (f’ o ®x(G))(z) = f(Px(G)(x)) = f'(z™) = f(x)™ =
f(x), we get "o ®x(G) = f.

To prove the uniqueness of f’ we consider f” : R(G) — B a morphism in
B with [ 0 ®x(G) = f. Then ['(z*) = f(z*) = (/" 0 ®x(G)(") = ["(z"),
for each z € G and so " = f.



GODEL FILTERS IN RESIDUATED LATTICES 199

Finally, to verify that R preserves monomorphisms, let us consider f :
G1 — G2 a monomorphism in GO and z,y € G; such that R(f)(z*) =
R(F)(y")-

From f(z*) = f(y*), we obtain 2* = y*, so R(f) is a monomorphism in B,
using Remark 65. O

Theorem 67. Fach complete Boolean algebra is an injective object in GO.

Proof. We know that the injective objects in B are exactly the complete
Boolean algebras. From Theorem 66, B is a reflective subcategory of GO and
the reflector R : SO — B preserves monomorphisms. Using [1], these facts
imply that each complete Boolean algebra is an injective object in GO. O
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