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Abstract

Let K be a finite field. Let X* be a subset of the affine space K",
which is parameterized by odd cycles. In this paper we give an explicit
Grobner basis for the vanishing ideal, I(X ™), of X*. We give an explicit
formula for the regularity of I(X™) and finally if X is parameterized
by an odd cycle of length k, we show that the Hilbert function of the
vanishing ideal of X™ can be written as linear combination of Hilbert
functions of degenerate torus.

1 Introduction

We introduce some basic notions from coding theory. Let K = F, be the finite
field with g elements. We consider the n-dimensional vector space Fy whose
elements are n-tuples a = (a1,...,a,) with a; € F,.

A linear code C over the alphabet F, is a linear subspace of Fy. The
elements of C are called codewords. We call n the length of the code C' and
dimp, C the dimension of the code C' as an F,-vector space. The weight of
an element a = (ay,...,a,) € Fy is defined as w(a) = |{i | a; # 0}|. The
minimum distance §(C) of a code C' # 0 is given by:

§(C) = min{w(a) | 0 #a € C}.
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Recall that the projective space of dimension s — 1 over K, denoted by
Pi{l, is the quotient space
(K*\{0})/ ~

where two points «, 8 in K*\ {0} are equivalent if « = A3 for some A € K. We
denote the equivalence class of a by [a]. Let S = K[t1,...,ts] = $52 5 be a
polynomial ring over the field K with the standard grading. Let Y be a subset
of P?{l, where Pi{l is a projective space over the field K. Fix a degree d > 1.
Let Py,..., P, be a set of representatives for the points of Y with m = [Y|.
For each ¢ there is f; € S4 such that f;(P;) # 0. Let P; = [(a1,...,as)], there
is at least one j in {1,...,s} such that a; # 0. Setting fi(t1,...,ts) = t?
one has that f; € Sg and f;(P;) # 0. The evaluation map, denoted by evy, is
defined as:

Lo ¥| f(P) f(Pm) )
evg: Sq = Klt1,...,ts]la = K", fH(fl(Pl),...,fm(Pm) . (1)
The map evy is well-defined, i.e., it is independent of the set of represen-
tatives that we choose for the points of Y. The map ev, defines a linear map
of K-vector spaces. The image of S; under evy, denoted by Cy(d), is called a
projective Reed-Muller-type code of degree d over Y [5, 10]. It is also called an
evaluation code associated to Y.

Let Y be a subset of K°, and let Y be the projective closure of Y. As Y
is finite, its projective closure is:

Y ={[(1,a)]|a €Y} C Py.

Let Pi,..., P, be the points of Y, and let S<4 be the K-vector space of
all polynomials of .S of degree at most d. The evaluation map

eV;:SSd%K‘Yl, fH(f(Pl)vvf(Pm))a (2)

defines a linear map of K-vector spaces. The image of ev3, denoted by Cy (d),
defines a linear code. We call Cy (d) the affine Reed-Muller-type code of degree
donY.

Let y*1,...,y" be afinite set of monomials. Asusualifv; = (vi1,...,vin) €
N", then we set

Vin

Vi _ Vil .
yl_yll o Un Z_la"'757

where y1,...,y, are the indeterminates of a ring of polynomials with coeffi-
cients in K. Consider the following set parameterized by these monomials

X ={(a ey, o) alen) € KB a € K™ for all 4}
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where K* = K \ {0}. Following [15] we call X* an affine algebraic toric set
parameterized by y',...,y"s. The set X* is a multiplicative group under
componentwise multiplication. Following [15] we call Cx«(d) a parameterized
affine code of degree d. Parameterized affine codes are special types of affine
Reed-Muller codes in the sense of [21, p. 37]. If s = n =1 and v; = 1,
then X* = F} and we obtain the classical Reed-Solomon code of degree d
[20, p. 42]. Some families of evaluation codes have been studied extensively,
including several variations of Reed-Muller codes [4, 5, 9, 11, 10, 18].

The dimension and length of Cx«(d) are given by dimg Cx~(d) and | X*|
respectively. The dimension and length are two of the basic parameters of a
linear code, the third basic parameter is the minimum distance. The minimum
distance of C'x«(d) will be denoted by d4. The basic parameters of Cx«(d) are
related by the Singleton bound for the minimum distance

§q < |X*| — dimg Cx-(d) + 1.

The parameters of evaluation codes over finite fields have been computed
in a number of cases. If X* is the image of the affine space K° under the
map K° — P5, x — [(1,2)], the parameters of Cx~(d) are described in [4,
Theorem 2.6.2].

In this article we focus on linear codes parameterized by the edges of a
graph G (see Definition 2.4) which has m components and each component is
an odd cycle; all our work is based on the affine space. In [16], the authors
work with codes parameterized by even cycles over the projective space, they
find an explicit description for a set of generators of the vanishing ideal (see
Definition 1.1) associated to an even cycle. In the same article, we can also find
the length of the code associated to a graph G with m connected components
(see [16, Theorem 3.2]). In [12], the authors work with codes parameterized
by odd cycles over the projective space and they prove that parameterized
sets by odd cycles over the projective space are projective torus. Therefore, if
we work with codes parameterized by odd cycles over the projective space, we
get parameterized codes over projective torus, and these codes are very well
known. There is not any paper that works with parameterized codes by odd
cycles over the affine space, in contrast with [12], we are going to see that if
2| ¢ — 1 then affine sets parameterized by odd cycles are not affine torus.

The contents of this paper are as follows. In Section 2 we introduce the
preliminaries and explain the connection between the codes and graphs. In
Section 3 we provide an explicit description of a set of generators from the
vanishing ideal of an affine set parameterized by a graph G with m connected
components, where each component is an odd cycle (see Theorem 3.11). The
set parameterized by the edges of a graph § will be denoted by Xg (see Defi-
nition 2.4) .
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Definition 1.1. (i) Let X C K*. We set:
IX)={feS| flx1,...,25) =0Vr = (21,...,25) € X}.
(i) Let X C P35 *. We set:

I(X) = ({f € S| f is homogeneous and f(z) =0 Vz € X})

Clearly I(X) is an ideal, we will call to I(X) (resp. I(X) ) the vanishing
ideal of X (resp. X).

For a set X* parameterized by monomials, the main algebraic fact about
I(X™*) that we use is a remarkable result of [15] showing that I(X*) is a
binomial ideal. In Section 4 we give an explicit formula for the regularity of
I(X ;), where G is graph with m connected components and each component
is an odd cycle. Finally, in Section 5, if G is an odd cycle of length k, we prove
that the Hilbert function of I(X§) can be written as a linear combination of
Hilbert functions of degenerate torus.

For all unexplained terminology and additional information we refer to [7]
(for the theory of binomial ideals), [2, 19] (for the theory of polynomial ideals
and Hilbert functions).

2 Preliminaries: Codes Associated to a Graphs

We will use the notation and definitions used in the introduction. In this
section, we introduce the connection between graphs and codes and we present
the basic theory of Hilbert functions that we will use later.

Theorem 2.1. (Combinatorial Nullstellensatz [1, Theorem 1.2]) Let R =
Klyi,...,yn] be a polynomial ring over a field K, let f € R, and let a =
(a1,...,a,) € N™. Suppose that the coefficient of y* in f is non zero and
deg(f) =a1+ -+ an. If S1,..., S, are subsets of K, with |S;| > a; for all
i, then there are s € S1,...,8, € Sy, such that f(s1,...,8,) # 0.

Let X* C K*~! be an affine algebraic toric set parameterized by y*, ...,
yYs='. The kernel of the evaluation map evy, defined in Eq. (2), is I(X*)<g;
in other words I(X*)<q is the set of all the polynomials of degree less or equal
to d that are in I(X™*), thus there is an isomorphism of K-vector spaces:

Sgd/I(X*)gd ~ Ox* (d)

The affine Hilbert function of I(X*) is given by:
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HX* (d) = dimK Sgd/I(X*)Sd = dimK CX*(d)

Let X C Pi{l be the projective closure of X* and let Cx(d) be a projective
Reed-Muller code of degree d. It is shown that the codes Cx(d) and Cx«(d)
have the same basic parameters (see [15, Theorem 2.4]). The kernel of the
evaluation map evy, defined in Eq. (1), is precisely I(X), the degree d piece of
I(X). Hence there is an isomorphism of K-vector spaces

Sd/I(X)d ~ Cx(d)

Two of the basic parameters of Cx(d) can be expressed using Hilbert func-
tions of standard graded algebras [19], as we now explain. Recall that the
Hilbert function of I(X) is given by

Hx(d) = dimK (S/I(X))d = dim[( Sd/I(X)d = dimK Cx(d)

The unique polynomial hx(t) = Y1~ ¢;t? € Z[t] of degree k—1 = dim(S/I(X))—
1 such that hx(d) = Hx(d) for d > 0 is called the Hilbert polynomial of I(X).
The integer c,—1(k—1)!, denoted by deg(S/I(X)), is called the degree or multi-
plicity of S/I(X). In our situation hx(t) is a non-zero constant because S/I(X)
has dimension 1. Furthermore hx(d) = |X] for d > |X|—1, see [13, Lecture 13].
This means that |X]| equals the degree of S/I(X). Thus Hx(d) and deg(S/I(X))
equal the dimension and the length of Cx(d) respectively. There are algebraic
methods, based on elimination theory and Grébner bases, to compute the
dimension and the length of Cx(d) [17].

Definition 2.2. The regularity index of S/I(X), denoted by reg(S/I(X)), is
the least integer p > 0 such that hx(d) = Hx(d) for d > p.

As S/I(X) is a 1-dimensional Cohen-Macaulay graded algebra [8], the reg-
ularity index of S/I(X) is the Castelnuovo-Mumford regularity of S/I(X) [6].
By Hilbert-Serre Theorem, the Hilbert series of S/I(X) can be uniquely writ-
ten as Fx(t) = {(—_tz, where f is a polinomial of degree equal to the regularity
of S/I(X). From the exact sequence:

0 — (S/IX))[—1] = S/I(X) = S/(ts, I(X)) — 0,

we deduce F(5/(ts,I(X)),t) = f(t), where F(S/(ts,1(X)),t) is the Hilbert

series of S/ (s, I(X)).

Let > be a monomial order on S and let (0) # I C S be an ideal. If fis a
non-zero polynomial in S, we can write:

f= At o N
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with A; € K* for all ¢ and t** > --- > t%. The leading monomial t** of f is
denoted by LM (f) and the leading term \yLM (f) of f is denoted by LT(f).
We denote by LT(I) the set of leading terms of elements of I. The ideal of
leading terms of I is the monomial ideal of S given by:

(LT(I)).

Definition 2.3. Let (0) # I C S be and ideal. A monomial ¢* is called a
standard monomial of S/I, with respect to >, if t* is not the leading monomial
of any polynomial in I, that is, t* ¢ (LT(I)). A polynomial f is called standard
if f# 0 and f is k-linear combination of standard monomials.

The set of standard monomials, denoted by A (I), is called the footprint
of S/I. The image of A~ (I), under the canonical map S — S/I, is a basis of
S/I as a K-vector space. In particular If X* C K*~1 is an affine algebraic toric
set parameterized by y”',...,y"~1, then Hx-(d) is the number of standard
monomials of degree less or equal to d.

The affine algebraic toric set parameterized by yi,...,ys will be denoted
by T°. We call T an affine torus;

75 ={(z1,...,25) | x; € K*}.

It is known that I(T%) = <{t;-171 - 1}f:1>. Let X* C K?* be an affine
algebraic toric set parameterized by y**,...,y". By [15] we know that I(X™*)

is generated by binomials t* — t? € S where a,b € N°. In addition there are a
few observations to be made.

e Since X* C T*, then I(T%) C I(X*), hence {t~' —1}5_, C I(X™*).

e Let f =t* —t* be a nonzero binomial of S. If ged(t?,t%) # 1, then we
can factor the greatest common divisor ¢ from both t* and t* to obtain
f=te(t? — ¥, for some a’,b' € N°. Since t° never is zero on T, for
any ¢ € N*, we deduce that f € I(X*) if and only if t* — ¥ e I(X™).
Accordingly, when looking for binomials generators of I(X*) we may
restrict ourselves to those binomials t* — t* such that t* and ¢* have no
common divisors.

e Givena = (ai,...,as) € N°, we set |a| = a; +---+as and supp(a) = {7 |
a; # 0}. Then clearly, t* and t* have no common divisors if and only if
supp(a) N supp(b) = 0.
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Let G be a simple graph with vertex set Vg = {v1,...,v,} and edge set
Eg = {e1,...,es}. For and edge e; = {vj, v}, where vj,v, € Vg, let v; =
e; + e, € N, where, for 1 < j < n, e; is the j—th element of the canonical
basis of Q™.

Definition 2.4. The affine algebraic toric set associated to G is the affine
toric set parameterized by the n—tuples v4,...,vs € N obtained from the
edges of G. If X ; is the affine parameterized toric set associated to G we call
its associated linear code Cxx(d) the parameterized affine code associated to
G and we refer to the vanishiﬁg ideal of X é as the vanishing ideal over G.

If z = (z1,...,2,) € (K*)" and e; = {v;,vx} is an edge of G, we set
z¢ = 2% e = g1y, so that the structural map 6 : (K*)" — X¢ is given by
x — (z°,...,2%). If G is a graph with m connected components, of which e
are non-bipartite, the length of C X (d) has been determined.

Theorem 2.5. Let G be a graph with m connected components, of which e are
non-bipartite. Suppose that G has n vertices. Then:

(q—Dn=m*e if21q—1

O(Xg) = (q _ 1)n—m+e )
S 201
Proof. Tt follows from [16, Lemma 3.1]. O

Corollary 2.6. Let G be a graph with m connected components. Suppose that
each component is a k-cycle and k is odd. Then:

(-1 if2tq—1
0<X§) = _ 1\km
e 2,? if2]q-1

3 Vanishing Ideals of Odd Cycles

In this Section we give an explicit description of the vanishing ideal associated
to a graph § with m connected components and each component is an odd
cycle.

We continue to use the notation and definitions used in the introduction.
Let G be a graph with m connected components, suppose that each component
is a k-cycle with k = 2y +1. Let C’f =x--TpTy, C§ = Tpy1 T2k Thdls - - o
CF 1 = T(m-2)k41 " Tm—1kT(m—2)k+1> Ok = T(m—1)kt1 " Tk (m—1)k+1
be the m components of §. If 21 ¢ — 1, then o(Xg) = (¢ — 1)¥m therefore X3
is an affine torus. Suppose that 2 | ¢ — 1. Let:
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F={AC{1,....k} | |A] =~}
Fy= {AC {k+1,...,2k} | |A] =},

Foo= {AC {(m—1)k+1,....,mk} | |4 = v}.

g1 g-1 g-1 g-1
Let A; = {ta] -~ ta? —tuw] -~ tu’,, | {on,...,,} € F; and {wy,...,
wyy1} = {(i=1)k+1,... ik} —{a1,...,ay}}. Notethat A; C K[t_1)py1,-- -,
tik]-

Lemma 3.1. For eachi € {1,...,m} we have that A; C I(X).

a-1 a=1 a1 a=t
Proof. Let i € {1,...,m} and f € A;. Let f =ta] - ta2 —tw: - -t
where {a1,...,ay} € Fyand {wr,...,wyp1} = {(i—1Dk+1,... ik} —{a,...,
ay}.

g=1 g=1 g1 g=1 .
Let g =t,% 1)pp1 b 1kay tt)hytr i - Foreachj € {1,...,7}
let:
1 it aj = (i — Dk +j
Gi(tii—1yks1s-- - tik) = {152 a5t . . .
i\tE-1) ta Uiy, oy #(E—1)k+]
Leth = fGyi -Gy Let w = (T(i— 1)kt 1T (i—1)k+25 - - - » Tik—1Tik> Tik T(i—1)k+1)

where x; € K*. Then we obtain:

where n € K*. Therefore:

g(w) =

g-1 g-1 g-1

(x(ifl)k+1m(i71)k+2) 2 (x(ifl)k+2x(i71)k+3) 2 (95(1‘71)k+»y9€(i71)k+y+1) 2 =
(T (1) kg 1T (= hty+2) 2 - (TikT(—1)ky1) 2 -
g-1 g-1 a1 a1

— 2 2 2 2 —

Note that g(w) = 0 et 12 (1 Doy 1L (1) gy 1L (1) 10 thED g(w) =

0. It follows that f(w) = 0, therefore f € I(X¢). O

Proposition 3.2. Let f = t*—t® be a binomial in K[t1, ..., tym] with supp(a)N
supp(b) = 0. Then f = g+ f' where g € L(T*™) and f = t* —t* is a bi-
nomial such that none of its two terms is divisible by any tg_l for all i and
supp(a’) Nsupp(d) = 0.
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Proof. If t* and t® are not divisible by any t;rl for all 7, we can take g = 0
and f = f’. Then we can write f as:

f=matlh ot —mgthl gl

where t¢ = mqtg} ---tg" and th = mgtﬁ’l}l -~-tg;7, m; and mg are monomials
such that none of them is divisible by any t;rl for all 7. my is not divisible by
any to, and a; > g — 1 for all . my is not divisible by any tw, and b; > q—1
for all j.

By the division algorithm we can write a; = (¢ — 1)g; + r; where 0 < 7; <
q—1forall i =1,...,n. Note that ¢; > 0 for all i. Then mqtgl ---t5" =
o ma (e D ha g ) (181 1) g mg (HD Y ). Let m) =
matgl -t , then:

g1
m) = Ztgqu_l)(ql_j) trmy (tgzZ "'ti’:) (tggl —1) + 0 my (t?fz ...tgtz).
j=1

If we do the previous analysis with the term 7} mq(t32 ---t2") and we
continue, we get:

my = gy + (e, - -t Jma,s

where g1 € I(T*™). Let mb = matl ---t%; . By the division algorithm we
can write b; = (¢ — 1)g; + b} where 0 < b’ <g—1forall j =1,...,r. Note
that ¢; > 0 for all j. If we do with mj the same procedure that we did with
m}, we get:

bt bl b’
ml2 =gz + (twllthz o tJr)m%
[ b’
where go € I(T*™). Then f = g1 —ga+ (tpite2 - - tor ymy — (twy tady - - - b, )Mo
X . b, bl b’
Let g = g1 —go and f' = (t{1 172 - -t0 )my — (twy td, - - - g, )2 O

Remark 3.3. As a consequence of the last proposition we get f € I(X¢) if
and only if f" € I(X3).

Proposition 3.4. Leti € {1,...,m}. Let f =t* —t* € K[t(—1)kt1,-- - tik]
with supp(a) Nsupp(b) = 0. Suppose that:

e All the coordinates of a and b are equal to q;—l.

e a and b have no empty support.
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e supp(a) Usupp(b) = {(i — D)k +1,...,ik}.

Then we obtain:

g—1 g—1 g—1 g—1
where t* = ta1 --t;f and t* = tbqf "'tljf . By hypothesis we have that
supp(a) Usupp(b) = {(i — 1)k 4+ 1,..., ik}, therefore n + r = k. Suppose that
r > . Let r =~ + . On the other hand we have:

g—1 g—1 —1 _

T...q2 . qz al _ __4b a(49—1 . 191
t tbw (tberl -t )t]— t° 4+t (t t ),

— .. T
tbw+1 tbwﬁ[ b1 byt byt byt

q—1 —1

a-1 a-1 a-1
note that 8 +n = v + 1, therefore ¢, ? ~~-tbj (thl tbjﬂs)t“ e J.

We can write m/ = t(t{"" 07! Y as m/ = ot T )t 1) 4

) L byt by+s byt2 | bytp b’v+1
to(t?t .t ). If we do the same with the term t*(t{" .- ¢2"! ) and we
v+2 g Y42 V8
contmue we get
m' =g+t
L a—1 g—1 g—1 q—1 g—1
m 2 2 2 2 2 al —
where g € I(T*™). Then —tb tb'vl+[f [tbll ...tb7 — <tb1+1 tbwﬁ)t ] =
b o 9—2 9— a—
—t°+g+1t¢, therefore f = *tbwl ot2 [ty,> - tb (tb o '~tbf+ﬁ)t“] g.
It follows that f € J. If r < ~, it is easy to see that n > v, then we use the
same proof as above. O

Lemma 3.5. Let f € I(X), then f(ai,...,a3,,) =0 foralla = (a1, ..., arm) €

(F;)km'
Proof Let i € {0,1,...,m —1} and a = (a?k+1,a%k+2, .. 7ai(iﬂ)). Let a; =
2k+] for j =1,...,k. Let:

-1
Tik4+2 = Q15415
_ -1
Tik+3 = Q20  Tjk+41,

—1 —1
Lik+4 = Q3Qy Q1T 1,
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-1
LTik+k = Q10 o A1 Tik41,

where x;p11 = aik+kai_kl+k71 <+ aik41. It is easy to see that @ = (Tip41%ig+o

2 2
Tkt 2Tik43y - - > Tikph—1Tik+k > Tik+kTik+1). 1t follows that (af,...,a},,) €

X3, then f(ai,...,a,,) = 0. O
Lemma 3.6. Leti € {1,...,m} and f = t*—t’ € I(XZx) \ {0} with supp(a)N
supp(b) = 0. Suppose that deg(f):, < q— 1 for all i and O # supp(a) C
{(i—=1)k+1,...,ik}. Then supp(b) # 0.

Proof. Suppose that supp(b) = . Then we get that f = t* — 1. Let n =
|[supp(a)|. We can write f as:

ftary-- s ta,) =gl --tor — 1,

where t* =t ---t5». First we will prove that a; = ‘12;1 for all 4. Let
B € F,. By the last lemma we get that f(B%,1,...,1) = (5% —1=0. Let
h(ta,) = t% —1, Let S = {o® | a € F}. It is easy to see that S| = 21 then
h vanishes on S. Now we are going to examine the following cases:

e Suppose that a; < %1. By Combinatorial Nullstellensatz we get that
h = 0 and this is a contradiction because a; > 0.

e Suppose that a; > ‘12;1. Let a1 = 'I;Ql + 41 where 0 < 47 < q;—l. Let
h'(ta,) = ty, — 1, it is clear that h’ = h over S, then A’ vanishes on
S, by Combinatorial Nullstellensatz we get that A’ = 0 and this is a
contradiction.

q

Therefore the only possible case is when a; = %1 In this way we can

prove that a; = q;21 for all i. Let a € F; \ S. Now we are going to examine
the following cases:

1) Suppose that (i — 1)k + 1 € supp(a). If (i — 1)k + 2 ¢ supp(a), then

(,a,1,...,1) € X7y, therefore f(a,a,1,...,1) = (oz)q*;1 —1=0and

this is a contradiction because oo ¢ S. Suppose that (i — 1)k + 2 €

supp(a), if (i — 1)k + 3 ¢ supp(a), then (1,a,a,1,...,1) € X7, thus
fa,a,1,...,1) = (oz)qz;1 — 1 =0, and this is a contradiction. If we
continue, we get that (i—1)k+1,...,ik—1 € supp(a), then ik ¢ supp(a)
because supp(a) C {(i—1)k+1,... ik}, then (1,...,1,,a) € X[\, and
f@Q,..., o) = (oz)q%l — 1 =0 which is a contradiction.
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2) Suppose that (i — 1)k + 1 ¢ supp(a). If (i — 1)k + 2 € supp(a), then
(o, 1,...,1) € X%, then f(a,a,1,...,1) = (a)q%1 — 1 =0 and this

c
is a contradiction because o ¢ S. If we continue as in case 1), we get a
contradiction.

It follows that supp(b) # 0. O

Remark 3.7. Let i € {1,...,m} and f = t* —t* € I(X},)\ {0} with
supp(a) N supp(b) = 0. Suppose that deg(f);, < g — 1 for all 7. If supp(a) =
{(: = )k +1,...,ik}, then supp(b) = 0. If we follow the proof of the last
lemma, we can prove that all the coordinates of a are equal to %1. Therefore:

f= t(i—l)k+1 ety — L
g-1 g-1 , g-1 a-1 g-1
J— 2 2 J— 2 2 2
Let h = bizyhgr lik and h' = bk tam)kdr — Him k41

g-1

q km m
.2 - h' belongs to J = <{t?1 - 1} U U A; > On the other hand we
i=1
i=1

have:
g-1 g—1 , g—1 g—1
2 2 J— - -
Ly hrt1tie P =R = gt ik
q—1 q—1 _ 4q-1 q—1.,q-1
Note that ;1) 0yt = Ui ke tie iy — 1 F
t‘(]iill)k+v+2 . ~tf,;1. If we do the same with the term t'g;ll)kJWH . ~tf,;1 and
we continue, we obtain:
q—1 q—1 _
ticyhgytrtie =9+ 1

q-1
—1 (i—=1)k+~vy+1 T tik2 W =h-— (g+ 1) = f_g7 then
t;2 h' + g. It follows that f € J.

-1

where g € I(T*™). Therefore £2
q—1

f= t(iil)k+7+1 T

Proposition 3.8. Leti € {1,...,m} and f = t* —t* € I(X7x) \ {0} with

supp(a) N supp(b) = 0. Suppose that deg(f)y, < ¢ — 1 for all i and 0 =+
supp(a) € {(i —1)k+1,...,ik}. Then all the coordinates of a and b are equal

to q%l.
Proof. By hypothesis we have that supp(a) # 0, let n = |supp(a)|. As
supp(a) € {(i — 1)k + 1,...,ik}, then supp(b) # 0, let r = |supp(b)|. We

can write f as:

fltags- s tanstwgse o tw,) =180 - ton — b b
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a _ ta an b _ 4b b *
where t* = tg! ---t5n and t” =t} .-t . Let (f, u) (F:)?. By Lemma 3.5

we get that f(82,1,...,1,u%,1,...,1) = (B%)2 —(u?)*r = 0. Leth( o tuw, ) =
tar — b Let S = {a2 \ a € Fy}. Tt is easy to see that |S| = , then h

vamshes on S%. Now we are going to examine the following cases:

e Suppose that ay,b; < %1. By Combinatorial Nullstellensatz we get

that A = 0 and this is a contradiction because ay,b; > 0.

° Suppose that b < &= L and ap > L= Let a; = 51 +141 where 0 < 71 <
. Let W' (ta,,t ) =th —th 1t is clear that ' = h over S2, then

wiy?

h' Vanlshes on 52 by Combmatorlal Nullstellensatz we get that A’ = 0

and this is a contradiction. It is very similar the case a; < q%l and
bl > g—=1

e Suppose that a1,61 > o= Let a; = q;—l +14; and b; = q;zl + 49 where
0 <iy,ip < L=. Let h'( arsbuy) = i — 22 it is clear that ' = h over

52, then b’/ vamshes on S? by Combinatorial Nullstellensatz we get that
h' =0 and this is a contradiction.

a=1
e Suppose that by < 5% and a; = %51, Then h(ta,,tw,) = ta? — 3.

2
Let A/ (ty,) =1 — tZ} , it is clear that b/ = h over S?, then h’ vanishes
on S, by Combinatorial Nullstellensatz we get that h’ = 0 and this is a
contradiction because by > 0. It is very similar the case 0 < a1 < %

and b; = &=

As a result, the only possible case is when b; = a; = %1. In this way we
can prove that a; = qg—l for all ¢ and b; = ‘%1 for all j. O

Proposition 3.9. Let i € {1,...,m} and f = t* —t* € I(X,.) \ {0} with
supp(a) Nsupp(b) = 0. Suppose that deg(f):, < q—1 for alli. Then supp(a)U
supp(d) = {(i — 1)k +1,...,ik}.

Proof. As f is a nonzero polynomial then supp(a) # @ or supp(b) # 0, Suppose
that supp(a) # 0. If supp(a) = {(i — 1)k + 1,...,ik}, then supp(b) = 0,
it is clear that supp(a) Usupp(b) = {(i — 1)k + 1,...,ik}. Suppose that
supp(a) € {(i — 1)k +1,...,ik}, then we know that supp(b) # () and all the
coordinates of a and b are equal to q;—l. Suppose that H = supp(a)Usupp(b)
{(i—Dk+1,...,ik}. Let S={B%|B8€ K*} and a« € K*\ S. Now we are
going to examine the following cases:

1) Suppose that (i—1)k+1€ H. If (i—1)k+2 ¢ H, then (o, o, 1,...,1) €

Xck’ therefore f(a,a,1,...,1) = 0. Then we show (a)% =1 and this
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is a contradiction because o ¢ S. Suppose that (i —1)k+2 € H, if (i —

Dk+3 ¢ H,then (1,a, a, 1,...,1) € X7, therefore f(1,a, 0, 1,...,1) =

0, then we find (a)q%1 = 1 and this is a contradiction. If we continue
we get that (i —1)k+1,...,ik—1 € H, then ik ¢ H because H C {(i —
Dk +1,...,ik}, then (1,...,1,a,a) € X7, and f(1,...,1,0,a) = 0
which is a contradiction. '
2) Suppose that (i —1)k+1¢ H. If (i—1)k+2 € H, then (o, o, 1,...,1) €
XZx, hence f(a,a,1,...,1) =0, then we obtain (oz)%1 =1 and this is
a contradiction because o ¢ S. If we continue as in case 1), we get a
contradiction.

Then H = {(i — 1)k + 1,...,ik}. The proof is very similar if we suppose
that supp(b) # 0. O

Theorem 3.10. Let G be a graph with m connected components, suppose that
each component is a k-cycle with k = 2y + 1. The vanishing ideal of X§ is

given by:
1(X3) = <{t3—1 . 1}'?1 U (G Ai> >

km m
Proof. Let J = <{t?_1 — 1} U <U A2>> By Lemma 3.1 we get that
i=1
i=1

J C I(X{). Now we will prove the other inclusion. We know that I(X¢) is
generated by binomials, let f = t% —t* € I(X &) be a binomial; we can suppose
that supp(a) Nsupp(b) = . By Proposition 3.2 we can write f as:

f=9+1f,

where g € I(T*™) and f' = t* — ¥ is a binomial such that none of its terms
is divisible by any 2~ for all i and supp(a’) N supp(b’) = 0. Therefore f € .J
if and only if f’ € J. We are going to prove that f’ € J. Let:

=t — b b

where t¢ = #91... 4% and t¥ = 9 ... #¥m. % and ¥ are monomials in
K[t(ifl)k#»la ce atik] for all ¢ = 1, e, M. Let 7 € {(’L — 1)k’ + 1, RPN 7Zk'} We
can write f’ as:
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f/ = (ta’/i — tbé)taﬂ R ta£71ta;+1 . t‘l;n + tb;‘
[tall . ta;—lta‘;+1 . ta;n — tbll . tb;—ltb'/i«{»l . tb;n].

As f € I(X§), it follows that f' € I(X§). Let (T(i—1)g41s--->Tik) €

(F;)F, then @ = (1,..., 1, @1k 18 (i—1)k+2> T(i— 1) k42T (i—1)k+3> - - - > Lik—1Tik;
Tik T(i—1)k+1 5 L,-.-,1) € X5, Let f; = t% — t’. As f’ vanishes on = we
get that f; vanishes on (z(;— DRHLG—k42 T—1k42 T(i= k48, -+ Tk 1Tk

TikT(i—1)k41), then f; € I(X7, ) It is clear that supp(a}) N supp(b') = 0.

Suppose that f; is a nonzero polynomial and supp(a}) # (. If supp(a}) =
{(t—1Dk+1,...,ik}, then supp(d;) = 0. From Remark 3.7 we deduce f; € J.
If supp(a}) C {(z —1)k+1,...,ik}, we know that supp(d}) # 0 and all the

g—1

coordinates of a; and b} are equal to 45=. From Proposition 3.9 we get that

supp(a}) U supp(b’) {(z — 1k +1,...,ik} and by Proposition 3.4 we find
fi € J. In any case we obtain f; € J.

On the other hand we have that:
fr= (19 — t21) 02 g0 gL [$02 o — P2 ],

If we do the same procedure with the binomial 92 gm0 otbin, we
prove 92 . - - t%m — b2 ... gbin = ($92 —02) %5 . .. G b2 [0 . pm —gb5 . fbm]
therefore:

fl= fut% e tOm o fotP1%s e g gD g2 [0 g — s ],

If we proceed like before with the binomial 195 . % — %5 . P and we
continue, we get:

j=1
where hj € K[t1,... tgy] for all j. As f; € J for all j we show f' € J. O

Let G; be a graph with m; connected components and each component is
a k;-cycle, where 1 <1 < r. Suppose that k; = 2v; + 1 and CF i1 = =z 1y, xi,

ks
012 = xk e xzk J;k i1 Cin Emi—l)k,ﬁl ..xmik (mb—l)k 41 are all
the components of G;. Let 9 = Ui:1 G;. In this case we will work with the
polynomial ring K[t1,...,t5 oo t], .t o]

For each 1 <1 <, let:



VANISHING IDEALS OVER ODD CYCLES 248

Fi={AC{1,... .k} [|A]l =},
F§:{A§{ki+17~-~72ki}||A|:’7i}’

_ a—1 i q—1

Let A% = {(t5,)"= -+~ (th, )= ()= (i, )= [{on,... 0} €
F! and {wy, ..., wm+1} = {(] —Dk; +1,...,5k} —{oa,...,a}}. Note
that Jj2) A} C K[t},..., ., ]. The following theorem is a generalization of
Theorem 3.10.

Theorem 3.11. Let § = |J;_, ;. Then the vanishing ideal of X 1is gven
by:

:<U{(t;l) ey UUA;Z >

i=1j=1

T

Proof. Let J = <LTJ {(t; - l}k g U U CJ A; > The proof is simi-

i=1 i=1j=1
lar to the proof of Theorem 3.10. It follows from Lemma 3.1 that J C I(X3).
Now we will prove the other inclusion. We know that I(Xg) is generated by
binomials, let:

f=tu ..o b ghe I(X;),

where % and " are monomials in K[t}, ...t} . ] for all i. Note that we can
write f as:

f —
(tai _ tbi)tal R TR P 1 TS S 128 +tbi [tal e g@ie1paitr by pbicagbiga L .tb'r'}.

Let f; = t% —t. As f € I(X3), it follows that f; € I(X{), from
Theorem 3.10 we deduce f; € J. It is easy to see that we can write f as:

F=> fili,
i=1

where h; € K[t1,... ,t}hml,...,t{, ooy ty ] for all 4, therefore f € J. O
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4 The Regularity Of The Vanishing Ideal Of Odd Cycles

We continue with the notation and definitions used in the introduction and in
the preliminaries. Let §; be a graph with m; connected components, suppose
that each component is a k;-cycle with k; = 2v; +1 and 1 < ¢ < r. The
following proposition is easy to prove.

Proposition 4.1. Let§ = U:Zl Gi. Using the same notation of Theorem 8.11,
let:

o= -y lyya
i=1 i=1j=1

Then G is a Grébner basis for I(X§) with respect to grlex order.

Theorem 4.2. Let G be a graph with m connected components and each com-
ponent is a k-cycle. Suppose that k = 2y 4+ 1 and let S = K[t1,...,tem),
then:

1ey5ﬂ(X@):nﬂk+v)(q;1)——Mn

Proof. Let Yg be the projective closure of Xg. We know that for each d >
1 the codes Cx;(d) and Cy;(d) have the same basic parameters (see [15,
Theorem 2.4]). From Proposition 4.1 we know that:

o= {1}y (fj A)
=1

is a Grébner basis for I(X§). On the other hand we know that I(Y§) = I(X§)",
where I(X g)h is the homogenization of I(X§g). We are going to homogenize
with respect to the variable u, since G is a Grobner basis for I(X§) with respect
to the grlex order, it follows that G” is a Grébner basis for I(X5)" C Sul,
where S[u] = K[ti, ..., tgm, u], regarding the order:

tous >y, tPul < 9 > griex tf or t® =% and a > b,

where #° and t# are monomials in S. Denote by R the graded ring S[u]/
L(X5)". Consider u € S[u], let @ = I(X§)" 4+ u. T is regular on R, then we
have the following exact sequence of graded S[u]-modules:

0 R[-1] % R — R/ (u) — 0,
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where R[—1] is the graded S[u]-module obtained by a shift in the graduation,
in other words R[—1]; = R;_1. Since S[u]/I(X})" is a 1-dimensional ring, the
regularity of S[u]/I(XZ)" is the least integer r for which Hy (d) is equal to
some constant for all d > r. From the last exact sequence we have Hy;, (d) —
Hy; (d — 1) = dimg (R/ (@) )a. For d > 1, we define:

hg := dlmK(R/ <ﬂ>)d = Hyfé (d) — Hyg (d — 1)

-1
First we will prove that reg(S[u]/I(X§)") < m(k +7) <(12> —km. Let

-1
a=mk+7) qT — km. If we show that hg = 0 for d > a + 1, then

Hyg (d-—1) = Hyg (d) for d — 1 > «, and our result follows. Let d > o + 1.
To show that hg = 0 for d > a+ 1, it is enough to prove that if g € S[u]q is a
monomial, then:

(@) + (1(X5)" +g) = (@) + (I(X5)"). (3)
Let g =t .-t € S[u]q, where t* is a monomial in K[t;_1)p41,..-,
tig] for i = 1,...,m. If ag > 0, it is clear that 3 follows, therefore we will

suppose that ag = 0. For ¢ € {1,...,m}, let g; =t .. - ¢i-1¢%i+1 ... ¢3m,

Let 7 € {1,...,m}, suppose that there is w € {(i — 1)k + 1,...,ik} such
that t41 | t%4, then t = t4~'¢, where ¢° is a monomial in K [t(;—1)k41, - - - » tik)-
Therefore we can write g as:

g= tar ... tai,lt;]ufltctaprl e Om = gitc[tgufl _ uqfl] + uqflgitcv

it is clear that 3 follows, then we will suppose that all the coordinates of each a;
are less or equal than ¢ — 2. Now we will suppose that for each i € {1,...,m},
the monomial % is not divisible by any LT(f), for all f € A?. Then we can
write t% as:

1 = (ti’;ll o tfllﬂiz“fyill)tgl’ii—'yyt—z T tiiﬁca
where 0 < a;; < %5% — 1 for all (4,5) € {1,....,m} x{1,...,y+1} and
[{wi1, ..., wi}| = k. On the other hand we have that:

m y+1 m k
deg(g) =3 > aii+>_ D ai
=1 j=1 i=1 j=~vy+42

it follows that deg(g) < m(y+ 1)(% — 1) + m~y(q — 2), therefore:
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a+t=mlit ) (57 ) < bm 1 <m0 (155 1) +mata -2,

we deduce that:

mk<q;1) —km+1ém<qg1) —m(y+1) +my(g - 2),

m (452) (k=141 <l 1))+ (g~ 2,

my(qg—1) +1 < my+my(q—2),
my(qg—1)+1<my(q—1),
1<o0,

this is a contradiction, therefore thereis¢ € {1,.. m} such that t%¢ is divisible

g—1 g—1 — g—1
by LT(f) for some f = ta2 - ta> u'T — ty? - thl € Al Then t% =

2
-1 a=1
(tw1 <o ty? )¢, where 1€ is a monomial in K[t;;_1)p41,---,tx] and all the
coordinates of ¢ are between 0 and ¢ — 2. We can write g as:
g1 g1
0= —git°f + git(tal - -tad u'T),
then we show 3 follows, thus we have proved that reg(S[u]/I(X§)") < a.

Now we will show that o < reg(S[u]/I(X§)"). If we show that hg > 0 for
d = o, then Hy; (d—1) < Hy; (d), for d = a, and our result follows. It suffices
to find a monomial M € Slu }d such that:

(@) + (X" + M) # (@) + I(XH"). (4)
. q—2 g=1_1 g=1_1
For i € {1,...,m}, let M; = t;" 1)k+1 Uk b k1 ik

Note that deg(M;) = (k +v)(%5 Ly — k and M; is not divisible by any LT(f)

for all f € G?, where G; = {t;l — 1} ik 2 i—yky1 Y Aie Let:

M =[] M.
i=1
It is clear that M € S[u]q. Suppose that:

(@) + (L(XE)" + M) = (@) + (L(XE)"),

then we get that I(Xg)h + M € (u), therefore I(X;)h +M = I(X;)h + gu,
where § € S[u], thus we deduce that M — gu € I(X§)", then we can write M
as:
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M =g +gu,
where ¢’ € I(Xé)h7 making v = 0 in the previous equation we obtain:
M e ({LT(f) | f € G"}),

it follows that M is divisible by LT(f) for some f € G", and this is a contra-
diction, thus 4 follows. O

Theorem 4.3. Let G; be a graph with m; connected components, suppose that
each component is a k;-cycle with k; = 2v;+1 and 1 < i < 1. We will worl'k with
the polynomial ring S = K[t1,... ,t,lclml, coth tﬁwml]. Let § = U;_; G,
then:

—1
reg S/I (X3)) Zmzk + i) ( )—kimi.

Proof. We will proceed by induction on . If [ = 1 there is nothing else to
do. We are going to suppose that our result follows for | = r and we will
prove the formula for [ = r + 1. Let §' = [J;_; G; and Y’ be the projective
closure of X§,. Let 8" = K[t],...,t} .- -st5,... 1 . ], in the projective
space we will work with the ring S’[u]. We know that the the Hilbert series of
S'[u]/I(Y') is given by:

_ @
FY’ (t) - 1— ta
where deg(f) = reg(S'[u]/I(Y’)) and F(S’[u]/(u,I(Y )),t) = f(t). Let Y’ be
the projective closure of Xg —and S” = K[t t7—:+1m7+1]' We know
that the Hilbert series of S”[u]/I(Y") is given by:
9(t)
F 1" = =_—
v (t) = 77

where deg(g) = reg(S”[u]/I(Y")) and F(S"[u]/(u,I(Y")),t) = g(t). Accord-

ing to [22, Proposition 2.2.20, p.42], we have an isomorphism:
S'[ul/ (u, I(Y')) @5 " [ul/(u, I(Y")) = Slu]/(u, I(Y)),

where S = K[t},... ,t}hml,...,tﬁl, Lottt | and Y is the projective

P Yk 1My

closure of X¢ with § = Ui Gi. On the other hand we have that F(S'[u]/
(u, I(Y")) @K S"[u]/(u,I(Y")),t) = F(S[u]/(u,I(Y)), t), thus:

F(STul/(u, (X)), t) = F(S"Tu)/(u, I(Y')), ) F (5" [u]/ (u, I(Y")), 1),
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(see [22, p.102] ) therefore F(S[u)/(u,I(Y)),t) = f(f)g(t), it follows that
reg(S[u] /I(Y)) = reg(S'[u]/I(Y)) + reg(S”[u]/I(Y”)). If we apply inductive
hypothesis, our result follows. O

5 Dimension Of Parameterized affine Codes by Odd Cy-
cles

Let § be a k-cycle and S = K]Jt1,...,tx|, suppose that k = 2y + 1. Let
F={AC{1,...,k} ||A|=~}and d > 1. For H = {hy,...,h,} € F, let:

Ag(d )*{tahl' hwtz,wl twwﬂl | {w1,...,wys1} =A{1,...,k} — H,
an; < q—1for all i, a,, < & for all j and 37, ap, + Z;Ll aw, < d}.

Let r = |F| = (,]j) and F' = {Hy,...,H,}. The Hilbert function of I(X¢)
can be obtained from the following result.

Theorem 5.1. Let G be a k-cycle and S = K[ty,...,t;], suppose that k =
2y + 1. Using the above notation, we have that:

T

U An, ().

i=1

Hx:(d) =

Proof. Let A = {tw] -+ tu?,, —ta? --to? |{oa,...,ay} € Fand {w,...,
wyp1} = {1,...,k} \{a1,...,ay}}. We know that the vanishing ideal of X§
is given by:

I(Xg):<{tq L1}k 1UA>

Let G = {t"' — 1}k, U A, by Proposition 4.1, G is a Grobner basis for
I(Xg) with respect to grlex order. Let d > 1, we know that Hx;(d) is the
number of standard monomials of degree less or equal to d. Let:

Apxny(d) ={me A5 .. (1(Xg)) | deg(m) < d},

]

we are going to prove that:
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Let m € Ayxy)(d), then m € A5, (I(Xg)) and deg(m) < d. As m €

As,.. (I(X3)), it follows that m ¢ (LT(I(Xg))). On the other hand G is a
Grébner basis, then m is not divisible by any leader monomial of any element
of G. Therefore, there is H = {a1,...,ay} € F such that:

_ 400y Aany ,Awq Awy gy
M= e AT T

where {wi,...,wyt1} = {1,...,k} \ H, aa, < ¢— 1 for all i and a,, < 45+
for all j. It follows that m € Ag(d), thus:

Arixy(d) € | Am ().
i=1

The other inclusion is clear. O

For d > 1 we define the following sets:

A (d) = {t‘f1~~-tfﬂtiﬁf~-tzk | 0 <a; < g—1forali=1,...,7,
Oga]—<q%lforalljzv—i—l,...,kandezlaiSd},

Ay a(d) = (#3757 ik [0 < gy <g—1foralli=1,...,y -1,
Ogaj<%1forallj:'y,...,kandz:leaiSd},

A(d) = (¢8>t [0< a1 <g—1,0<a; < Gt forall j =2,...,k
and Zle a; < d},

Ao(d) = {t5r -2 [0 < a; < 552 foralli = 1,...,k and 3r_, a; < d}.
Remark 5.2. Let 1 <l <rand1<i; <--- <1 <r. It is easy to see that:
An,, () O---0 Ag, (d)] € {[A4(d)] -, [Au(d)], [Ao(d)[}-

Therefore if we use Theorem 5.1, we can write Hx (d) as:

Hx; (d) = Bo [Ao(d)| + Br [A1(d)] + - + By |Ay(d)],
where By, ..., 3, are integers independent of d and g.

Proposition 5.3. Let0 <i<~vyandS = K[t1,...,tg]. Let X} = {(z1, ..., 24,
a2, ..,a3) | @y € K* for all j} and X§ = {(2%,...,23) | a; € K* for all i}.
Then:
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(i) Hx;(d) = [Ai(d)].
(i) Hx;(d) = [Ao(d)].
Proof. We are going to prove (i). First, we are going to prove that:
rliga

I(X?) = <t‘{—1—1,...,t§‘1—1 67 =1, 67 —1>.

Let >gyiex be the grlex order on S and let f € I(X;). By the division
algorithm (see [3, Theorem 3,p. 64]) we can write f as:

i k
F=Y 0 =1+ D hi(tT = 1)+ Gt ),
j=1 j=it1
q—1
where h; € S for all j and none term of G is divisible by any ¢4~ ', ... 77" tl1s

q—1

...,t,,* . By Combinatorial-Nullstellensatz, taking S; = K* for all j =
l,...,iand S; = {a®* | a € K*} for all j =i+ 1,...,k, we obtain G = 0.
Therefore:

g—1 gq—1
I(X7) C <t§1*1 e I S U —1>.

q—1
The other inclusion is clear. Let G = {t9' —1,... 97" — Lt; 2 —
a=t
1,...,t,> — 1}, by [3, Theorem 6,p. 85], it follows that G is a Grobner

basis for I(X}) with respect to grlex order. For d > 1 we know that Hx-(d)
is the number of standard monomials of degree less or equal to d, thus (i)

follows. The proof of (ii) is similar. O
The sets Xg,..., X7 in Proposition 5.3 are degenerate torus (see [14, Sec-

tion 4]). From Remark 5.2 and Proposition 5.3 we get that the Hilbert function
of I(X{) can be written as:

Hx(d) = BoHx;(d) + - + ByHx-(d),

where B, ..., 3y are integers independent of d and ¢. In other words, we can
write Hy; (d) as linear combination of Hilbert functions of degenerate torus.
For each i € {0,...,7} we can find an explicit formula for Hx:(d) in [14,
Section 4]; therefore if we want to find an explicit formula for Hxx (d), we just
need to find the values of By, ..., 3. 0

Example 5.4. Let K = F5 and S = K][t, 1o, t3,t4,t5]. Let:

X§ = {(x129, w23, T34, a5, 2571) | 5 € FE}.
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Let X§, X7, X3 be the sets defined in Proposition 5.3. Using Macaulay
2.0, we obtain:

d| Hx;(d) | Hx;(d) | Hx;(d) | Hx;(d)
1 6 6 6 6

2 18 17 16 21

9 128 64 32 512

Note that reg(S/I(Xg)) = 9. Then we have the following system of equa-
tions:

6 =682 + 6581 + 605
21 =188, + 1751 + 165,
512 = 128035 + 6451 + 320,

Resolving the previous system, we obtain 8y = 10, §; = —15 and £y = 6.
Using Macaulay 2.0 we can verify that for d > 1 it follows the following
equality:

Hx; (d) = 10Hx; (d) — 15Hx; (d) + 6 Hx; (d).

If we change the field K, then the last equality will remain true.
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