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Inversion of Weinstein intertwining operator
and its dual using Weinstein wavelets

Abdessalem Gasmi & Hassen Ben Mohamed & Néji Bettaibi

Abstract

In this paper, we consider the Weinstein intertwining operator iRa}d
and its dual tﬂ%“}}d. Using these operators, we give relations between the
Weinstein and the classical continuous wavelet transforms. Finally, us-
ing the Weinstein continuous wavelet transform, we deduce the formulas
which give the inverse operators of Ry and *R%?.

1 INTRODUCTION

In this paper, we consider the Weinstein operator A‘Of‘}d defined on ]Rf'f_“ =
R? x 10, +oo[, by:

&2 2a+1 9
Ox? Tar1 Oxgyq

1
Apt = =Ad+ Lo, > =5, (1)

i=1
where Ay is the Laplacian for the d first variables and L,, is the Bessel operator
for the last variable defined on |0, 4o0[ by :

Pu  2a+1 Ou 1 0 {2a+1 ou }

L()/U = —+ =
v 2 20+1 d+1
8$d+1 Td+1 a.’lfd+1 xd?f-—f 8$d+1 + 8$d+1

The Weinstein operator A(‘;‘[}d7 mostly referred to as the Laplace-Bessel differ-
ential operator is now known as an important operator in analysis, due its
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applications in pure and applied Mathematics, especially in Fluid Mechanics
[7].
The relevant harmonic analysis associated with the Bessel differential operator
L, goes back to S. Bochner, J. Delsarte, B. M. Levitan and has been studied
by many other authors such as J. Lofstrom and J. peetre [11], I. Kipriyanov
[9], K. Stempak [14], K. Trimeche [15], I. A. Aliev and B. Rubin [1].

The Weinstein intertwining operator is the operator fR%}d defined on
E.(RI¥*1) (the space of C°-functions on R+ even with respect to the last
variable) by

1 1
Vo € RT, REA(f) (@) = aa/ (1 £2)°7% f(&, twapn)dt,
0

where a,, is the constant given by :

o - T (a+1)
VAl (a+ i) @

The dual of the operator R%y? is defined on D, (R¥1) ( the space of C*-
functions on R4t which are of compact support, even with respect to the last
variable ) is given for all y = (v, ya+1) € Riﬂ by :

d Hoo a—1
REA(F)(y) = aa / (2= 42) "% £y )sds.

Yd+1

R and 'R%T are topological ismorphism on &, (R4t1) and D, (R*1), re-
spectively, and they serve as transmutation operators between the Weinstein
operator and the Laplacian operator on R4+1.

The main objective of this paper is to establish the inverse operators of
the operators fR‘O,‘[}d and tfR%}d in new functional spaces, using some pseudo-
differential operators and using Weinstein wavelets.

For this purpose, we define and study the Weinstein continuous wavelet trans-
form S;}V and we establish for this transform a Plancherel and an inversion

formulas. Using the operator fR%}d and its dual tﬂ%{',‘[}d, we give relations between
ng and the classical continuous wavelet transform S,. Using the inversion

formulas of the transforms S ;/V and S, we deduce the formulas which give the

inverse operators of fR%}d and tfR%}d, using wavelets.

The contents of this paper is as follows :

In the second Section, we recall some basic harmonic analysis results related
with the Weinstein operator developed in [2], [3] and [4].

In the third Section, we list some basic properties of the Weinstein intertwin-
. a,d . tpa,d

ing operator Ry and its dual *Ry;".



INVERSION OF THE WEINSTEIN INTERTWINING OPERATOR AND ITS
DUAL USING WEINSTEIN WAVELETS 291

In the fourth Section, we define and characterize new spaces of functions
8.0(R¥1!) and 8% ;(R™!) on which the operator RO and its dual ‘R are
bijective.

In the fifth Section, we give the definition of the Weinstein continuous wavelet
transform S;/V and we establish a Plancherel and an inversion formulas. Using
the operator infI}d and its dual tIR‘Of‘}d, we give relations between S}" and the
classical continuous wavelet transform Sy. Finally, in the last Section, using
the inversion formulas of the transforms S;/V and Sy, we deduce the formulas

. . . a,d tpa,d
which give the inverse operators of Ry and “Ry”.

2 Harmonic analysis associated with the
Weinstein-Laplace operator

In this section, we shall collect some results and definitions from the theory
of the harmonic analysis associated with the Weinstein operator A%}d defined
on R4 by the relation (1). Main references are ([2, 3, 4, 5, 8, 12, 13]).

Let us begin by the following result, which gives the eigenfunction \Il‘j\"d of
the Weinstein operator A%}d.

Proposition 1.
For all A\ = (A1, A2, ...y Aat1) € Rﬁlfl, the system

au () = —A3,u (), (3)

giw?(z):f)\?u(x), if 1<j<d
L
2u—(0) =0 and (0) = —iN;, if 1<j<d

u(0) =1

? 0xg41

has a unique solution \Iliy’d given by
Vze CHL 00 (2) = 4 M) ju Magrzarn), (4)

where z = (2',x441), 2 = (21,22,...,24) and j, is the normalized Bessel

function of index «, defined by :

VEe C, ja(§) =T(a+ 1)i¢
’ nl(n+a+1)

n=0

£

S\2n
5)

(

Remark 1. The Weinstein kernel Ay q : (X, 2) — \I/‘;\"d (2) has a unique ex-
tention to CH1 x C and can be written in the form :

S ’ 1 a—1i
Va,ye C Ay g (z,y) = aae_’<7” ) / (1—t*)" 2 cos(tras1yar1)dt,
0
(5)
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where x = (2, 2441), &' = (1,29, ...,24) and a, is the constant given by the
relation (2).

The following result summarizes some of the Weinstein kernel’s properties.

Proposition 2.
i) For all \, z € C™! and t € R, we have

Awa(XN0)=1, Aaa(X\2) =Aaa(z,A) and Mg g (N, t2) = Aga (BN, 2) .

i) For all v € N**1 2 € RT™ and z € CHH1, we have

| DY A, 2)] < 1™ exp(fl| || Im z])), (6)
where DY = ﬁ and |v| = v1 + ... + vgp1. In particular
Zl Zd+1
v,y € R, Ao a(z,y)| < 1. (7)

Notations. In what follows, we need the following notations:

e C,(R¥1) the space of continuous functions on R4*! even with respect to
the last variable.

° C*,C(Rdﬂ), the space of continuous functions on R4t with compact support,
even with respect to the last variable.

e CF(R4*t1), the space of functions of class C? on R¥*!, even with respect to
the last variable.

o &.(RI1) the space of C*°-functions on R4! even with respect to the last
variable.

e 8. (R¥*1), the Schwartz space of rapidly decreasing functions on R4+!, even
with respect to the last variable.

e D, (R¥*1) the space of C*®°-functions on R%*! which are of compact support,
even with respect to the last variable.

. Lg(R‘fl), 1 < p < 400, the space of measurable functions on Rffrl such
that

[fllace = ess sup [£(2)] < +o0,
zeR4TL
:
1
1lap = [feor F@PPdptaa(@)]” < +o0, if 1 <p < +o0,

where (i, 4 is the measure on ]Rff_“ given by :

dptg,a(z) = Ca,dxzj‘jldx, (8)
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dz is the Lebesgue measure on R**! and Cy.q is the constant given by
1
(27)% 20T (a + 1)

Coa= (9)

e H,(C4*t1), the space of entire functions on C?*!, even with respect to the
last variable, rapidly decreasing and of exponential type.

Definition 1. The Weinstein transform is given for f € L}X(Riﬂ) by
WA ERT TN = [ f@)haale Ndp,a(o), (10)
R+
where [1q 4 @5 the measure on Ri"’l given by the relation (8).

Using the properties of the classical Fourier transform on R? and of the
Bessel transform, one can easily see the following relation, which will play an
important role in the sequel.

Example 1. Let ¢y, t > 0, be the function defined by :

1 _ =12
4t

Vo € R, gy (2) = (11)

ardi1
(20)"">
Then the Weinstein transform ”J"%}d of ¢ is given by :
a, _ 2
YA e RE, Fod(h)(N) = e A7,

Some basic properties of the transform frr%d are summarized in the following
results. For the proofs, we refer to [4, 5, 6].

Proposition 3.
i) For all f € LL(R%), we have

1FE ) lasse < IFlleci- (12)

i) For m € N and f € 8,(R™1), we have
vy e REL 33 [(a5) " ] ) = O™ P OG). (13)
i) For all f in 8,(R*1) and m € N, we have
e R (859)" [FaA0] ) =P, ()

where Py (A) = (=1)™ [|IA|*™.
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Theorem 1.
i) The Weinstein transform Sf‘;‘}d is a topological isomorphism from 8, (R+1)
onto itself and from D,(RY1) onto H, (CIH1).

ii) Let f € 8.(R*Y). The inverse transform (3”3[}”1> is given by

ve e BRI (F57) T (H@) = T (o). (15)

iti) Let f € LL(RITY). If Fol(f) € LL(REHY), then we have
f@) = [ T W) e, ) ac €REL (16)
+

Theorem 2.
i) For all f,g € 8,(RI*Y), we have the following Parseval formula

f@a@duna@) = [ T ONTH @ N o). (17

d+1
RY

it) ( Plancherel formula ).
For all f € 8,(R1Y), we have :

Lo e deata = [

iii) ( Plancherel Theorem ) :
The transform 3”3[}”1 extends uniquely to an isometric isomorphism on Li(Rf‘l).

a,d 2
T NN daah). (18)

Definition 2. The translation operator T,, x € Riﬂ, associated with the
Weinstein operator A{',‘[}d is defined on C,.(R¥1Y), for all y € RE™, by :

ao [7 N2
T.f(y) = 7/ f (»"U/ +y, \/Thi + Y1 T 2T 1Yar cos 9) (sin 0)* df,
0
(19)
where ¢’ +y' = (1 + Y1, ..., Ta + Ya) and a is the constant given by (2).

Example 2. Let ¢y, t > 0, be the function given by the relation (11). Then
forall x, y € Rf‘l, we have

1 _ el +llw)?
4t

_ iy
= (Qt)a+%+1e Ao a(x, —i=). (20)

The following proposition summarizes some properties of the Weinstein
translation operator.
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Proposition 4.
i) For f € C.(R*Y), we have

Vz, y € ]Ri“, Tof(y) =Ty f (x) and Tof = f.

ii) For all f € E.(R™Y) and y € ]Ri“, the function x — T, f (y) belongs to
8*(Rd+1).
iii) We have
vz e RN ADT o T, = Ty, 0 AGY.
iv) Let f € Lﬁ(Rfl), 1 <p< 400 andzx € R‘f‘l. Then T, f belongs to
Lg(R‘f‘l) and we have
I flla < 1l

v) The function Ag.q (., \), X € CHL satisfies on Riﬂ the following product
formula:

Vy S Ri+1; Aa,d (xv >\) Aa,d (yv >‘) = T93 [Aavd ('7 >‘)] (y) . (21)

vi) Let f € LE(RTY), p=1or2 and x € ]Ri“, we have

vy € RE, F (Tef) () = A (2,9) T () () - (22)

vii) The space 8,(R*1) is invariant under the operators T, x € R4

Definition 3. The Weinstein convolution product of f,g € L}, (R‘fl) is given
by:
Vo e RE, fxw g (2) =/

) T f (—=y) 9 (v) dpta,a(y)- (23)
RYH
Proposition 5.

i) Let p,q,r € [1, +o0] such that % + % - % =1.

Then for all f € Lg(Rf‘l) and g € Lg(Ri"'l), the function f *w g belongs to
L7 (RE™) and we have

wr < [ Fllapllgllaa (24)

i) For all f,g € LLRTY), (resp.8,(R¥1Y)), f*w g € LLRI)
(resp. 8.(R*™1)) and we have

If *w gl

Fo(f #w g) = T (£) T (9)- (25)
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3 The Weinstein intertwining operator and its dual

Definition 4.
i) The Weinstein intertwining operator is the operator .’Rf,“}d defined on C, (R*+1)

by :
1 il
Vo e BRI R()@) = aa [ (1= )" @ ta)d, (20)
0
where a,, s the constant given by the relation (2)

i) The dual of the Weinstein intertwining operator is defined on D, (RH1),
for ally = (y',yar1) € RE by -
+oo

tj{%}d(f)(y) = aq / (32 — y§+1)a_% f(y, s)sds. (27)

Yd+1

Remark 2. For all v = (2/,2441),y = (¥, ya+1) € RE™, we have

Ry (e cos(2441.))(y) = Aaya (2,9) - (28)

Proposition 6.
i) R{'/“}d s a topological isomorphism from &(R‘fl) onto itself satisfying the
following transmutation relation

ASHREAL) = R Aagr f), | € EL(RED), (29)

d+1 2
where /\ = —— s the Laplacian operator on R4H1.
a1 ; 522 p p
i) 'R can be extended to a topological isomorphism from 8.(R¥T1) onto
itself and satisfies the following transmutation relation

R AWS) = Bapa (R ), | € 8(RTH). (30)
Example 3. Let 3 € R, B3>0 and fg be the function defined on Rf‘l by

4 ml(a+p+1
Vo = (¢, zap1) € R, o (@) = r(fw(la) r (Bﬁ + i) T

Then, we have .
Ry (fs) = f5-
Proposition 7. For all f € 8, (Rd“), we have

¥y € RYFL TR () = Fo o RGN (W), (31)
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where F, is the classical Fourier transform defined for f € C*,C(Rd“) by
Yy € RYT Fo(£)(y) = Cavd/ o J@eT T cos(waayain)de (32)
R

and Cy,.q is the constant given by the relation (9).

Proposition 8. For all f € 8§,(R*!) and g € D, (R¥1), we have

EREAf ww g) = "REA(S) * R (g), (33)

where x is the clssical convolution product given by :

Vo € RT™L fx g(x) = flz —y)g(y)dy. (34)

Rd+1

Proposition 9. The operators fRa’,d and tﬂ%%}d are linked by the following
relation : for f € C.(R¥*Y) and g € D, (R4,

L R nwe@aiitta = [ ®itomsma. @)

d+1
R+

4 Inversion formulas for the Weinstein intertwining op-
erator and its dual

In this section, we show that the Weinstein intertwining operator and its
dual are bijective on spaces other than &.(R%™') and D, (R¥*!) and we give
inversion formulas for these operators.

We consider the operators X and Ky, defined by :

Vo e R, K(f)(z) = Fo~ [€aFo(f)](@) (36)
and
Vo e R, Kw(f)(z) = (Fp?)  &In' (D)), (37)
where
Vo e R ¢ (z) = T g0t (38)

- 22a+1(F(a+ 1))2 d+1
Notations. In what follows, we need the following notations:

e 89(R4*1) is the subspace of 8, (R%*1) consisting of functions f such that

Vv = (v1, ..., vg11) € NP DY £(0) =0,
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lv|
where DY = aulaﬁ and |V| =V + ...+ Vd+1.
Ty 0T

e 8. 0(R4T1) is the subspace of 8.(R4T!) consisting of functions f such that
for all v € N¢+1,
/ f(z)x¥dx =0,
Rd+l
+

where for v = (v1,...,vg41) € Nt and o = (21,...,2441) € R¥!, we have
v _ Vd+1
a” = ait
o 82 o(R¥1) is the subspace of 8,(R*!) consisting of functions f such that
for all v € N+,
(x)ym, (z)dpq,qa(z) =0,

dt1
R+
where for v = (v1,...,v411) € N**1 and 2 € R4 we have

uV

)(x)

d
= Ry (1/!

and v! = vl vgql

Theorem 3. The transform tfR%}d is a topological automorphism from
89 o (R¥1) onto 8, o(RH).

Proposition 10.

i) For all f in 8.o(R4Y) and g in 8.(RITY), the function f * g belongs to
S 0(RIHL).

it) For all f in 8270(Rd+1) and g in 8,(R¥1Y), the function f *w g belongs to
80, (R+1).

Proof. We deduce these results from the relation (25), Theorem 1 and the
properties of the classical Fourier transform . O

Proposition 11.

i) The operator X, ( respectively Kw ), is a topological automorphism of
8.0(R¥Y), (respectively 89 o(RIH)).

ii) For all f in 82 ,(R*), we have :

K (f) = (*REH T 0% o LR, (39)

Proof. i) The mapping f — £ f is a topological automorphism of 8§%(R4+1).
We deduce the result from Theorem 1 and the fact that Fy is a topological
automorphism from 8, o(R%*!) onto 8%(R4*1).

ii) We obtain the result from the relations (37) and (31), and Theorem 3. [
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Proposition 12. i) For all f € 8.9 (Rd+1) and g € 8, (Rd+1), we have

K(f+g9) =X(f) *g- (40)
ii) For all f € 82 (R¥) and g € 8. (R*™), we have
Kw (f *+w 9) = Kw (f) *w g. (41)

Proof. We obtain these relations from (36), (37), Proposition 9, the relation
(25), and the properties of the classical transform Fy and of the classical
convolution product on R*T, O

Theorem 4. We have the following inversion formulas for the operators iR%}d
and tﬂ%%}d.
i) For all f € 8% o (R*), we have

=Ry R (). (42)
ii) For all f € 8.9 (Rd+1), we have
f= R R (S). (43)
iti) For all f € 8,0 (R¥), we have
f =K IRGIRG (). (44)
iv) For all f € 8% o (R*™), we have
f = KXwR" RS- (45)

Proof. i) Let f be in 8 (R¥*1). Using Theorem 1, the relations (28) and
(25), and the inversion formula for the classical Fourier Fy, we obtain for all
T € ]Ri“,

f@) = [ T 0) Aaal—y)dialo)

- /Rd+1 rf%}d(f) (v) 3Q%}d(ei<"-’/>cos(.ydﬂ))(:c)duowl(y)
= :R%}d <Ad+1 Sfa&d(f) (y) ei(.7y/> COS(~yd+1)d/La,d(y)) (:1:)

= Ry < /R 1oy T R () (e cos<.yd+1>dua,d<y>> (@)

= RUITS(ETFoo RGN (f) ()
= ROAKIREA(f) ().
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ii) From the relation (42) and the relation (25), we obtain
Vf €80 (BRI f = "R KwRG (f)-

iii) We obtain the relation (44) by writing the relation (42) for the function

Ry ().

iv) We obtain the relation (45) by writing the relation (43) for the function
tpa,d

R (). O

Corollary 1. The operator fR{'fI}dz’s a topological isomorphism from 8, o (Rdﬂ)
onto 82 o (R41).

Proof. We deduce the result from Proposition 10, i), Theorem 3 and the rela-
tion (42) O

Corollary 2. For all f in 8, (R¥) and g in 8 (R**1), we have

Ry (f * 9) = Ry () ww (R ™ (9)- (46)
Proof. Using the relations (33), (42), (40) and (44), we obtain
(R TR #w (R (9)] = KIRGRG() #w (R (9)]
= KRG Ry (f) * 9] = [K'RGRG ()] x g = f*g
Thus, we obtain the result from Corollary 1. O

5 Weinstein Wavelets and Weinstein Wavelet transform

Definition 5. A measurable function g on R‘f‘l 1s a classical wavelet on R’fjl
if it satisfies, for almost all x € Rf‘l, the condition :

o dA
0<ch= [T B0 PS < (47)

where Fg is the classical Fourier transform given by the relation (31).

Notations. We denote by :
e L'(R41), the space of integrable functions on R9*! with respect to the
Lebesgue measure.
e L2(R%+1) the space of square integrable functions on R9*+! with respect to
the Lebesgue measure.
® gus,a > 0,2 € R the family of classical wavelets on R4T! in L2(R4*1)
defined by :

vy € R, 942 (y) = Halg)(z — y), (48)
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where H, is the dilatation operator given by :

T

Vo € R, H,(g)(2) = g0() = WQ(E)-

(49)

Definition 6. Let g be a classical Wavelet on R4t in L2(RI*Y). The classical
continuous Wavelet transform S, on Rt is defined for reqular functions f
on R by -

Vo € RS, (f)(a,z) = F(Y)9a.z(y)dy, (50)

Rd+1
where gq .,a > 0,2 € R are the family given by the relation (48).

Remark 3. The transform S, can also be written in the form :

Sy(f)(a,x) = £+ g3 (x), (51)
where * is the clssical convolution product given by the relation (34).

The transform S, has been introduced in [10]. Various properties of this
transform were studied by many anthors (see [10] and [16]). In particular, we
have the following results.

Proposition 13. i)( Plancherel formula ) For all f € L*(R*!) we have :
1 [ da
[ f@P dasa) = g5 [ [ I8P e (52
Ra+1 g J0 Rd+1 a
ii)( Inversion formula ) For all f in L*(RY) such that Fo(f) belongs to

LY (R4 we have

s =g [ ([ S0enm ) . oe serit o

Here, the inner integral and the outer integral are absolutely convergent, but
possibly not the double integral.

Definition 7. A Weinstein Wavelet on R’fl is a measurable function g on
R‘f‘l satisfying for almost all x € R‘fl, the condition :

~ dx
0<C,= /0 T (@) () < oo, (54)



INVERSION OF THE WEINSTEIN INTERTWINING OPERATOR AND ITS
DUAL USING WEINSTEIN WAVELETS 302

Example 4. The function g;,t > 0, given by :
d
Vo € RE g, (2) = — 1) (55)

where ¢ is the function given by the relation (11) is a Weinstein Wavelet on
Riﬂ and we have Cg, = 8%.
Proposition 14. A function g is a Weinstein Wavelet on Ri“ mn 8 (Rd+1),

respectively 82}0 (R‘”l) if and only if the function tR{'fI}d(g) is a classical Wavelet

on R‘frl in 8 (R1), respectively 8,0 (R*™') and we have

co ,=Cy. (56)

tR (g
Proof. We deduce these results from Proposition 6, Theorem 3 and the relation
(31). O

Let a €]0,+o0o[ and g be a regular function on R%*1. We consider the
function g, given by :

1 x
d+1 _
Vr e R + ,ga(x) = Wg (a) . (57)

The function g, satisfies the following properties.

Proposition 15. i) For all g in L? (Ri+1), the function g, belongs to Li(Rf‘l)
and we have
Vo € RE, 55 (g0) (@) = T3y (9) (az). (58)
it) For all g in 8 (Rd+1) (respectively 52)0 (Rd+1)), the function g, belongs to
8 (R™1) ( respectively 82 o (R™1)) and we have
ga = (‘Riy") " 0 Hy o' Riy(9). (59)

Definition 8. Let g be a Weinstein Wavelet on Rff_“ in L?X(Ri"’l). The We-
instein continuous Wavelet transform on Ri'H is defined for regqular functions
f on Rf‘l by :

S (D) = [ 105 0deal), (60)
R+

where gq 4,0 > 0,2 € Rffl are the family of Weinstein Wavelets on Rffl m
L? (Riﬂ) given by :
Yy € Ri+1aga,z(y) = T29a(y)- (61)

Here T,z € le_ﬂ, are the Weinstein translation operators given by the rela-
tion (19).
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Remark 4. The transform S;’V can also be written in the form

Sy (f)a,x) = f*w ga(x), (62)
where xy s the Weinstein convolution product given by the relation (23).

Example 5. We consider the function ¢. given by the relation (11). Using
the relation (20), we deduce that the family g4 z,a >0,z € Ri‘H given by

Wy € BRI, gaaly) = ~T( 5 6)0) (63)

is a family of Weinstein Wavelet on Riﬂ in S (Rd“).

Theorem 5. (Plancherel formula for S}V )
For all f € L2(RE™) we have :

W
/Ri+|<>|duad //RHJS Y0 2)* dpoa(a) . (64)

Proof. Using Fubini-Tonnelli’s theorem, Proposition 9, ii) and the relations
(62), (58), we get

o[ L lsro
- Ci/“}/ T ()

- [l o @ [

On the other hand, using relation (54), we have for almost all

d+1
xeRf
1 /OO
Cy Jo

Then using the relation (18), we obtain

1 > W da/ _ 2
& L LS el e = [ 0 date)

The following theorem gives an inversion formula for the transform S;/V.

(a,x)‘ dpia,a(z / / |f *w Ga(z lduad(a:))

x)f T3 (72) )| daae)) &

T3 (0)(a)| )dpa ().

2d
fﬂ?‘vdg(ax) ;a =1

O
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Theorem 6. Let g be a Weinstein Wavelet on RE™ in L2(RE). For all f
in LL(REY), respectively L2(RET), such that ?%d(f) belongs to LL(RE™M),
respectively LY (R N L2 (R, we have

f(z) = Cl'g/o ( e+ S;/V(f)(%y)ga,:r(y)d/‘a,d(w)> %7 ae, &€ Rfrl'

(65)
The inner integral and the outer integral are absolutely convergent, but possibly
not the double integral.

Proof. Using analogous proof as for Theorem 6. III. 3 of [15] page 99, we
obtain the relation (65) O

6 Inversion formulas for the Weinstein intertwining op-
erator and its dual using Weinstein wavelets

In this section, we establish relations between the Weinstein continuous wavelet
transform S;’V on R‘fl and the classical continuous wavelet transform S, on

Riﬂ. Using the inversion formulas for the transforms S;’V and Sy, we de-
duce relations which give the inverse operators of the Weinstein intertwining
operator iR{',‘[’,d and its dual tﬂ%{'fl}d.

Theorem 7. i) Let g be a Weinstein Wavelet on Rf‘l in D (Rd+1), re-
spectively 8 (Rd“). Then for all f in the same space as g, we have for all
x € REH

S ()@, 2) = (R [Sug o) (R () @ )] (). (66)

it) Let g be a Weinstein Wavelet on Rfrl in 8 (Rd+1). Then for all f in
8o (R, we have

Vi € REL S, o) ()0 2) = (RGD S (RGN (@, )](@)  (67)

Proof. We deduce the relations (66) and (67) from the relations (51), (62) and
properties of the Weinstein convolution product. O
Theorem 8. Let g be a Weinstein Wavelet on R‘fl in 89 (Rd‘H) . Then

i) For all f in 8Y (Rd+1), we have for all x € Rf‘l

Sy (), 2) = a2 RG Sy epa i) (R () ()] ()
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ii)For all f in 8¢ (Rd+1), we have for all x € R‘fl

Seqaag (F)(a,z) = a2 IRGSK, () (R () (@, )](@)  (68)

Proof. We obtain these relations from Theorem 7, Theorem 4 and the fact
that
KR (9)e] = a2 KRG (9)a
and
Kw (ga) = a_Qa_l(:KW(g))a'

O
Theorem 9. Let g be a Weinstein Wavelet on R‘fl in 8 (R*™1) . Then:
i) for all f in 83 (RT1), we have for all v € RE
("R~ () (@)
= C%, fooo (fRi“ R%I}d[sx(tjz‘;&d(g))(f)(a, ~)](y)9a,z(y)d/‘a,d(y)) azcclxa+2§

it) for all f in 8¢ (Rd+1), we have for all x € Ri"'l

(RyH () ()
= ﬁd() Jo <f]Ri+1 RS (o) (N, -)](y)tﬁﬁ}d(g)a,m(y)dua,d(y)) .

t )
JZWg

Proof. We deduce the relations (69) and (69) from Theorem 8, Theorem 3 and
the relation (53) O
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