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Eigenvalues for Finsler p-Laplacian with zero
Dirichlet boundary condition
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Abstract

In this paper we analyze the problem —Qpu(z) = Au(z) when z € Q
with u(z) = 0 when z € 89, where Q C RY is a bounded domain, Q,

stands for Finsler p-Laplacian and p € (%, oo) \ {2} is a given real
number. Using adequate variational methods we show that the set of
eigenvalues of this problem is the interval (0, c0).

1 Introduction and main result

The goal of this paper is to investigate the eigenvalue problem

—Qpu(z) = du(x), for xz € Q 1
u(z) = 0, for z € 99, (1)

where QO C RY(N > 3) is a bounded domain with smooth boundary, X is a

positive real number and p € (%, oo) \ {2}. We recall that

Yo
Qpui=Y o (H(Vu)P~'H,,(Vu)),
i=1 g

denotes the Finsler p-Laplacian, where H is a Finsler norm, i.e. H : RY —
[0,00) is a convex function of class C?(R™\{0}) even and homogeneous of

Key Words: eigenvalue problem; p-Laplacian; weak solution.

2010 Mathematics Subject Classification: Primary 35J60; Secondary 35J92; 35J20.
Received: April, 2014.

Revised: May, 2014.

Accepted: June, 2014.

231



EIGENVALUES FOR P-LAPLACIAN WITH ZERO DIRICHLET BOUNDARY
CONDITION 232

degree 1 (we refer to a paper by Ferone and Kawohl [4] for the properties
of Finsler norms and for some examples). For H(x) = |z| (here | - | denotes
the euclidian norm in RY), we have Q,u = Ayu = Zfil % (|VulP=2Vu),
where A, denotes the usual p-Laplacian. Note that if H(z) = Tx\ and p =2 it
is well-known that problem (1) possesses an unbounded sequence of positive
eigenvalues (see, e.g. Brezis [2, Theorem IX.31] or [3])

0< AP <M< <AP <.

Consequently, in this case we deduce that the set of eigenvalues of problem
(1) is discrete. Moreover, each eigenfunction corresponding to any eigenvalue
AP with k > 2 changes sign in Q.

Definition 1. We say that A € R is an eigenvalue of problem (1), if there
exists u € Wy () \ {0} such that

/Q (H(Vu))P"2VH(Vu)Vp dz = A /Q up dz, (2)

for all p € Wol’p(Q). Such a function u will be called an eigenfunction corre-
sponding to the eigenvalue \.

? N+2
of problem (1) in the sense of Definition 1 since in that case the integral from
the right-hand side of relation (2) is not correctly defined. In the context of our
approach this situation is related with the fact that the Sobolev embedding
of WyP(Q) in L?(Q) fails to hold if 2 > Np/(N — p) (see, e.g. [2, Theorem
IX.16] or [3)).

Remark. Note that for N > 3 and p € (1 2N ) we can not define a solution

The main result of this paper is given by the following theorem:

Theorem 1. The set of eigenvalues of problem (1) is given by the inter-
val (0,00). Moreover, each eigenvalue possesses a nonnegative corresponding
eigenfunction.

Remark. By Theorem 1 we deduce that for each p € (ﬁ—fwoo) \ {2} the

set of eigenvalues of problem (1) is a continuous family. Moreover, for each
eigenvalue we can find a corresponding eigenfunction which does not change
sign in 2. This is in sharp contrast with the situation which occurs for p = 2.
Note also that our main result complements some known results by Otani [5]
where the particular case H(x) = |z| was investigated.
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2 Proof of the main result

First, note that if a real number X is an eigenvalue of problem (1) then it is
positive. This is a simple remark of the fact that if we replace ¢ with the
corresponding eigenfunction u # 0 in relation (2), we get A > 0.

Next, our approach will be based on a method described in [8, pp. 118-119]
(see also [9]).

We consider the minimization problem
Minimize / (H(Vu))P dz, (3)
Q

under the assumptions u € W, *(Q) and l|ullp2() = 1.
We will show that the solutions for problem (3) are also solutions of prob-
lem (1).

Lemma 1. If there exists u > 0 a solution of problem (8), then it is a solution
of problem (1) with

A= inf /Q(H(Vw))p dx. (4)

wGWOI’P(Q)7|\wHL2(Q):1

Proof. Let u € WyP() be a solution of (3), i.e. [ullr2@ = 1 and
Jo(H(Vu))P dz = X. We fix ¢ € WyP(Q) arbitrarily. Define f : R — R
by

p
2

fle) = /(H(V(u +ep)))P dx — A (/ (u + ep)? d:c)
Q Q
Clearly, there exists § > 0 such that u + ep # 0 for all € € (—04,6). By (4) we

deduce that
fQ(H(Vw))p dx

R
2

A= inf
weWs PO} ([, Jw|? da)

Then f(e) >0,V e € R and f(0) =0, so e = 0 is a global minimum point for
f. By Fermat’s theorem we get that f'(0) = 0. We deduce that

Fo=p /Q (H(V(u+ )PV H(V(u + ep)) Vep da

7/\2 (/Q(u + ep)? dx)

(NS}

-1

2 / (u+ ep)p dx.
Q
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Therefore
0=f'(0)= p/ (H(Vu))P"2VH(Vu)Ve dx — )\p/ up dz,
Q Q

which proves that w is a solution for problem (1). O
Lemma 2. There exists u € Wy () \ {0}, u > 0 solution of problem (3).

Proof. Let {un}, € WyP(Q) be a minimizing sequence for A, that is
|unllz2() =1, for every n and /(H(Vun))p de — Xasn — co.
Q

S0, {tin }n is bounded in W, * (), which implies that there exists u € Wy ()
such that u,, converges weakly to u in VVO1 P(Q). Since H is convex the fact
that u,, converges weakly to u in W, (Q) implies

/ (H(Vw)? dz < liminf / (H(Vun))? de.
Q Q

n—oo

As W, P(Q) is embedded compactly in L2(Q) for p € (%,oo) \ {2}, we

deduce that u, converges strongly to u in L*() and as |[un||r2(0) = 1, we
conclude that ||u|[z2(q) = 1. From the definition of A we obtain

A= / (H(Vu))? dz.
Q
We can take |u(z)| instead of u(z) and conclude that problem (3) has a solution
u(z) > 01in Q. O

Theorem 2. Let Q2 C RN (N > 3) be a bounded domain with smooth boundary
and p € (%, oo) \ {2}. Then, for every u >0, problem

Qo) = (@), forweQ
v(z) =0, for x € 0Q (5)
v(z) >0, forxz €,

has a nontrivial solution.

Proof. By Lemmas 1 and 2, there exists u € W, ?(Q) \ {0}, u > 0, a solution
of problem (1) with

Aim inf /S (H(Vw)) da,

weW, " (), lwllL2(@)=1
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and [,(H(Vu))P~2VH(Vu)Ve dz = X [, up dz for all ¢ € WyP(Q).

Consider 1 > 0 fixed. Let ¢ > 0 such that =2 = £ and v := tu, v €
WyP(€2)\ {0}. Since H is homogeneous of degree 1 (i.e., H(tx) = |t|H(x) for
all t € R and all £ € RY) we find that

/ (H(Vv))P2VH(Vv)Ve dx = tP~! / (H(Vu))P"2VH(Vu)Vy dx
Q Q

:tpfl)\/ucp dx:tpfl)\/ Egp dz
Q ot

=tP2\ [ vpdx
Q

:,u/vgodx, Vo e WiP(Q),
Q

which concludes the proof. O

2.1  An alternative proof of Theorem 1 in the case p € (2,00)

In order to analyze problem (1) when p € (2, 00) we can also use the so-called
Direct Method in the Calculus of Variations (see [6, Theorem 1.2]).

Theorem 3. Assume X is a reflexive Banach space and let M C X be a
nonempty, weakly closed subset of X. Assume I : M — R U {oo} is coercive
on M with respect to X and weakly lower semi-continuous on M with respect
to X. Then, I is bounded from below on M and attains its minimum in M.

In order to apply Theorem 3, we define for each arbitrary but fixed A > 0
the energy functional .J : Wy *(Q) — R by

J(u) = %/Q(H(Vu))p dx — %/QuQ dz, ¥ u e Wy P(Q).

We establish some basic properties of J.

Proposition 1. For each A\ > 0, the functional J is well-defined on Wol’p(Q)
and J € CH(WyP(Q) \ {0}, R) with the derivative given by

(J'(u), o) = /Q(H(Vu))’FZVH(Vu)VgD dx — /\/Qucp dz,

for all u € Wol’p(Q) \ {0} and p € Wol’p(Q).
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The proof of Proposition 1 follows from two results which can be found in
Badiale and Serra [1, Theorem 2.6.4] and Willem [7, Proposition 1.12]. We
recall their proofs for readers’ convenience.

Lemma 3. Let Q C RN (N > 3) be an open set. Forp > 2, define a functional
G:WyP(Q) =R by

Glu) = /Q (H(Vu))? da.

Then G is differentiable in Wy?(Q) \ {0} and

(G'(u),v) = p/Q(H(Vu))p_QVH(Vu)Vv dr,

for allu e Wol’p(Q) \ {0} and v € Wol’p(Q),

Proof. We consider the function ¢ : RY — R, defined by p(r) = H(z)P. It
is a Cl-function and Vip(z) = pH(z)P~2V H(z), so that, for all z € RV \ {0}
and y € RY,

lim oz + ty) — o(z)
t—0 t

As a consequence for each u € Wy P(Q) \ {0} and ¢ € WyP(Q) we have

L H(V(u(@) + (@) — (H(Vu()?
t—0 t

= pH ()P "2V H (x)y.

= pH(Vu(2))"*VH(Vu(z)) V() ,

a.e. in . By the mean value theorem there exists § € R such that |0| < |¢|
and
‘ (H(V(u+tv)))” — (H(Vu))?
4

< p|(H(V(u+ 6v))P>VH(V(u+ 0v))Vo|

< C((H(Vw)P~ Vol +|VolP) € LYQ).
By the dominated convergence theorem of Lebesgue we obtain

i [ (V0 00) = (T
t—0 Jq t

dx = p/ (H(Vu))P~2VH(Vu)Vv dz,
Q
so that G is Gateaux differentiable and

(G'(u),v) =p / (H(Vu))P"2VH(Vu)Vv dz.
Q

We have now to prove that G’ : W, *(2) — [W'?(Q)]’ is continuous. To this

aim we take a sequence {uy}r in W) "P(Q) such that u, — u in Wy?(Q). In

particular we can assume, as usual, that up to subsequences,
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e Vu, — Vuin (LP(Q))N as k — oo;
o Vui(z) = Vu(z) a.e. in Q as k — oo;

e there exists w € L'(Q) such that |Vug(z)|P < w(z) a.e. in Q and for all
keN.

‘We have

() — Glup)v) = p /Q (H(Vu)P~2V H(Vu) Vo da
*P/Q(H(Vuk))pﬂVH(Vuk)Vv dx

and by Holder’s inequality we get

/Q (H(Vu))P"2VH(Vu) — (H(Vuy))P *VH(Vuy)) Vv dz

p—1

14

- (/Q |(H (V)P "2V H (Vug) — (H (V)P >V H (V) |7 d:c)

1
</ [Vul? dx) ’
Q
p=1

< ( (V)P 9 (Tu) — (H(F0)2TH(T)| dx) " 1ol
so that

1G" (1) = G"(un)ll = sup { (G (u) — G"(w), v)| 3 v € WHP(Q), [Jo]| =1}

p—1
p

< ( /Q |(H(Vug)P~2V H (V) — (H(Vu)P-2VH (V)| 71 dx)
Now we know that
(H(Vug(2)))P"2VH (Vug(2)) = (H(Vu(z)))P~*VH(Vu(z))
almost everywhere in 2, and that

[(H (V)2 H(Vur) - (H(Va)P 2V H (Vo) |71

C((H(Vug))” + (H(Vu))")

<
< Clw+ (H(Vu)P) € LHQ).
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By Lebesgue’s dominated convergence theorem we obtain
/ |(H (Vuy))P "2V H (V) — (H(Vu))P2VH (V)| 7T da — 0,
Q

and hence ||G'(u) — G’ (ug)|| — 0. This holds for a subsequence of the original
sequence {ug}, but, actually, we can obtain that G’ is a continuous function,
so that G is differentiable with the derivative given by

(G (u),0) = p /Q (H(Vu)P~2VH(Vu) Vo da.

Lemma 4. Let Q be an open subset of RY. The functional
H(u) = / u? dx
Q
is of class C*(L*(Q2),R) and
(H'(u),h) = 2/ uh dx, Y u, h€ L*().

Q

Proof. Existence of the Gateaux derivative. Let u,h € L*(Q). Given
z € Qand 0 < |t| < 1, by the mean value theorem, there exists A € [0, 1] such
that

|u(@) + th(z)[* — Ju(z)]®
I
< 2(fu(z)[ + |h(z)])|h(z)].
Holder’s inequality implies that
(lu(@)] + [h(@)])[A(x)| € L} ().
It follows then from Lebesgue’s theorem that

(H'(u),h) = 2/ uh dz.

Q

= 2fu() + Mh()||h(z)|

Continuity of the Gateaux derivative. Let us define f(u) := 2u. Assume
that u, — u in L?(Q). Then f(u,) — f(u) in L?. We obtain, by Holder’s
inequality,

(I (un) = I (w), h)] < | f(un) — f(u)| L2 Rl 20,
and so

||9{,(Un> - j{/(U)H < |f(un) - f(U)|L2(Q) — 0, asn — oo.
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Combining Lemmas 3 and 4 we infer that Proposition 1 holds true.

Proposition 2. If J € CY(Wy*(Q) \ {0}, R) possesses a global minimum, on
WoP() achieved in ug € Wy () \ {0}, then ug is a critical point of J.
Proof. Let ¢ € WO1 "P(Q) be arbitrary but fixed. We define the function f :
R — R by
1 A 9
fle) = J(ug + ep) = , (H(V(ug + €p)))P dx — 3 (ug + ep)” dz.
Q Q

The function f has a minimum at e = 0 and is differentiable with the derivative
given by

fle) = lim J(uo + ep) — J(uo)

e—0 €

/ (H(V(uo + €9)))P>VH(V(ug + €p)) Ve dx — )\/ (ug + @) do .
Q Q

= (J'(uo + €p), )

Therefore
0= £0) = [ (H(Tu)l T HVu) Vo do =\ [ wap do = (' (u0). ).
Q Q
which implies that ug is a critical point for J. O

Lemma 5. The functional J is coercive (i.e. limHuHW oo J(u) = 00) on

5P (@)
Wy ().
Proof. We know that

J(u)zl/Q(H(Vu))p dm—g/lﬂ dx

Q

1

A
=~ [ (H(Vw)? dz — Z|u|[F2(0)-
= [ @y de= Sl

Since any two norms are equivalent on R we infer that for H defined as above
there exists a positive constant k such that

/(H(Vu))P da > k/ IVl dz = k|ul” ..
Q Q Wo

We recall here that for every 2 < p < oo, VVO1 P(Q) is continuously embedded
in L?(Q) (see, e.g. [2, Corollary IX.14] or [3]), i.e. there exists ¢ > 0 such that
l|ullp2 () < c|\u||W3,p(Q). Taking into account the above facts, we obtain

2
Ac 9

k P
J(’LL) > ];||u|‘w(}yp(9) - 7”“”1/{/(}4’((2)'



EIGENVALUES FOR P-LAPLACIAN WITH ZERO DIRICHLET BOUNDARY
CONDITION 240

From this inequality and taking into account that p > 2, we deduce that J is
coercive. |

Lemma 6. The functzonal J is weakly lower semi- contmuous (Z e. for every
sequence {ty}nen C Wy P(Q) converging weakly to u € Wy (Q), we have
J(u) <liminf, o J(uy)) on WyP().

Proof. We take {t }nen C Wy () converging weakly to u € Wy (). Since
H is convex by [2, Proposition IIL.5 (iii)] we have

1 p NS | u- NP dr
7/9(H(Vu)) dr < liminf /Q(H(V )P d. (6)

p n—oo p

Since W, () is compactly embedded in L2(Q) (see [2, Theorem IX.16] or
[3]), we obtain that {u,} converges strongly to u in L?(£2). It follows that

Ao Ao
2/Qund96—>2/ﬂu dx. (7)

From relations (6) and (7), we conclude that

J(u) < liminf J(uy).

n—oo
O

Lemma 7. There exists 6 € WP (Q) \ {0} such that J(0) < 0.
Proof. Let 6 € Wy*(Q) \ {0} be fixed. For each t > 0 we have

tr A2

J(t0) = —/(H(Vﬁ Pdm——/ 62 d
p Ja
1

Asp>2 foranyt € ( {%} p2) we have J(t6) < 0. O

PROOF OF THEOREM 1 (WHEN p € (2,00)). By Lemmas 5 and 6 we
deduce that J is coercive and weakly lower semi- contlnuous on W P(Q). Then
Theorem 3 implies that there exists a point uy € W, *(2) such that J(uy) =
min,, ¢ 10 (q) J(v). Since J(uy) = J(Jur|) we may assume that uy > 0 in Q.

By Lemma 7 we obtain that there exists § € W,?(Q) such that J(#) < 0.
By these remarks we can say that J(uy) < 0, which implies uy # 0. As J €
CY (W, P(2) \ {0},R), by Proposition 2, (J'(uy),v) = 0, for any v € Wy (Q)
and thus u) is a nontrivial weak solution of problem (1).
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Finally, note that the Direct Method in Calculus of Variations can not be
2N 2
N+2°

this case we can not establish the coercivity of the functional J which is an
essential requirement in Theorem 3.

applied in order to prove Theorem 1 when N > 3 and p € ( ) since in

Conclusion. In this paper we emphasized two different situations regarding
the nature of the spectrum of the eigenvalue problem (1). More precisely, first,
we recalled the well-known fact that if H is the euclidian norm on RY and p = 2
then the spectrum of problem (1) is discrete and, next, we showed that if H is

a general Finsler norm and p € (%, oo) \ {2} then the spectrum of problem

(1) is continuous. Moreover, regarding the corresponding eigenfunctions we

pointed out the fact that they change sign when p = 2 and we showed that

2N

they are one-signed when p € (W’

oo) \ {2}. In particular, we extended

some known results from Otani [5] to the case of Finsler p-Laplacian.
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