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Abstract

In this paper, we construct a helicoidal surface of type I with pre-
scribed weighted mean curvature and Gaussian curvature in the Minkowski
3—space R? with a positive density function. We get a result for mini-
mal case. Also, we give examples of a helicoidal surface with weighted
mean curvature and Gaussian curvature.

1 Introduction

It is well known that a helicoidal surface is a generalization of a rotation
surface and has been studied in R? as well as in the other spaces with special
conditions. Firstly, a helicoidal surface in Euclidean 3—space has been studied
by Do Carmo [4]. Then, the helicoidal surfaces with prescribed mean and
Gaussian curvature in Minkowski 3—space has been studied by Beneki et. al.
[2] and Ji et. al. [7]. Also, the helicoidal surfaces with prescribed mean and
Gaussian curvature in Euclidean 3-space with density have been studied by
Won Yoon et. al. [15]. One can refer to [1, 5, 8] for more details.

Recently, the studies in Riemannian manifolds with density have arisen.
A manifold with a positive density function e¥ used to weight the volume
and the hypersurface area. For more details on manifolds with density, see
[6, 9, 10, 11, 12, 13, 14].
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In Minkowski 3—space with density e?, the weighted mean curvature is
given with

1
HiP:H_§<N?v(p>

where H is the mean curvature of the surface, N is the unit normal vector
of the surface and /¢ is the gradient vector of ¢ [13]. If H, = 0 then the
surface is called weighted minimal surface. The weighted Gaussian curvature
with density e? is

G, =G—-Ayp

where G is the Gaussian curvature of the surface and A is the Laplacian
operator [3].

In this paper, we study helicoidal surfaces in Minkowski 3—space R} with
density e, where p = —x% —z3. Firstly, we consider helicoidal surfaces of type
I, defined in [2]. Then, we construct a helicoidal surface of type I with
prescribed weighted mean and Gaussian curvature. Finally, we give examples
to illustrate our result.

2 Preliminaries

Minkowski 3—space R} is the real vector 3—space R® provided with the
Lorentzian metric
ds® = —dz? + da + da?

where (21,72 x3) is a rectangular coordinate system of R3.

For a given plane curve and an axis in the plane in R}, a helicoidal surface
can be constructed by the plane curve under helicoidal motions g; : R —
R$,t € R around the axis. So, a helicoidal surface is non-degenerate and
invariant under g;,¢# € R one-parameter subgroup of rigid motions in R3.
There exist four kinds of helicoidal surfaces in R which are defined by Beneki
et. al. [2] and these are called type I, type I, type I1I , type IV. In this
study, type IT is considered which has the spacelike axis of revolution and the
profile curve lies in the xox3—plane. In addition, a helicoidal surface is called
type I since discriminant of the first fundamental form is positive [2].

Let v be a C?—curve on zox3—plane, of type v (v) = (0,v,g (v)),v € I for
an open interval I C R — {0} . By using helicoidal motion on 7, we can obtain
the helicoidal surface as

coshu sinhu 0 0 0
r(v,u) = | sinhu coshu 0 v +] 0 (2.1)
0 0 1 g (v) cu
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with zg—axis and a pitch h € R, so the parametric equation can be given in
the form
r (v,u) = (vsinhu,vcoshu, g (v) + cu). (2.2)
We can calculate the mean curvature H, the Gaussian curvature G and the
unit normal of surface as
14+ 9/2) ’U29/ _ (02 _ ’1)2) vg” _ 2029/
2[e2 =02 (1+g7)*
3.

vV°g'g +62
2 02 (14 g2))

L

G=—-

and

N =— (¢’ (v)vsinhu — ccoshu, ¢’ (v) vcoshu — csinhu, —v
NG (9" (v) .9 (v) )
respectively, where ¢? —v? (14+¢?) > 0 and w = ¢ —v? (1 4 ¢) [2]. We
assume that M is a surface in R} with density e?, where ¢ = —2? — 3. By
considering density function, we can calculate the weighted mean curvature
H, and the weighted Gaussian curvature G, as

(U2 _ 62) ,Ug// + (,02 _ 21}4) g/3 + (’U2 _ 202 _ 2,04 + 2621}2) g/

H, = W (2.3)
and ’Ugg/g” + 62
G¢ = —T + 4, (24)
respectively.

3 Helicoidal surfaces with prescribed weighted mean or
Gaussian curvature

Theorem 3.1. Let v(v) = (0,v,g(v)) be a profile curve of the helicoidal
surface given with r (v,u) = (vsinhu,vcoshu,g(v)+cu) in R} with den-
sity e~ and H,(v) be the weighted mean curvature. Then, there exists
2—parameter family of helicoidal surface given by the curves

V2 — 2 (—vae_"’szdv +cl)

2
v2 + €2 (=2 [ve " Hydv + c1)

+CQ

eU
’Y(/UaHtp(/U%cacl?cQ) = /0707:F/
v

Conversely, for a given smooth function H,(v), one can obtain the two-parameter
family of curves v (v, H,(v),c,c1,c2) being the two-parameter family of heli-
coidal surfaces, accepting H,(v) as the weighted mean curvature ¢ as a pitch.
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Proof. Let’s solve the equation (2.3) which is second-order nonlinear ordinary
differential equation. If we apply A = % into the equation, then we get

Hy= =2 A+ (~1+0%) A, (3.1)

The equation (3.1) becomes a first-order linear ordinary differential equation
with respect to A and we rewrite the equation as follows

2 2
A/ + (’U — 2’[}) A = —;Hw (32)

We get the general solution of the equation (3.2) as

'112
A= (—2/1}6_”2H¢dv + cl> , (3.3)

02
where ¢; € R. By using A = % and the equation (3.3), we obtain
2 2 .2 2
v2 +€2U2 (—2/1}671}2H(‘0d’0+ c1) :| g’2 (v) = w (—2/U67U2H¢dv +01>
v
(3.4)

and integrate the equation (3.4), we get

/ i ( vt Cl) dv+c (3.5)
% -

v2 + e2v? (=2 [we v Hydv + 01)2

where ¢c; € R.

On the contrary, for a given constant ¢ € R — {0}, a real-valued smooth
function H, (v) defined on an open interval I C R* and an arbitrary vg € I,
there exists an open subinterval vg € I’ C I and an open interval J C R which

contains
c) = (2/’06”2de1}> (vo)

2
F(v,¢1) =v° + e (—2/U6_1}2H@d1}+01) >0

such that

for arbitrary (v,c1). Since F (vo,c}) = v? > 0 and F is continuous, F is

positive on I’ x J C R2. Thus, 2-parameter family of the curves can be given
as

—v2 2fve_”2H¢dv+cl)
dv+ca | .

v (v, Hy(v),¢,c1,c2) = Ov:F/
\/ + e2v? 2fve*”2H¢dv+cl)2
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O

Corollary 3.2. Let M be a minimal helicoidal surface in R3 with density
e~ 1773 Then M is an open part of either a helicoid or a surface parametrized

by
2 Vo> S
r(v,u) = (v sinh u, v coshu, F Mdv +co + cu>
where c1,co € R.
Example 3.3. Consider a helicoidal surface with the weighted mean curvature
0% -1
v

Hy,(v) =

and the pitch ¢ = 1 in R} with density e~Ti—73, By considering the equation
(3.5), we get v(v), hence we obtain the parametrization of the surface as
follows

r(v,u) = | vsinhw, v coshu, —
(v, u) ( 7

VI—v2+1n(v) —In(1+v1—10?) +u>

and the figure of the domain

O<wv<l1
—B<u<3

is given in Figure 1.

Figure 1: The helicoidal surface with the weighted mean curvature
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The difference between H and H, of the helicoidal surface with density
can be seen in Figure 2.

Figure 2: H (Green) and H,, (Blue)

Theorem 3.4. Let v(v) = (0,v,¢9(v)) be a profile curve of the helicoidal
surface given with r (v,u) = (vsinhwu,vcoshu,g (v) + cu) in RY with density
e V" and Gy, (v) be the weighted Gaussian curvature at (0,v,g (v)). Then,
there exist the 2—parameter family of the helicoidal surface given by the curves

1
1 (02 — U2) (41}2 + QIUG’wdv—i-q) +c22
7G » &y ) = 07 ) - d
7 (0.Gp(0),c,c1,2) ( ¥/{ R e vt

here, ¢1 and co are constants. Conversely, for a given smooth function
Gy (v), one can obtain the 2—parameter family of curves v (v,Gy(v),c1,c2)
being the 2—parameter family of helicoidal surfaces, accepting G, (v) as the
weighted Gaussian curvature ¢ as a pitch.

Proof. Let’s solve the equation (2.4), which is second-order nonlinear ordinary
differantial equation. If we substitute

2
v2g” — 2

B—-_ 9 —°“
6271}2 (1+g/2)

(3.6)

into the equation (3.6), then we obtain

1
G,=—B +4
£ +
that is,
B' = 2vG,, — 8v. (3.7)
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We get the general solution of the equation (3.7) as
B= -4+ Q/UGwdv +a (3.8)

where ¢; € R. By using the equation (3.6) and the equation (3.8), we get
v? (1 — 40?4+ 2/7JG¢>d’U + c1> 9/2 = (02 — ’U2) (—41}2 + 2/UG¢d’U + cl) +c2. (3.9)
From (3.9) we obtain

1
2

dv+ce  (3.10)

v 1—4v2+2 [vGudv + 1

g(v)::F/?lj [(c —v)(—4v +2fUG¢dU+Cl)—|—C

where ¢; € R.

On the contrary, for a given h € R and a smooth function G, (v) defined on
an open interval I C R™. An arbitrary vy € I, there exists an open subinterval
vg € I' C I and an open interval J C R which contains

ch=- (—41)2 + 2/vG¢dv> (vo)

F(v,cl):1—4v2—|—2/vadv>0

such that

is defined on I’ x J and it is easily seen F is I’ x J C R2. Thus, 2—parameter
family of the curves can be given as
1
2
dv + cg)

2 —0?) (402 4 2 [vGyd 2
’Y(U,Gw(’u),c,chcz)(’U,O,:F/’llj|:(c U)('U + f’U tp’U+Cl)+C
where (v,¢1) € I' x J,ca € R,c € R and G, is smooth function. O

14402 +2 [vGpdv + 1

Example 3.5. Consider a helicoidal surface with the weighted Gaussian cur-
vature
(1+22) (1+3v% +v* +05)

+4
(=1 + vt 4 06)?

Gw(v) ==

in R} with density e~*1=73. By using the equation (3.10), we obtain g (v) =
arctanv for ¢ = 1,¢; = 0,¢co = 0 and we obtain the parametrization of the
surface as follows

r (v,u) = (vsinhu, v cosh u, arctan v + u) .
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The figure of the surface of the domain

-b<v<bh
—l<u<l1

is given in Figure 3. The difference between G and G, of the helicoidal surface
with density can be seen in Figure 4.

Figure 3: The helicoidal surface with the weighted Gaussian curvature
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Figure 4: G (Green) and G, (Red)

4  Conclusion and future work

In this paper, using density e*m%*mg, we construct a helicoidal surface of type
I'™ with prescribed weighted mean curvature and Gaussian curvature in the
Minkowski 3—space R} with a positive density function. By using different
density functions, different helicoidal surfaces can be obtained in a manifold
with density. Besides, in a similar manner to in this paper one can study
helicoidal surface for type Il,III and IV .
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