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CRACK PROPAGATION IN THE HUMAN
BONE. MODE I OF FRACTURE

E.M. Craciun1, A. Rabaea2, M.F. Popa1,∗, C.I. Mihailov1

Abstract

The problem of crack propagation in human bone is studied. We for-
mulate and solve the mathematical problem for the pre-stressed crack in
Mode I of classical fracture. Using the boundary conditions on the crack
faces in the bone, regarded as an elastic composite material, we solve
our Riemann-Hilbert problem. Using generalized Sih’s strain energy
density generalized and maximum stress criteria we find the direction
of the crack path in Iliac bone, regarded as a pre-stressed orthotropic
composite.

1 Introduction

Fracture of bones represents a current interest in Biomechanics, [4], [16]-[17].
Bone defects, i.e. holes and cracks, constitute a frequent problem in hu-

man and veterinary medicine. Bone is a complex material, a hard connective
tissue and forms rigid skeleton. It could be regarded as an anisotropic elastic
composite material, [16].

In the literature, using analytical, numerical or experimental researches
the modelling of composite materials and of the cracked composite materials
was intensely studied in the last decades, [1]-[3], [5]-[10].

Crack initialization, critical forces that produces crack instability and crack
propagation direction are most important subjects for mathematical modelling
of Fracture mechanics. We consider that the admissible equilibrium states of
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our body are plane strain states relative to Ox1x2 plane. In this case the
equilibrium states can be represented by two complex potentials defined in
two complex planes, [8], [11]-[14].
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Figure 1: Pre-stressed crack acted in mode I of Fracture

Using Sih’s generalized strain energy density criterion and generalized max-
imum tensile stress criterion we find the direction of the crack path for a pre-
stressed crack in mode I of Fracture being in Iliac bone. Both generalized
crack propagation criteria furnish us that the crack will propagate along its
line.

2 Representation of the incremental fields. Mode I of
Fracture

In this Section, following [8], [11], we present the incremental plane state
for a pre-stressed homogeneous anisotropic material.

Our body is characterized by the following governing equations:
incremental equilibrium equation

div ϑ = 0 or ϑkl,k = 0, k,l = 1, 2, 3 in B, (1)

incremental constitutive equation

ϑ = ω∇uT or ϑkl = ωklmnum,n, k,l,m,n = 1, 2, 3. (2)

mixed incremental boundary conditions

u = v or uk = vk on S1 and sn = ϑTn = l or snl = ϑklnk = ll on S2. (3)
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In above equations, we denote by ϑ = ϑ (x) and respectively by ϑkl,k incre-
mental nominal stress tensor and the derivative of its components, respectively,
by u = u (x) and respectively by um,n the incremental displacement field and
the derivative of its components, respectively. The incremental displacement
imposed on the part S1 of the boundary ∂B we denoted by v = v (x) and
the incremental dead traction imposed in the complementary part S2 of the
boundary by l = l (x).
The expressions of the components of the instantaneous elasticity are given by

ωklmn = cklmn + σknδml, (4)

where cklmn are the components of the elasticity tensor c of the considered
linear, hyperelastic material and σkn are the components of the Cauchy’s stress
tensor σ corresponding to the initial deformation.

In what follows, we shall assume that the material is orthotropic, the sym-
metry planes being the coordinate planes and using the Voigt’s convention the
incremental constitutive equation is:

ϑ1
ϑ2
ϑ3
ϑ4
ϑ5
ϑ6

 =


C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66




ε1
ε2
ε3
ε4
ε5
ε6

 . (5)

We have the following expressions of the non-vanishing independents compo-
nents of the stiffness matrix [C] of an orthotropic material, as function of its
engineering constants:

C11 =
1− ν23ν32
E2E3∆

, C12 =
ν21+ν31ν23
E2E3∆

=
ν12+ν32ν13
E1E3∆

,

C13 =
ν31+ν21ν32
E2E3∆

=
ν13+ν12ν23
E1E2∆

,

C22 =
1− ν13ν31
E1E3∆

, C23 =
ν32+ν12ν31
E1E3∆

=
ν
23+ν21ν13
E1E2∆

, (6)

C33 =
1− ν12ν21
E1E2∆

,

C44 = G23, C55 = G13, C66 = G12,

where

∆ =
1− ν12ν21 − ν23ν32 − ν31ν13 − ν21ν32ν13 − ν12ν23ν31

E1E2E3
. (7)
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In what follows we consider that our orthotropic material is in an incre-
mental plane strain state relative to the plane Ox1x2. In this case it is charac-
terized by the two nonvanishing components of the incremental displacement
field

u1 = u1 (x1, x2) , u2 = u2 (x1, x2) . (8)

The only nonvanishing components of the incremental nominal stress are

ϑ11 = ω1111u1,1 + ω1122u2,2, ϑ21 = ω2112u1,2 + ω2121u2,1
ϑ12 = ω1212u1,2 + ω1221u2,1, ϑ22 = ω2211u1,1 + ω2222u2,2
ϑ33 = ω3311u1,1 + ω3322u2,2.

(9)

The only incremental equilibrium equations that must be satisfied are

ϑ11,1 + ϑ21,2 = 0, ϑ12,1 + ϑ22,2 = 0 in S, (10)

or, equivalently,

ω1111u1,11 + ω1122u2,21 + ω2112u1,22 + ω2121u2,12 = 0,
ω1212u1,21 + ω1221u2,11 + ω2211u1,12 + ω2222u2,22 = 0.

The only involved instantaneous elasticities are

ω1111 = C11 + σ, ω2222 = C22, ω1122 = ω2211 + C12,
ω1212 = ω2121 + C66, ω1221 = C66 + σ, ω2112 = C66,
ω3311 = C13, ω3322 = C23,

(11)

σ being the pre-stress acting in direction of Ox1 axis.
The equilibrium equations can be expressed in the following operatorial form:

P11u1 + P12u2 = 0, P12u1 + P22u2 = 0 (12)

with

P11 = ω1111
∂2

∂x21
+ ω2112

∂2

∂x22
, P12 = (ω1122 + ω2121)

∂2

∂x1∂x2
,

P21 = (ω1212 + ω2211)
∂2

∂x1∂x2
, P22 = ω1221

∂2

∂x21
+ ω2222

∂2

∂x22
.

(13)

We introduce now the independent complex variables

z1 = x1 + µ1x2, z2 = x1 + µ2x2. (14)

From these relations, we get

z1 = x1 + µ1x2, z2 = x1 + µ2x2. (15)
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Since µ1 6= µ2, we can see now that the differential equation can be ex-
pressed in the following equivalent form:

∂4ϕ

∂z1∂z1∂z2∂z2
= 0. (16)

The general solution of this equation is

ϕ = ϕ(x1, x2) = f1(z1) + g1(z1) + f2(z2) + g2(z2), (17)

where fj = fj(zj) and gj = gj(zj), j = 1, 2, are arbitrary analytic functions of
the complex variables zj and zj , respectively.

We recall now that ϕ = ϕ(x1, x2) is a real valued function. We must have
gj(zj) = fj(zj), j = 1, 2.

Denoting by F ′j(zj) =
dFj

dzj
(zj), j = 1, 2, and introducing the functions

Φj = Φj(zj), j = 1, 2,

Φj(zj) = ujBj (ω1122 + ω1212)
−1
F ′′j (zj), (18)

with

Bj = ω2222ω2112µ
2
j + ω1111ω2222 − ω1122(ω1122 + ω1212)

= −ω1111ω1221µ
−2
j − ω2112ω1221 + ω1212(ω1122 + ω1212). (19)

we obtain the representation of the incremental fields by two arbitrary analytic
complex potential Φj = Φj(zj), j = 1, 2 :

ϑ22 = 2Re {Φ′1(z1) + Φ′2(z2)} , ϑ21 = −2Re {a1µ1Φ′1(z1) + a2µ2Φ′2(z2)} ,
ϑ12 = −2Re {µ1Φ′1(z1) + µ2Φ′2(z2)} , ϑ11 = 2Re

{
a1µ

2
1Φ′1(z1) + a2µ

2
2Φ′2(z2)

}
,

u1 = 2Re {b1Φ1(z1) + b2Φ2(z2)} , u2 = 2Re {c1Φ1(z1) + c2Φ2(z2)} ,
(20)

aj =
ω2112ω1122µ

2
j − ω1111ω1212

Bjµ2
j

, bj = −ω1122 + ω1212

Bj
, cj =

ω2112µ
2
j + ω1111

Bjµj
.

(21)
The state of the human bone is a plane state relative to the plane x1x2.

The involved nominal stresses ϑ21 and ϑ22 must satisfy the following boundary
conditions on the two faces of the crack (represented as a cut):

ϑ21(x1,0
+) = ϑ21(x1,0

−) = 0,

ϑ22(x1,0
+) = ϑ22(x1,0

−) = −p(x1), for |x1| < a. (22)
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The incremental displacement, nominal stresses and complex potentials are
vanishing at large distances from the crack.

Using the representation of incremental stresses with complex potentials
(20)1,2, boundary conditions (22) and the theory of Riemann-Hilbert problem,
[13], we get the following expressions, ([8], [11]), for the complex potentials
Ψj(zj) = Φ′j(zj), j = 1, 2 :

Ψ1(z1) = Φ′1(z1) = − a2µ2

2π∆
√
z21 − a2

∫ a

−a

p(t)
√
a2 − t2

t− z1
dt,

Ψ2(z2) = Φ′2(z2) =
a1µ1

2π∆
√
z22 − a2

∫ a

−a

p(t)
√
a2 − t2

t− z2
dt. (23)

In what follows we assume that g(t) = g = ct.
We shall analyze the asymptotical behavior of the fields in the neighborhood
of the crack tips. This analysis is important since in this way the relationship
between the stresses and the input energy rates, in crack extension may be
established.

The incremental fields distribution around the (right) tip can be obtained
by letting

x1 = a+ r cosϕ, x2 = r sinϕ. (24)

In a small neighborhood of the crack tip x1 ≈ a, x2 ≈ 0 and we get that
z1 ≈ z2 ≈ a. Plemelj’s functions may be approximated by√

z2j − a2 =
√

2arχj(ϕ), χj(ϕ) =
√

cosϕ+ µj sinϕ, j = 1, 2. (25)

Using (25) in (23) we get the following asymptotic values of the complex
potentials:

Ψ1(z1) =
KI

2
√

2πr

a2µ2

∆

1

χ1(ϕ)
, Ψ2(z2) = − KI

2
√

2πr

a1µ1

∆

1

χ2(ϕ)
, (26)

and the following asymptotic values of the incremental fields:

ϑ22 =
KI√
2πr

Re
1

∆
{ a2µ2

χ1(ϕ)
− a1µ1

χ2(ϕ)
},

ϑ21 = − KI√
2πr

Re
a1a2µ1µ2

∆
{ 1

χ1(ϕ)
− 1

χ2(ϕ)
},

ϑ12 = − KI√
2πr

Re
µ1µ2

∆
{ a2
χ1(ϕ)

− a1
χ2(ϕ)

},
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ϑ11 =
KI√
2πr

Re
a1a2µ1µ2

∆
{ µ1

χ1(ϕ)
− µ2

χ2(ϕ)
}, (27)

u1 = 2

√
r

2π
KIRe

1

∆
{b1a2µ2χ1(ϕ)− b2a1µ1χ2(ϕ)},

u2 = 2

√
r

2π
KIRe

1

∆
{c1a2µ2χ1(ϕ)− c2a1µ1χ2(ϕ)},

and KI = p
√
πa represents the stress intensity factor corresponding to the

first fracture mode.

3 Generalized fracture criteria. Crack propagation angle
in Iliac Bone

We start this Section extending Sih’s strain energy density criterion (SED)
and Erdogan and Sih’s maximum tangential stress criterion (MTS) for find-
ing the crack propagation direction in human bones, regarded as pre-stressed
orthotropic elastic composites.

We denote by W the involved strain energy density, [15]

dW

dV
=

1

2
ϑklul,k, k, l = 1, 2. (28)

Using Eqs. (26), (27) in (28), we conclude that:

W (r, ϕ) =
S(ϕ)

r
+ a regular part, (29)

S(ϕ) being Sih’s incremental strain energy density factor and it is given by
the following expression:

S(ϕ) =
K2
I

4π
sI(ϕ), (30)

where

sI(ϕ) = Re

[
µ1µ2

µ2 − µ1

(
µ1

χ1(ϕ)
− µ2

χ2(ϕ)

)]
Re

[
1

µ2 − µ1

(
µ2b1
χ1(ϕ)

− µ1b2
χ2(ϕ)

)]
− Re

[
µ1µ2

µ2 − µ1

(
1

χ1(ϕ)
− 1

χ2(ϕ)

)]
Re

[
µ1µ2

µ2 − µ1

(
b1

χ1(ϕ)
− b2
χ2(ϕ)

)]
− Re

[
µ1µ2

µ2 − µ1

(
1

χ1(ϕ)
− 1

χ2(ϕ)

)]
Re

[
µ1µ2

µ2 − µ1

(
c1µ2

χ1(ϕ)
− c2µ1

χ2(ϕ)

)]
+ Re

[
1

µ2 − µ1

(
µ2

χ1(ϕ)
− µ1

χ2(ϕ)

)]
Re

[
1

µ2 − µ1

(
c1

χ1(ϕ)
− c2
χ2(ϕ)

)]
.
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Strain energy density criterion states the following hypothesis for the ex-
tension of cracks in a brittle material under slowly applied plane loads:
- The crack extension starts at its tip in radial direction, for that the strain
energy density S(ϕ) has a minimum value.

Erdogan and Sih’s maximum tangential stress criterion states the following
hypothesis for the extension of cracks in a brittle material under slowly applied
plane loads, [9]:
- The crack extension starts at its tip in radial direction.
- The crack extension starts in the plane perpendicular to the direction of
greatest tension, i.e.

ϑθθ(ϕc) = ϑc,
∂ϑθθ
∂ϕ

(ϕc) = 0,
∂2ϑθθ
∂ϕ

(ϕc) < 0, (31)

where
ϑθθ(ϕ) = σ11 sin2 ϕ− 2σ12 sinϕ cosϕ+ σ22 cos2 ϕ. (32)

These hypotheses imply that the crack will start to propagate in a perpen-
dicular direction to the direction of ϕc for which ϑθθ is maximum.

For ϑθθ(ϕ) we have the following representation, [8], [9]:

ϑθθ(ϕ) = Re

[
µ1µ2

µ2 − µ1

(
µ1

χ1(ϕ)
− µ2

χ2(ϕ)

)]
sin2 ϕ

+ 2 Re

[
µ1µ2

µ2 − µ1

(
1

χ1(ϕ)
− 1

χ2(ϕ)

)]
sinϕ cosϕ

+ Re

[
1

µ2 − µ1

(
µ2

χ1(ϕ)
− µ1

χ2(ϑ)

)]
cos2 ϕ.

(33)

The present generalized mathematical models for fracture criteria provide
a means to find crack propagation angle in a the Iliac human bone regarded
as an pre-stressed orthotropic elastic material.

Iliac bone is characterized by the following engineering constants (values
in GPa), [4]:
E1 = 11.6;E2 = 12.2;E3 = 19.9;G12 = 4, G13 = 5, G23 = 5.4, ν12 = 0.42; ν13 =
0.23; ν23 = 0.23; ν21 = 0.44; ν31 = 0.39; ν32 = 0.38.

We denote by σθθ(ϕ) tangential stresses ϑθθ(ϕ) normalized by parameter
α, i.e.

σθθ(ϕ) = αϑθθ(ϕ),with α =
1

p

√
2r

a
. (34)
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Figure 2: Fracture of the Iliac bone, [18]

In what follows we consider that our initial stress σ ∈ [−1.5GPa, 0].
We plotted 3D the normalized incremental strain energy density sI(ϕ) (Fig.

3 left) and σθθ(ϕ) (Fig. 3 right), versus ϕ ∈ [−π/2, π/2] and σ ∈ [−1.5GPa, 0]
for Iliac bone.
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Figure 3: Normalized incremental strain energy density sI(ϕ) (left) and nor-
malized tangential stresses σθθ(ϕ) (right) versus ϕ and σ

Due to the fact that we are in the case of theory of pre-stressed bodies
implying small over great strains we shall consider the case σ ∈ [−0.5GPa, 0] .
So, in this case, from Fig. 3 we observe that function sI(ϕ) (Fig. 3 left) is an
increasing function versus ϕ ∈ [0, π/2], with minimum value for 0o and using
generalized Sih’s strain energy density criterion crack will propagate along its
line.
The function σθθ(ϕ) (Fig. 3 right) has maximum value in a vicinity of π/2
and using generalized maximum tangential stress criterion the crack starts to
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propagate in the plane perpendicular to the direction of π/2, i.e. crack will
propagate along its line.
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Figure 4: Normalized incremental strain energy density sI(ϕ) (left) and nor-
malized incremental tangential stresses σθθ(ϕ) (right) versus ϕ

We observe that in considered case when the pre-stress σ ∈ [−0.5GPa, 0],
normalized tensile stress σθθ(ϕ) and normalized strain energy density sI(ϕ)
are increasing versus σ. Also, we remark that in the vicinity for σ = −0.5GPa
the function sI(ϕ) changes it convexity. This fact represents an important
thing and have to be studied in future researches and validate with numerical
or experimental studies.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Figure 5: Normalized strain energy density sI(ϕ) and normalized tangential
stresses σθθ(ϕ) versus ϕ for un pre-stressed Iliac bone

From Fig. 4, where we plotted normalized tensile stress σθθ(ϕ) and normal-
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ized strain energy density sI(ϕ) versus ϕ for three values of σ ∈ {−0.5,−0.25, 0},
and from Fig. 5, where we plotted normalized tensile stress σθθ(ϕ) and nor-
malized strain energy density sI(ϕ) versus ϕ in the case of un pre-stressed
Iliac bone, we observe that in these three particular cases the crack will prop-
agate along its line, too. Both considered criteria furnish us that the crack
will propagate along its line.

4 Conclusions

Using the theories of Guz’ s and Muskhelishvili’s formalism, we determine
the incremental fields in an initially deformed orthotropic elastic composite.

The presented 2D quasistatic mathematical model provides a means to
find crack propagation angle for an Mode I crack in Iliac bone regarded as
orthotropic materials with initial fields.

In the case of pre-stressed orthotropic elastic composites, we generalized
Sih’s strain energy density criterion (SED) and Erdogan and Sih’s maximum
tangential stress criterion (MTS) for finding the crack propagation direction in
human bones. Using aforementioned criteria, we found the same result, that
a crack in Iliac bone, regarded as a pre-stressed orthotropic elastic composites
propagates along its line.

Future numerical results or experimental tests have to confirm or not that
our study, in the case of small over great strains, regarding generalization of
Sih’s criteria is valid, i.e. the crack in pre-stressed in Iliac bone will propagate
in horizontal direction.

Also, determination of the critical stress which produces crack propagation
and researches regarding the occurrence of resonance phenomena have be taken
into account in further studies.
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