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The existence of positive solutions for
Kirchhoff-type problems via the
sub-supersolution method
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Abstract

In this paper we discuss the existence of a solution between well-
ordered subsolution and supersolution of the Kirchhoff equation. Using
the sub-supersolution method together with a Rabinowitz-type global
bifurcation theory, we establish the existence of positive solutions for
Kirchhoff-type problems when the nonlinearity is singular or sign-changing.
Moreover, we obtain some necessary and sufficient conditions for the ex-
istence of positive solutions for the problem when N = 1.

1. Introduction
In this paper, we consider the following nonlocal elliptic problem

—a (/Q Vu(a:)|2dx> Au(z) = f(z,u), zin Q,

u>0, xin Q,
u=0, xon J,

(1.1)

where Q C RV is a smooth bounded domain. This problem is related to
the stationary analogue of the Kirchhoff equation (a(t) = a1 + agt, a1 > 0,
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as > 0) which was proposed by Kirchhoff as a generalization of the well-known
d’Alembert’s equation

0%u Py E [F 0u, \0%u
vor — (3t ar [ gale) gz = ot w

for free vibrations of elastic strings; see [21]. Kirchhoff’s model takes into
account the changes in length of the string produced by transverse vibrations,
in which L is the length of the string, h is the area of the cross section,
FE is the Young modulus of the material, p is the mass density and Py is
the initial tension. Problem (1.1) received some attention after the paper by
Lions [29], where an abstract framework to the problem was proposed and
variational methods were applied to establish existence and multiplicity of
positive solutions for problem (1.1) when f is continuous at u = 0; see also
[3-4, 6, 12, 18-20, 24, 27, 32-33, 35] and the references therein. There are only
a few results on the existence of positive solutions to problem (1.1) when f is
singular at v = 0. When f includes functions like 1/u™*, u € (0,1), Liu and
Sun in [30], Lei el. in [23] and Liao el. in [28] considered multiplicity (using
variational methods) of positive solutions for problem (1.1).

The sub-supersolution method is an important tool to establish the exis-
tence of solutions to an elliptic problem like (1.1); see [7, 9, 17, 31]. However
the presence of a nonlocal term leads to the some additional conditions: (1)
the nonlinearity f is nondecreasing; or (2) a(t) is bounded. Two recent papers
[14-16] pointed out some errors in the literatures and the authors obtained
some theorems using a sub-supersolution method.

There are two main objectives in this paper. First from the ideas in [2,
6-7, 9, 11, 14-15, 17, 25-26, 31, 37-38], we present some new definitions of
sub-supersolutions to problem (1.1) and we obtain the existence of classical
solutions to problem (1.1) between subsolution and supersolution. Second we
present conditions for the existence of positive solutions to problem (1.1) when
f is singular at « = 0 or f is sign-changing.

The paper is organized as follows. In Section 2, we prove some new results
on the existence of classical solutions between subsolution and supersolution
using the maximum principle and in Section 3, existence and uniqueness re-
sults of positive solution for (3.1) are presented. In Section 4, we discuss the
existence of positive solutions to problems (4.1) and (4.2) and the asymptotic
behavior of positive solutions for large A. In Section 5, we present necessary
and sufficient conditions on the existence of positive solutions for problems
(5.1) when N = 1.
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2. Sub-supersolution method

Now we consider a general problem

—a: (O /Q |Vu(ﬂ(;);dx) Au(z) = F(z,u(x)), =inQ, (2.1)

where Q C R is a smooth bounded domain, and a : [0, +00) — (0, +00) is a
continuous and nondecreasing function with
def

inf a(t) >a(0) = ag>0.
t€[0,4+00)

Let C*(Q) = {u : Q — R|u(z) is continuously differentiable on Q} with
norm |lul| = max{max, g |u(z)|, max, g |Vu(x)|}. It is easy to see that
C1(Q) is a Banach space.

Definition 2.1. The pair functions o and 3 with o, 8 € C*(Q) N C%(Q)
are subsolution and supersolution of (2.1) if a(x) < u(z) < B(z) for z € Q,
and

—Aa(z) < biF(ar:,oz(x))7 x in Q,
0

a|8Q S Oa

~AB(@) 2 —F(z,B(x)), @ in 9,
0
Blaa > 0,

where ag = a(0) and by = a( [, H*(z)dz), E € LP(Q)(p > N); here
E(x)= sup |F(z,u)], €9,
u€la(z),B(x)]

H(x) = / Gl y) By, =€,

and G(z,vy) is the Green’s function for —Au(z) = h and ulpq = 0.

From the ideas in [11], we give the following definitions.

Definition 2.2. Let u,v € C1(Q). We say that u < v if u(z) < v(x) on
Q and u(x) < v(z) for all x € IQ and if u(x) = v(z) for some x € T' C 99,
%hear > %|x€l"-

Remark 2.1. S = {u € C*(Q) : @ < u < B} is an open set if a < 3.

We say that an open set S C C*(Q) is admissible for the degree (for the
compact map A) if the compact operator A has no fixed point on its boundary
0S and the set of fixed points of A in S is bounded.
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In that case, we define
deg(I — A, S,0) =deg(I — A, SN B(0,R),0)

where R is such that every fixed point u of A in S satisfies ||u|]| < R. From
the excision property this degree does not depend on R.

To be able to associate a degree to a pair of subsolution and supersolution
we have to reinforce the definition.

Definition 2.3. A subsolution « of (2.1) is said to be strict if every
solution u of (2.1) such that « < u satisfies o < w.

In the same way a strict supersolution 8 of (2.1) is a supersolution such
that every solution u of (2.1) such that u < (3 satisfies u < (.

Definition 2.4. The function F' : Q x R is an LP-Caratheodory function
if

1. F(-,u) is measurable for all u € §);

2. F(x,-) is continuous for a.e. x € Q;

3. for all bounded set B C RN, there exists hg € LP(§)) such that for a.e.
x € Qandallu € B,

|F(z,u)| < hp(x).

Remark 2.2. The idea for the above definitions came from [2, 11].
If F is an LP-Caratheodory function and (a, 8) are subsolution and super-
solution to (2.1) as in Definition 2.1, then the operator

F(z,u(z))
(Jo [IVu(@)] = (Vu(2)| - H(z))*|?dz)
is well-defined, continuous, and maps bounded sets to bounded sets; here

(IVu(x)|—H(x))" = max{0,|Vu(z)|— H(x)}. Then the operator A : C'(Q) —
Q)

N:CHQ) = LP(Q) :u -

Au = (=A)"(Nu)

is completely continuous.

Theorem 2.1. Let Q C RN(N > 1) be a smooth bounded domain.
Suppose that F': Q) x R — R is a continuous function. Assume « and [ are
the subsolution and supersolution of (2.1) respectively. If

F(z,u) >0,z € Q,a(z) <u < p(z), (2.2)
then problem (2.1) has at least one solution u such that, for all x € Q,

a(z) <u(z) < B(z).
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If moreover a(x) and (x) are strict and satisfy o < 3, then
S={ue " (Q)a=<ps}
is admissible for the degree (for the map A) and
deg(I — A, S,0) =1.
Proof. Let
Flz,u) = q Flz,u), if a(z) <u < f(z);
F(z,B(x)), if u> B(x).
We will study the modified problem

B { F(z,a(x)), if u < a(z);
if
)

a(Jo [IVu(@)|=(IVu(z)|—H(z))t|?dx)’ ’ (2.3)

—Au = Fz,u) f x €
u|ag =0.

Step 1. Every solution u of (2.3) satisfies a(z) < u(z) < f(z), = € Q.
We prove that a(z) < w(z) on Q. Obviously, ||Vu(z)| — (|Vu(z)| —
H(x))"|? < H(z)?, which together with the monotonicity of a(t) implies that

a <a (/ﬂ IVu(z)| — (|Vu(z)| - H(x))+|2dx> <a ( QH(x)de) .

By contradiction, assume that max,g(a(z) —u(z)) = M > 0. Note that
a(z) —u(x) # M on Q (a(z) —u(z) <0, z € 9Q). If 2o € Q is such that
axg) —u(zg) = M, choose Ag = {z € Qa(z) —u(r) > 0} a connected domain
with g € Ag. It follows from (2.2) that

—Ae(z) = u(z))

1 1
< bloF(x,a(CC)) - (o IVa(@)] — V(@) — H(z))* Pda) F(z,u())
< o (Fla(@) = F(z,0())
< 0, x € AO

and
alx) —u(z) =0, =€ dAo.

By the maximum principle, one has a(z) — u(x) < 0 for x € Ag. This contra-
dicts a(xg) — u(xg) > 0.

Now we prove that 8(z) > wu(x) on . By contradiction, assume that
min, 5(B(z) — u(z)) = —m < 0. Note that 3(z) — u(x) # —m on Q (B(z) —
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u(z) > 0, x € 90). If zp € Q is such that B(xg) — u(zg) = —m, choose
By = {z € Q|8(z) — u(z) < 0} a connected domain with zy € By. It follows
from (2.2) that

—A(B(x) — u(z))

1 1 _
= ") GV = (Wl = HGw) P
> ;O(F(m, B(x)) — F(z, B(x)))
>0, € By

and
B(z) —u(x) =0, x € IBy.

By the maximum principle, one has 8(z) — u(x) > 0 for x € By. This contra-
dicts B(xo) — u(xo) = —m < 0.

Consequently,
(r) < B(x), z€Q.

u
Step 2. Every solution of (2.3) is a solution of (2.1). Every solution of (2.3)
satisfies a(z) < u(x) < B(x), v € Q. From the definition of K and F', we have

a(zr) <
2.

F(z,u(z)) = F(a,u(z)), [Vu(z)| < — / G, 9) | Ey)dy = H(x), z €
apg Jo

and so

o ([ 19uta)) - (Vato)] - HG@)Par) = [ [Vato)Par)

Thus, u is a solution of (2.1).

Step 3. The problem (2.1) has at least one solution.

Since E € L?, there is an R > 0 such that ||E|, < R. From (2.2) and the
construction of F', we have, for every u € C*(9),

F(z,u(@))
a (fo IVu(@)| = (IVu(@)| — H(x))*[*dz)

1
— hp(x),Vz € Q.
ag

Define operators

~ .10 P(Q) - u Fle,u(z))
MO P e @] = (Vu(e)] - () Pd)

and A : CY(Q) — C1(Q) by
Au = (=A) " (Nu).
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Note A is completely continuous and there exists a Ko > 0 big enough such
that for all v € A(C1(Q)), we have

[o]l < Ko.
Then there exists Ko > max{| ||, ||3||, Ko} big enough such that
A(Ber(0,Ko)) € Bes (0, Ko),
and by a classical result in degree theory
deg(I — A, Bci(0,K),0) = 1.
Therefore there exists a u € Bg1(0, K) such that
u = Au.
Now Step 1 and Step 2 yield

a(r) < u(z) < B(z)

and
a (/ﬂ V()| — ([Vu(z)| - H(a:))+|2dx) —a (/Q |Vu(a:)|2dx> e

and so u(x) is a solution to (2.1).
Step 4. If a(x) and §(x) are strict subsolution and supersolution, we show

deg(I — A, S,6) =1.

Since a(x) and S(z) are strict subsolution and supersolution, A has no
fixed point on S and so deg(I — A, S, 0) is well defined. Since A has no fixed
point in B (0, K) — S, we have

deg(I — A, S,0) = deg(I — A, Bc:1(0,K),0) = 1.

The proof is complete. [J
Now we consider another special problem

—a </Q |Vu(:c)|2dac> Au(z) = F(z,u(z)) = Fi(z,u(x)) + Fa(z,u(x)), zin Q,

uw=0, xon J.
(2.4)
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Definition 2.5. The pair functions o and 3 with o, 8 € C*(Q) N C%(Q)
are subsolution and supersolution of (2.4) if a(x) < u < B(x) for x € Q, and
1 1 .
—Aa(z) < b—Fl(x,a(:r)) + —Fy(z,a(x)), = in€Q,
0 ap

alan <0,

~8B(e) 2 o Fi(e f(a)) + 4 Fale, Bla)), @ in €
ﬁ|aﬂ > 07
where ag = a(0) and by = a( [, H(z)?dz), E € LP(Q)(p > N); here

E(x) = sup |F(z,u)], =€,
u€la(z),B(x)]

HurzilyamMmmw@7zeﬁ

and G(z,y) is the Green’s function for —Au(z) = h and u|sq = 0.

Theorem 2.2. Let Q@ C RN(N > 1) be a smooth bounded domain.
Suppose that F': Q x R — R is a continuous function. Assume « and (3 are
the subsolution and supersolution of (2.4) respectively. If

Fi(z,u) >0, Fy(z,u) <0, Ve Qalx) <u<pf(x), (2.5)
then problem (2.4) has at least one solution u such that, for all x € €,
a(z) < u(e) < Alx).
If moreover a(x) and S(z) are strict and satisfy « < (3, then
S ={ueC'(Q)|a=<p}
is admissible for the degree (for the map A) and
deg(I — A, S,0) =1.

Proof. Let
Fi(z,ax)), if u<a(x);
Fy(z,u) = ¢ Fi(z,u), if a(z) <u < B(z);
Fi(z, B(z)), if u> B(z)
Fy(z,a(x)), if u < a(z);
Fo(z,u) = ¢ Fa(z,u), if a(z) <u < f(z);
FQ(LU,B(-T)), if u > 6($)
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and
F(z,u) = Fi(z,u) + Fa(x,u), V(z,u)€ N xR.

We will study the modified problem

a( [ IVu(@)|=([Vu(z)|—H () t])?dz)’

(2.6)
ulon = 0.

{ —Au = E(zu) x € 9,

Step 1. Every solution u of (2.6) satisfies a(x) < u(x) < B(x), = € Q.
We prove that a(x) < u(x) on Q. Obviously, ||[Vu(z)| — (|Vu(z)| —
H(x))*|? < H(z)?, which together with the monotonicity of a(t) implies that

@ <a (/Q V()| - (| V()| H(m))+|)2d:c> <a (/Q H(:c)2d:c) .

By contradiction, assume that max,g(a(z) — u(z)) = M > 0. Note that
a(z) —u(r) 2 M on Q (a(z) —u(z) <0, z € 9Q). If 29 € Q is such that
axg)—u(zg) = M, choose Ag = {z € Q|a(z) —u(z) > 0} a connected domain
with zg € Ag. It follows from (2.5) that

~Afale) - u(e)
< LAG@.o@) + R.aw@)
0 ap 1 .
_ Fx.u(x
o o IVt = (Vo] — H(a)) ) (zu())

= 5o 10 = @) ()]~ H ()]

+L Fy(z, ()
ao

Fi(z, u(z))

1 ([, [Vu(@)| — ([Vu(z)| — H(z))*[2dz) Fa(z,u(z))
: %[Fl(x’a(x)) — Fi(w, af))] + ;O[Fz(x,a(x)) — Fy(z, ()]
= 0, T € AO

and
a(z) —u(z) =0, z € dAp.

From the maximum principle, one has a(x) — u(x) < 0 for z € Ag. This
contradicts a(zg) — u(zg) > 0.

Now we prove that 8(z) > wu(x) on . By contradiction, assume that
min, 5(8(x) — u(x)) = —m < 0. Note that (z) — u(z)  —m on Q (B(x) —
u(z) > 0, x € 0N). If zy € Q is such that S(zg) — u(xg) = —m, choose
By = {z € Q|f(z) — u(z) < 0} a connected domain with zy € By. It follows
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from (2.5) that

—A(B(x) - u(x))

> iFl(as,/b’(a:)) + blFQ($7ﬁ(x))
ao 0 1 _

([ [[Vu(@)] - (|Vu(z)] - H($))'{|2dgc) F(z,u(z))

- aofl(l"vﬂ(x)) 3 (Ji, IVul(@)| — (|VU(iE)| — H(x))*[?dz)
+—Fs(z, f(x)) —

Fy(z,u(x))

Fo(z, u(z))

. bo a(f, IIVu(JU)\l— (IVu(x)| — H(x))*[*dz)
> %[Fl(x, B(z)) — Fi(z, B(2))] + ;O[Fz(x, B(x)) — Fa(z, B())]
=0, z€ By
and

B(z) —u(z) =0, =€ dB,.

From the maximum principle, one has S(x) — u(z) > 0 for x € By. This
contradicts B(xzg) — u(xg) = —m < 0.
Consequently,
a(z) <u(z) < B(z), €.

The proof of Step 2-Step 4 are the same as that in the proof of Theorem
2.1 so we omit them.

The proof is complete. [J

Remark 2.3. The difference between the above two theorems and those in
[6, 8, 13-14, 16, 28] are:

(1) we remove the monotonicity of f on w in [6, 9, 14-15];

(2) we define only one subsolution instead of a sequence of subsolutions
{us} with |jus|]| = 0 as § — 0 as in [14-15];

(3) we obtain the existence of a classical solution instead of a weak solution
in [6, 9, 14-15, 17, 31};

(4) we give information on how to compute the topological degree.

Remark 2.4. It is also natural to give the following definition of sub-
supersolutions to (2.1).

Definition 2.1’. The pair functions a and 3 with a, 3 € C*(Q) N C?()
are subsolution and supersolution of (2.1) if a(z) < u(z) < f(x) for z € Q,

and
1

<
~ a( [, IVa(x)|2dzx)
alan <0,

—Aa(z) F(z,a(x)), = in€Q,
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1
~A0) 2 T RGP

Blaq > 0.
We give an example which illustrates that perhaps there is no solution between

the subsolution and supersolution if we use Definition 2.1’.
Example 2.1. We consider the following nonlocal problem

—u(t) = W -1, te(0,1), (2.7)
U(O) = U(l) =0, |

F(z,B8(x)), xin €,

where
a(t) =t, t€[0,+00).

Obviously, the following problem

—u’(t) =1, t€(0,1),
u(0) =u(l) =0
has a unique positive solution e(t) = ¢(1 —t), ¢t € [0,1].
Now we show (2.7) has a unique positive solution.

Let

52

12

It easy to see that G(s) is increasing on [0, +00) with

G(s) =sa(-—=)—1, te€0,400).

G(0)=—-1, lim G(s) = +oo,

s——+o00

which guarantees that there exists a unique sy > 0 such that G(sg) =0, i.e.,

1
So = Sg .
a(13)
Let u(t) = soe(t), t € (0,1). Then

—u"(t) = —(soe(t))”

= SO

_ 1

=—05

a(13)
: 17 te (Oa 1)7

= AT (0)]2dr)
u(0)  =u(l) =0,

i.e., (2.7) has at least one positive solution u(t) = spe(t).
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Now let ug(t) be a positive solution of (2.7). Let A\g = Then

S SR
a([y lup(t)[2dt)”

{ 7“8(15) = >‘Oa te (07 1)3
uo(0) =wup(1) =0,

which implies ug(t) = Aoe(t), t € [0, 1] and

*alfy [ah®PdD)  alfy Poe'(D]Pdt)  alNiiz)’

Since G(s) = 0 has a unique positive solution sg, one has A\g = sg.
Consequently, (2.7) has a unique positive solution.

Next we construct sub-supersolutions which satisfy Definition 2.1’. Let
u(t) = 2spe(t). The monotonicity of G guarantees that

Ao

1 1
259 > =

a(Z82)  a(f) [ (1)2dt)

Then

1 .
> Tmran b tEO.1),

u(0) =mu(l)=0,
i.e., T is supersolution to (2.7) satisfying Definition 2.1’.

F0r0<5<i,let
S0
a=—-, b=2s,
e 0

c = 2s0€ () — 3ag? — 2be = s0(1 — 2¢) — 3ae? — 2be

and
d = 2spe(e) — (ag® + be? + ce).

Let
ft)=at® +bt* +ct+d, t€ e, 2]

It is easy to see that from
J"(t)=6a <0, tEe€le,2e]

and
.f//(‘c:) = 2807 f//(QS) = 07

one has
0< f"(t) <2s0, |f' () <|f'(e)] +2s0e, tE e, 2e]. (2.8)
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Let
filt)=fA—1), te[l—2e1—¢]

Clearly
0< f'(t)=f"(1—t) <2s0, |F'(t)<|f(e)]+2s08, tE€[l—2e,1—¢]. (2.9)
F0r0<5<%,let

2s0e(t), te€0,¢],
f@), tele 2,

gs(t) = f(&‘), te [26’ 1 - 26]7
fi(t), te[l—2e1—¢,
2s0e(t), te€[l—eg1].

Now (2.8) and (2.9) guarantee that
< 2507

1
/|u J[2dt = / |u;<t)|2dt+/ L (D)]2dt — 0, as & — 0.
1—2¢

Choose ¢p > 0 small enough such that

1
2$oa(/ ul, (t)[*dt) < 1
0

which together with (2.10) implies that

(2.10)

—ﬂla/o (t) < 2s9

_r .
< a(folm/go(t)\?dt) 1, tE(O,l),

U, (O) = ng(l) =0,

i.e., u., is sub-solution to (2.7) satisfying Definition 2.1'.

Finally, we show there is no solution between u and u.

In fact, suppose that ug is a positive solution to (2.7) between @ and u_,
It is easy to see that

uo(t) = 2spe(t) # soe(t), t e [0,¢],

which implies that ug # spe. However we know that (2.7) has a unique positive
solution spe(t). This is a contradiction.
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3. The positive solutions when f(z,u) = K(x)u™?
In this section, we consider the singular problems

—a ( /Q Vu(x)|2da:) Au(z) = K(z)u()~?, o inQ,

u >0, zin Q,
u=0, xon I,

(3.1)

where Q € RY is a smooth bounded domain. Let d(z) = min{d(z,9Q)|z € Q}.
Let e € C%(0) be defined by

—Au=1, z€Qu(z)=0x¢€ N (3.2)

with 0 < e(z) < 1 for all z € Q and let ®; is the eigenfunction with 0 <
O (z) <1 for x € Q corresponding to the principle eigenvalue A1 of

(o e 53
Note that Ay > 0, ®1(x) > 0 for z € Q and
IV®i(x)| >0, Ve . (3.4)
From [39], the following results is true
% € C(Q). (3.5)
Now we note the following conditions:
(Hy) K € C(Q, R) with K(x) > 0 for all z € Q and
there exists a 1 > 7 > 0 such that K[d(x)]" P € L*°(Q), (3.6)
(Hz)
lim +00. (3.7)

t—+o00 a(t)2(p—1) -

Theorem 3.1. If (Hy) — (Hz) hold, (3.1) has a unique positive solution
u € C*(Q) N C(Q) with u(z) > 0 for all z € Q. If p > 1, then there exist
positive constants by and by such that bﬂn(m)ﬁ <wu(z) < bg@l(x)ﬁzp.

Proof. The proof is based on Theorem 2.1 and we construct the pairs of
sub-supersolutions. The construction of supersolutions to (1.1) when p > 1 is
different from that when 0 < p < 1.



POSITIVE SOLUTIONS FOR KIRCHHOFF-TYPE PROBLEMS 19

(1) Assume first that p > 1. In this case, let t = 2/(1 + p) and let ¥(x) =
b®;(x)! where b > 0 is a constant. From (3.3), we deduce that

A¥(z)+q(z,b)T7P(z) =0, z €, (3.8)
where q(x,b) = bP[t(1 — )|V®(2)]? + tA1P1(2)?]. Since 0 < t < 1, from

(3.4), choose a positive constant b such that

iK(:r) < q(z,b), Vo eQ.
ao

Let u(z) = b®1(z)t. Hence,

Au(z) + G—I()K(x)u(x)_p - aiOK(x) @) ur@) <0, zeQ (3.9)

(2) Assume that 0 < p < 1. Let s be chosen to satisfy the two inequalities
0<s<1l,s(1+p) <2 (3.10)

Let u(xz) = ¢®1(x)®, where ¢ is a large positive constant to be chosen below.
For z € Q, we have

Au(z) + aiOK(:E)u(a:)_p
= —®y(2)57 2 ||VPy(2)[%cs(1 — 5) — %K(:L’)c’pq)l(:r)Q*(ler)s] — A\ sPq(x)7P.

Since the inequalities (3.10) hold, we can choose ¢ > 0 so large that

Au(z) + a—loK(x)u(x) P =—@(z)" % [|[VEy(z)|%es(1 — s)
1

—;K(I)Cipq)l ()27 OHP)s) — e\ 5By ()77
0

<0, ze€.
(3.11)
Choose d = max{b, c} and define

“(z) = Ao (z), reQifp>1;
| do5(z), zeQif0<p< 1.

From (3.11) and (3.9), we have

Au*(x) + iK(ac)u*(;zc)_p <0, Vz e
ao
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It follows that for each n € N
* 1 * P * 1 * —
Au (:c)—o—a—K(x) u (1:)—&—5 < Au*(z)+ —K(z)u*(z)? <0, Vz €.
0
Let u.(z) =0, z € Q and let

)P, Ha(x) = / Gz, 9) | En(y)dy, = €T
ap Jo

S|

and

by, = a(/Q H2(x)dz).

From the definitions of u, and u*, for n € N = {1,2,---}, from (3.12), we
have for each n € N

X 1/, 1\
Au*(z) + — (u*(z) + = <0, xzeq,
[¢)) n

ulag =0

and

1 1\ "
Au*(m)—kb— u*(x)—i—; >0, x e,
U*|aQ =0.

Now Theorem 2.1 guarantees that for n € N, there exist {u,} with u.(z) <
un(z) < u*(z) for all x € Q such that

1 —-p
Aun(@) + ST @) pd) £ @ (“"“””n) IR CEE)

Un|aQ =0.

Choose an L > 0 such that
1 _
0<uy(z)+—<L, Yexe.
n
It follows that
1 1.,
Un(v) = ——— [ G(z,y)K(y)(un(y) + =) Pdy
alun?) Jo n )
>__ 1 /G( VK (y)dyL " (314
> z,y)K (y)dyL™".
a(llunll?) Ja

Now we show that {||u,||} is bounded.
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From the definition of ®;, Theorem 2.2 in [16] implies that there exists a
#1 > 0 and 65 > 0 such that

O1d(x /ze 2)dz < 62d(z), x € Q,

which together with (3.14) yields that

ou -
o, ") ||un|| j oK G ARG

(HunH )/|Gml(x I ) a(lu n” )/G(y,Z)K(z)dzL PY~Pdy
:Lpza(HunHQ)P—l /SZ|G$1($,y)|K(y) 1pd(y) Pdy, i=1,2,---,N.

Then
. 2
Jul> < L2 a(||u,|?)2®~V / > / Ga, (2, y)K ()0, Pd(y)~Pdy)?)da,
Q= JQ

ie.,

U 2
(||u||| )”2(1’ D= /Z/ K (y)0; "d(y) P dy)*)dz,

which together with (3.7) implies that there exists a g > 0 such
HunH S Qo, N = 172a o

From (3.14) and the monotonicity of a(t), one has

up () >

alayg) /QG(x’y)K(y)dyLip = vo(z), n=1,2,---

Let ), = {z € Q|vo(z) > £}, k € N. From (3.13), we have

Aty (2)] < ~ K (2)uo(2) P < + max K(z)(min vo(z) 7, z € W,
ag ag zeQ TEQ

which implies that
{un(x)} is equicontinous and uniformly bounded on Q, k € N.
and

{Vu,(z)} is equicontinous and uniformly bounded on Q, k € N.
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Therefore, {u,(x)} has a uniformly convergent subsequence {u%k) ()} on ev-
ery € and {Vugf) ()} converges uniformly on € also. From the diagonal
method, we can choose a subsequence {uflk,)c(x)} of {uy(z)} which converges to
a up on every € uniformly and {Vu;k,)C (x)} converges uniformly on Qj also.
Without loss of generality, assume that

lim u,(r) = ug(z), uniformly on Qx, k€N

n——+00
and -
lim Vu,(z) = Vue(z), uniformly on Q, ke N.
n—-+o0o
Obviously,

vo(x) < wglx) <u*(x), Voe,

which implies
ug(xz) =0, x € .

Moreover, from

Vun (2)] < — / G I K (9) [ooly) ")y, = € 2,
aop Q

the Dominated Convergence Theorem implies that

lim /\Vun(a:)|2dx:/ |Vug ()2 de,
Q Q

n—-+oo

which together with the continuity of a(t) yields

im a (/Q Vun(x)|2dx) =a (/Q Vuo(ac)|2dx> :

Letting n — +oo in (3.13), we have
Auo(x) + m}((,ﬁ)’b@(df)ii} > 0, X € Q,
UO|aQ =0.
From Theorem 1 in [22], if p > 1, there exist a by > 0 and by > 0 such that
b1¢1<$)% <ug < bg@l(x)%, Ve € Q.

We consider the uniqueness of positive solution of (3.1). Assume that u;
and uy are two positive solutions. Let ¢; = (a([, |V, (x)]?dz))/ P+ and
v; = c;ug, 1 = 1, 2. Then v; satisfies

{ —Av; = K(z)v; P,
Ui|aQ =0.
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It is easy to see that Theorem 3.4 in [16] guarantees that

{—Av = K(x)v?,

’U|aQ =0

has a unique positive solution, which implies v; = v, i.e.

<a ( / |Vu1(x)2da:))1/(p+l) i (2)
(o[ ura)) wwen
and so

(a (/Q |V“1(x)|2dx>>l/(pﬂ) a’(glgff)

1/(p+1)
= (o [pa)) 2 en =1
Q 0x;

Hence,
2/(p+1)
(a (/ |Vu1(x)2da:>) Vs (2) 2
v 2/(p+1)
_ (a (/ |w2(x)|2dx>) Vus (@), Va € Q.
Q
Integration in §2 yields that
/(p+1)
( (/ IV (2 |dx)> /|Vu1( 2dz
2/(p+1)
( (/ [Vus(z |dx>> /|Vuz )|?d.

The monotonicity of a implies that (a(t))?/(P*t1¢ is increasing on [0, 400),
which guarantees that

[ Ivu@Pds = [ [Vuna) s,

and so

(e} o mira)
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which together with (3.15) yields that wj(z) = ua(x). The proof is complete.
O
In fact, using an idea in [9], we get a result even if a(t) is not increasing.
Assume that v is a positive solution to the following problem

{Au(x) + K(z)u(z)™? =0, zeq, (3.16)

u|aQ =0

and ¢g = [, |Vo(z)|2da.

Theorem 3.2. Suppose that K € C(Q) with K(x) > 0 for all x € Q.
Then (3.1) has at least one positive solution v € C?*t*(Q) N C(Q) if a(t)
is continuous on [0,+00) with a(t) > a9 = a(0). Moreover, the number of
positive solutions of (3.1) is the number of positive solutions of the following

algebraic equation
tPHa(t?co) = 1.

Proof. From [16] and [22], problem (3.16) has a unique positive solution
v. If w is a positive solution to (3.1), we define A = a( [, |Vu|?dz) and vy =
AY/(P+1)q Then we have
—Avg(z) = —AYPED Ay ()
1

= /\1/(p+1)§K(x)u_p(3§)

— \V/(@+1) XK(f)Ap/(p+l)Uap($)

= K(z)v"(z), =€,

voloa = 0,
i.e., vo(z) = v(x), z € Q. This shows that
each positive solution u(z) of (3.1) can be denoted by tv(z), = € Q. (3.17)
Since a(t) > ag > 0, we have

. p+1 2 — 3 p+1 2 —
t£%1+t a(t®cy) = 0, t_l}gloot a(tcy) = 400,

which implies that there exists a to > 0 such that 5" a(t3c)) = 1. Let
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u(z) = tov(z). Then

—Au(z) = —toAv(z)
=toK(z)v™P(x)
= totglK(x)u_p(ac)
= a(t%co)li(x)u_p(x)

fQ |Vu(z)2dx)

K(z)u™P(z), z€Q,

u|aQ = O

i.e, u(x) is a positive solution to (3.1). Moreover, (3.17) guarantees that the
number of positive solutions of (3.1) is the number of positive solutions of the
following algebraic equation

tPHla(tco) = 1.

The proof is complete. [J

We give an example which illustrates that the term a(t) can leads to the
existence of an infinite number of positive solutions to (3.1).

Assume that p > 1 and [, [V®!(z)|*dz = ¢{, > 0 and

3, t=0;
a(t)—{ _1tp , pEl . -

24 (t~2°¢) 2 —2)[sin(t2d)

Obviously, a(t) is not monotone on [0, +-00). For by = 2km + 7, we have

p+1

a(b?ch) =2+ ((b2c) e sin((b2c))z ¢, 7% 1+p:b_,(1+p)7 k € N.
k€0 k€0 0 k€0 k

Let ug(z) = bp®1(z)! and K(x) = [t(1 — t)|[V®1(2)]? + tA1®1(2)?], z € Q.
Clearly, we have

A'U/k(.f) + WK(x)Uk(.’L‘)_p = O7 T € Q,
uglog =0,

ie.,
Au(z) + W[((m)u(m)_p =0, z€Q,
uloq =0,

has an infinite number of positive solutions.
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4. The positive solutions when f(z,u) is sign-changing in
u

In this section, we consider the following problems

—a (/Q Vu(:r)|2dm) Au(z) = Md(z) — !,z in Q,

u>0, zin ), (4.1)A
u=0, zon Jf,
where Q C RY is a smooth bounded domain, ¢ € (0,1) and p > 0 and
—a (/ |v“(x)|2dx> Au(z) = M+ f(u) —uPtl 2 in Q,
¢ (4.2)x

u>0, zin
u=0, xon .

where Q C RY is a smooth bounded domain, A > 0, p >
negative function of C! class for u > 0 such that f(0) =

lim f(u)/uP™ = 0. Define
u——+o0

Tt is easy to see that g(0) =0 and lim g(u)/u” = —1 and then lim g(u) =
u—>—+00 u—>—+00
—o0. Let

Goo = sup g(u).
u>0

Theorem 4.1. If ¢ € (0,1) and p > 0, (4.1), has at least one positive
solutions in C2(Q) N C*(Q) for A > 0.

Proof. For given X € (0,1], since ¢ € (0,1), we can choose ko > 0 big
enough such that

1
ko > *]fg (43)
ao

Let B(z) = kee(z), z € Q, where e is defined in (3.2). Define

1 _
Hi(s) = o / G )|y (kS + K2, 2 €

by =a </Q Hf(z)dx) .

and
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Since ¢ € (0,1) and p € (0, +00), by (3.5), we can choose € > 0 small enough
such that

1
A1 < i5‘1_1(1)‘{_1(56) — —ePP(z), Vz €N (4.4)
bl ap
and
edq(z) < koe(z), Vo €. (4.5)

Set a(x) = e®4(z), z € Q and

1 _
1ﬂ@=47/K%@wM sup  Jul —uPtdy, e,
o Jo u€la(y),B(y)]

which together with (4.5) and the definition of H;(z) implies that

H(x) < Hi(z), x€Q.

Then X )
bp=a ( Hz(x)da:> <bj,le, —>—.
Q bo ~ b
It follows from (4.3)-(4.5) that
—Aa(z) =eAd(x)
< iozq r) — —a(x)PT zin Q,
0 ag
a(z) >0, zin Q,
a(z) =0, zon 0Q,
1
—AB(z) =ko> a—k2
0
> 2 g0(a) — L, 2
Qo bo
B(x) >0, zin Q,
B(z) =0, x on 0N

and -
a(z) < Bla), z €.

Now Theorem 2.2 guarantees that (4.1) has at least one positive solution
uy with B
a(z) <ux(z) < B(z), =€, Ae(0,1].

In the following we consider C' = {(A, ux)|A > 0,uy is a positive solution to
(4.1)x}. Obviously, C is not empty. From Theorem 3.8 in [34], C' is unbounded.
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Moreover, for (A, uy) € C, one has

1
—Auy = il (z) — ub T ()

a( [, [Vux(2)|?)dz
< —ui(z),z €Q,
ao

ux(z) =0, z on 0.

Since equation
A
—Au(z) = —ui(z),z € Q,
a

0 (4.6)
u(xz) =0, z on 9N

has a unique positive solution vy for all A > 0 and wu) is a sub-solution to (4.6),
one has B
ux(z) <wvx(z), z€Q,

which together with the unboundedness of C' implies that (4.1), has at least
one positive solutions for all A > 0. The proof is complete. [J

Now we consider the problem (4.2),. In [13], the authors discussed the
following problems

1
—~Au(z) = mu(z) —u(z)P™, zin Q,

20, o (4.7)
u >0, zin (, LA
u =0, zon JNQ,

where Q C RY is a smooth bounded domain and m > 0 and obtained the
following Lemma.

Lemma 4.1. ( see [13]) For A > Ay, (4.7)x has a unique positive solution
0x,m and for any compact K C Q,

i — ml/p
i () =

uniformly on K.

From the ideas in [5] and [13], we have the following result.
Theorem 4.2. Suppose the following conditions are satisfied:

B )

2) )

Then
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(1) if A < —goo, (4.2)x has no positive solution;

(2) there exists a Ao > 0 such that (4.2) has at least one positive solution
uy for all A\ > \o; and moreover if a(t) is bounded, for any compact K C €,

. ux
A xi7m =

uniformly on K.

Proof. (1) Suppose A < —gy and uy is a positive solution with uy(z) =

max_ g ux(r), zo € Q. Then

1
a( Jo [Vux(z)[*dx)

0 < —Auy(zg) = ux(zo)[A + g(ux(zo))],

which means that
A > —g(ux(0)) > —goo-

This is a contradiction. Then (4.2), has no positive solution if A < —geo.

(2) It is easy to see that from (4.9), p > 2 and
. P
ST
which implies that there is a ¢y > 0 and ¢; > 0 such that
flu) < couf, Yu > e.
Let Ko = max,e[o,c,] f(u) + 1. One has
f(u) < Ko+ cou?, Yu>0

and then
Au+ f(u) < u+ Ko+ couP, Yu > 0.

Choose K|, > 0 big enough such that

AP
>
>\2+K0+CQ)\p - Co-|-27

VA > K.

(4.10)

It follows from (4.8) and (4.10) that there is a A\g > max{1, ¢;, K} big enough

such that
A % 1
a(A20+D) (¢ + 3)2% fQ | fQ |G (2, y)|dy|2dx) A2 + Ko + co\P ~ ap’

YA > Ao

(4.11)
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and

A
a(N2FH0 (co +3)2 55 fo | [o |Gala, y)ldy|?dx)

> A, VA2 A, (4.12)

where \; is the principle eigenvalue of problem (3.3).
For A > Ag, let B(z) = A\, Vo € Q and

1
m=au““”@o+@%3/W/NGAawwm%w.
ag Jo Jo

It follows from (4.12) that &~ > Ay for all A > Xg. Since p > 2, choose

1 > € > 0 small enough such that

edi(z) < A= B(z), Vo€ (4.13)
and
A 1 _
A < — — —£PP(z), Voeq,
b1 aon
which guarantees that
A 1 +1 e
Aedq(x) < b—sq)l(x) — a—(gq)l(x))p , Vze. (4.14)
1 0

Set a(x) = e®4 (), z € Q and

1 _
H(z) = */ Go(z,y)l  sup  Put flu) —u"THdy, @€ Q.
o0 Jo u€la(y),A(y)]

From the definition of Ao, one has

1 _

H@) < o [ Galopldylca+ VT, o€

0Ja

Then
1
w=a [ #@) a0 D@32 |1 ] Gk b
Q ap Ja Ja

ie.,

1
> —

1
— . 4.15
b() b ( )

=

From (4.11) and (4.15), one has

AN A A L
bo A2+ f(N) ~ by A2+ Ko+ oA ag’ =70
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i.e.
1 1
0> —(\+f(\) - b—)\p“, YA > Ao (4.16)
ago 0

It follows from (4.13)-(4.16) that
—Aa(z) = edq(x)

IN
|
™
<
K
—
&
|
ik
™
=
®
=

and
~AB() =0
> () + (@) - 5B, win
B(xz) >0, zin ,
B(x) =0, x on dQ
with

a(z) < B(z), x €.
>

Now Theorem 2.2 guarantees that for A
positive solution u) with

a(z) <up(z) < B(z), z€Q, VA> X

Ao, (4.2)x has at least one

Suppose that uy is a positive solution of (4.2) for A > Ag. We show that
for any € > 0, there is a A(g) > Ao such that

‘1f(ux)

. 4.1
N <eg, YA>Ae) (4.17)

Let ¢y be the largest real number such that
A+g(en) =0.
Observe lim ¢y = +oo. Moreover, A + g(u) < 0 for all w > ¢5. For any

A——+oo
positive solution wuy, we have ux(zo) < cx, where uy(29) = max, g ux(v).

Hence, uy(z) < ¢y for all z € Q. Since

1
AL/p [ f(c,\)] /
— = |1- 1 and
C) CI;\+

L fw)
uBI—ir-loo uptl 0,
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one has
A\l/p
lim =1. (4.18)
A—=+o0  C)
f(u)

For given € > 0, as lim

= 0, there is a M. > 0 such that
u——400 up+1

flw)] _ e
Up+1 S g; V'U/ 2 M€
From (4.18), there is a A > 0 such that
g3
2 <=, VA>A
NS hE
Let
Ae) =max{ Ao+ 1,\ = su flw) .
€ uelo,M. ]| U

For all A > A(e) and uy a solution, then if uy(z) > M., one has

L f(ur(@)| _ |(ua@)\" & flua(@))| _ 3¢
‘)\ u,\)\x) ’_ ‘( )\C)\ ) TA U§+)\1(.r) - 55_ 2’ (4‘19)
if uy(z) < M., one has
L f(ua(z))| _ |1 f(u)
S ) ‘— e A
L) mg” <. (4.20)

Combining (4.19) and (4.20), we get (4.17).

We suppose that a(t) is bounded, i.e., there is a My > 0 such that ag <
a(t) < My. Let p(A) = a( [, |[Vua(z)[*dz). Obviously, ag < p(A) < My for
A > Ag. Let vy = A VPyy. Tt is easy to see that vy satisfies

p(N) _ 1 _ f(/\l/pvx\) p+1
TN AN S TR AN et A R TE€ )
vxloo =0
and
. A
lim ——= = 4o0.

A=rtoo p(A)
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Now we consider

{p()\)\)Avmvvarl, x € (4.22)

’U|aQ =0.

Let 0 ,(x),m be a positive solution.
Now we show that (for £ > 0 small)

Ox,p(0),1-¢ () S oa() < Ox p(r),14e(2). (4.23)
For fixed € > 0 small, we first claim
Ox,p(0),1—(®) < A (D).

Without loss of generality assume 0y ,(x),1—<(z) # va(z), and we have

p+1 41
Ux (J}) - (9)\ p(N) 176(1‘)17

) > _ 91) z) + Q "

ox() = O p(n), 1< (%) Ao(n)1-() T Q(2)

where Q(z) > 0 and hence

1
o | PYA 14y B (@) = O pn),1-c (@)
A oA(T) = O p(r),1—c ()
A
>0 [—p()\)A —1+e+ 9,\,p(,\),1a(3€)p] .

Hereafter, given an elliptic operator L, o1(L) stands the principal eigenvalue
of L subject to the homogeneous Dirichlet boundary conditions. From the
Krein-Rutmann’s Theorem and the definition of 0 ,(x),1—-(x), we have

A
o1 {—p(/\)ﬁ —1l+e+ GA,p()\),l—e(x)p:| =0.
Thus .
p -0 p+1
o LGN (@) = Ox o0 1-2(@) ~o
A oA(T) = O p(r),1-c ()

On the other hand, after some straight forward manipulations, it follows from
(4.21) and (4.22) that

+1 +1
p(A V8T () = Ox p(r),1—c (@)P
f¥A —1l4e+ -2 @) = 0/\’;((/\)) (@) (A(x) = Ox p(r),1-< (7))
1 f(A\VPy)
=[x o

(4.24)
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From (4.17), we have
1 f(\V/P
{5 N M}

by )\Al/pv
for A > A(e). Applying the maximum principle to (4.24), we have

Oxp(0),1—2(T) Sva(x), YoeQ, YA> (),

so our claim is true.
For fixed € > 0 small, we next claim

0)\,p()\),1+6(x) > oa(z).
Without loss of generality assume 0 ,(1),14<(2) # va(z), and we have

W @) = Onpoy e (@)

=0 T)+ T
’U)\(x) — 0)\’p()\),1+5(l‘) )\,p()\),1+5( ) Ql( )

where @Q1(x) > 0 and hence

+1
o _p()\)A et U () = Oy 1 pe (2)PH]
A oA(T) = Ox o), 14 ()
A
> 01 |:—p()\)A —1—c+ 9)\7p()\)’1+5(1'>p:| .
From the Krein-Rutmann’s Theorem and the definition of 0 ,(x),14<(x), we
have )
o1 |:p>\A —1—-e+ 9)\7,,(,\),1_5_8(:1:)1’} = 0.
Thus o
p —9 p+1
o _p()x)A 14 (@) = O 0,14 (2) < 0.
A OA(@) = Ox p(n) 142 (T)

On the other hand, after some straight forward manipulations, it follows from
(4.21) and (4.22) that

p(N) WP (z) — 0, )t (@)PH!
Ty A boet — va(x) — 0 e(@
A UA(‘,E) 70A7p()\)71+5(l’) ( )\( ) Ap(N), 1+ ( ))
1 f(AVPe)
= €=y Vi | U
NS

(4.25)
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From (4.17), we have

A Wy

for A > A(e). Applying the maximum principle to (4.25), we have

R

Oxp(0), 142 () > va(2),

so our claim is true.
Then (4.23) is true. Next note Lemma 4.1 and the fact that limy_, 4 o0 ﬁ =
+o00. The proof is complete. [

5. Sufficient and necessary conditions for the existence of
positive solutions when N =1

In this section, we consider the problem (1.1) for the case N = 1. First we
consider

1

= a([f, [u/[Pda)
u(0) =u(l) =0.

o

flaw), @ e (0.1), o)

Now the following condition is listed for convenience:
(Hy) f:(0,1) x [0,400) — [0,4+00), continuous and I A, p, §,(0 < A <
p<1l,0<§<1),Vae(0,1), ve(+oc0), we have

ch flx,v) < flx,cov) < ey f(x,v), 0<c¢o <96, (5.2)

c())‘f(sc,v) < f(z,cov) < ¢ f(z,v), ¢o>1/6. (5.3)

Lemma 5.1.(see [1]) Suppose u > 0 is concave on [0, 1] with u(0) = u(1) = 0.
Then
w(z) > |u|oox(l — ), te€]0,1].

Using a standard idea (see for example [33]) sufficient and necessary con-
ditions for the existence of positive solutions to (5.1) are obtained.

Theorem 5.1 Suppose (H;) holds. Then a necessary and sufficient con-
dition for positive solutions C*[0, 1] of (5.1) is

0< /0 flz,z(1 —2))dzr < co. (5.4)
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Proof. Necessity. Suppose that ug is a positive solution with uy € C*[0, 1].

It is easy to see that u((0) > 0 and uy(1) < 0. Lemma 5.1 implies that there
is a kg > 1/6 big enough such that
z(1—x)

koUO(lli)

which together with (5.2) and (5.3) implies

<4, z€(0,1),

Choose xg € (0,1) with ug(wo) = max,e[p,1juo(z). It is easy to see that
up(zo) = 0 with uj(x) > 0 for z € [0,20) and uj(z) < 0 for x € (zo,1].
Moreover, it follows from (5.5) that

up(0) = up(0) — ug(o)
1

Zo

=— f(s,uo(s))ds
o ) Jo 1) (5.6)

25*)‘15“1; zof s,5(1 — s))ds.
" a(f; |ua<x>|2dx>/o (st =)

A similar argument shows that
1 1
/ e A
—uh(1) > 6k 1—/ F(s,5(1—)ds. (5.7
a( [y up(z)Pdz) Jao
We deduce from (5.6) and (5.7) that

/0 fz,z(1 — 2))dx < 4o0.

Sufficiency. Let

1

h(z) =(1—1x) /Oz sf(s,s(l—s))ds+ac/ (1—15)f(s,8(1—8))ds, Vzel0,1].

From Lemma 5.1, we can see h(x) > (1 — x)|h|oo. It follows from (5.4) that
h € C*([0,1]), which implies that there exists a az > 0 such that

h(z) < asx(l—x), z€][0,1].
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Let k2 > 0 be big enough such that

1 _
—abEY TR <1, |fsoks > 1.
ag

Define B(x) = koh(z), € [0,1]. From (5.2) and (5.3) we have

(@, B() = — [ (@, kah(2))
’ 10 oh(z

- et )

() P r(walr - o)

< Lk Py f (2, (1 — )
ag

<kof(x,z(l —x)), x€(0,1).

I A

Let

= / |G (z, 5) sup  f(s,r)ds, x€]0,1],
ao €[0,k2h(s)]

where G(z, s) is the Green’s function for —u”(z) = h with u(0) = u(1) =0

and X
b1 =a (/O r%(x)dx> .

Now choose k1 < kg small enough such that
1
k{{—la*—“\mgobf > 1, kias < 6%, kyh(z) <1
1

Let a(x) = kyh(x)
/ |G (,5) sup f(s,r)ds, z€[0,1],
ao re[klh(s),kzh(s)]

and

It is easy to see that
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It follows from (5.2) and (5.3) that

blf(x,a(x)) > bif(%klh(w))

0 1 kih(x)
- (x i) Sz(l - x))
zigﬁif?lﬂ (@, 2(1 - 2)) i

—_

> BT S, 2(1 - )
> by f(e,2(1—a)), @€ (0,1),

Consequently, (5.8) and (5.9) guarantee that

—p"(x) = =(k2h(x))"
= kaf(z, z(1 —z))

> Lt 8(2)),
ap

B(0)  =p(0)=0,
and
—a’(z) = —(kih(z))"
= 11f(96796(1 — 1))
S ;f(x7 Oé(.’L'))
0
a(0) =a(0)=0

Moreover, for a(z) < u < B(z), choose ¢ > 0 big enough such that
1 k
j25 and 2<4 ze(O),

and from (5.2) and (5.3), we have
0 < f(z,u)

which together (5.4) guarantees that

/01 [ (@, w)ldz < <k>A (caz)" /01 f(@,2(1=2))dz < +o0, Va(z) <u < Blz).
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From Theorem 2.1, (5.1) has at least one positive solution u € C'[0,1] with
a(z) <wu(z) < B(z), € [0,1]. The proof is complete. O
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