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HX-groups and Hypergroups

Piergiulio Corsini

Abstract

One considers the hypergroups associated with the HX-groups Z/nZ
and with the set of square matrices of order 2, with coefficients in Z/2Z
and one calculates their fuzzy grade.

1 Introduction

One finds in the literature on HX- groups some examples, but, at least those
I have seen, they are all on infinite groups. So, it has been interesting to find
some on finite groups. One has determined those corresponding with Z/nZ
and one has found the associated hypergroups (after the correspondence that,
in [3] it is shown to exist).

Then one has considered the Fuzzy Grade [3, 4, 6, 7, 8, 9, 12, 13, 15] of
these hypergroups, finding that for every n, it is always equal to one.

Finally, one has constructed the tables of associated hypergroups in the

cases: n = 8, n = 9, n = 12, n = 15, n = 16 and of a set of subsets of Z
(2,2)
2 .

2 HX- groups on finite groups

Set n ∈ N. We shall see that there is in Z/nZ an HX-group, for every divisor
of n.

Set n = aq and let us consider the following subsets:

A0 = [0, a, 2a, ..., (q − 1)a]
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A1 = [1, a+ 1, 2a+ 1, ..., (q − 1)a+ 1]

A2 = [2, a+ 2, 2a+ 2, ..., (q − 1)a+ 2]

· · ·

As = [s, a+ s, 2a+ s, ..., (q − 1)a+ s]

where s = a− 1.
Let us denote Ga the set

Ga ⊆ P∗(Z/nZ), Ga = {Ai | 0 ≤ i ≤ a− 1}

For all (i, j),
if i+ j < q, set Ai �Aj = Ai+j ;
if i+ j ≥ q, set Ai �Aj = A(i+j)−q.
So, the structure (Ga,�) is an abelian group and it is an HX-group in

Z/nZ. We have the following structure described in the table here below:

� A0 A1 A2 · · · Aa−1
A0 A0 A1 A2 Aa−1
A1 A1 A2 A3 A0

A2 A2 A3 A1

· · ·
Aa−1 Aa−1 Aa−2

So, setting K = {Ai | 0 ≤ i ≤ a− 1}, we have that (K,�) ' Z/aZ.

Let q be a divisor of n, that is n = qa.
Then there is anHX-group Gq

a in P∗(Z/nZ) of q elementsA0, A1, · · · , Aq−1,
such that for all j, |Aj | = a, whence a Chinese hypergroupoid nH

a is con-
structed where for all x, y elements of nH

a, we have |x⊕ y| = a.
We shall see now that (H,⊕) is reproductible.

Let us consider the hypergroup associated with Ga.
We know that ∀(x, y) ∈ H2 = (Z/nZ)2, we have

x⊕ y =
⋃

x∈A, y∈B
A ·B.

We have
⋃a−1

i=0 Ai = H. Indeed, (q − 1)a+ a− 1 = qa− 1.
For t, such that 0 ≤ t ≤ qa − 1 = n − 1, there exists (u, v), such that

u ≤ q − 1, v ≤ a− 1, t = ua+ v.
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Let us remark that the following implications hold:

(i1) t = 0⇒ t ∈ A0

t = a⇒ t ∈ A0

(i′1) t = a+ 1⇒ t ∈ A1

(i2) t = a+ 2⇒ t ∈ A2

· · · · · · · · · · · · · · · · · · · · · · · ·

(i′2) t = a+ a− 1⇒ t ∈ Aa−1

(i3) t = 2a⇒ t ∈ A0

(i′3) t = 2a+ 1⇒ t ∈ A1

· · · · · · · · · · · · · · · · · · · · · · · ·

(i′′3) t = 2a+ a− 1⇒ t ∈ Aa−1.

One can continue in the same way. So, for all k, we have

t = ka⇒ t ∈ A0

t = ka+ 1⇒ t ∈ A1

· · · · · · · · · · · · · · · · · · · · · · · ·

t = ka+ a− 1⇒ t ∈ Aa−1

and finally
t = (q − 1)a⇒ t ∈ A0

t = (q − 1)a+ 1⇒ t ∈ A1

t = (q − 1)a+ 2⇒ t ∈ A2

· · · · · · · · · · · · · · · · · · · · · · · ·

t = (q − 1)a+ a− 1 = qa− 1⇒ t ∈ Aa−1

t = qa = n⇒ t ∈ A0
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So,
⋃a−1

j=0 Aj = H.
We shall prove now that (H,⊕) is a hypergroup, and then we shall see the

table of (H,⊕) .

We find that the hypergroupoid Q constructed on G = {Ai}i<q, Q =
(G,�) is a group isomorphic with Z/qZ.

Therefore, (Z/nZ : G,�) is a HX-group. Let us show that (H,⊕) is a
hypergroup.

For all (w, z) ∈ H2, ∃x : z ∈ w⊕ x. Indeed, ∃Ak ∈ Ga : w ∈ Ak, ∃h : z ∈
Ah. Since Ga is a group, there exists Ar : Ak � Ar = Ah, therefore if x ∈ Ar

we have z ∈ Ah = Ak �Ar = w ⊕ x. So H is a hypergroup.

Let us consider for Z/nZ, n = qa. The set Gn
a of subsets is an HX-group,

such that ∀A ∈ Gn
a we have |A| = a. Then for all x ∈ H, we have µ1(x) = 1/a

so H1 is total, whence ∂H = 1.

H0 0 1 2 · · · a− 1 a a + 1 a + 2 · · · q − 1

0 A0 A1 A2 · · · Aa−1 A0 A1 A2 · · · Aa−1 A0 · · · Aa−1

1 A2 A3 · · · A0 A1 A2 A3 Aa−2

2 A4 · · · A1 A2

· · · · · ·
a A2a

a + 1 A0

a + 2 A1

· · ·

Aa−3

Aa−2

For n = aq, we have clearly

∀s, As = [s, a+ s, 2a+ s, · · · , (q − 1)a+ s]

· · · · · · · · · · · ·

Aa−1 = [a− 1, 2a− 1, · · · , (q − 1)a+ a− 1].

3 The associated hypergroup for n = 8

Let us consider Z/8Z. Set G8
2 = {(0, 4), (1, 5), (2, 6), (3, 7)}. We have
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K8
2 (0, 4) (1, 5) (2, 6) (3, 7)

(0, 4) (0, 4) (1, 5) (2, 6) (3, 7)
(1, 5) (2, 6) (3, 7) (0, 4)
(2, 6) (0, 4) (1, 5)
(3, 7) (2, 6)

From K2 one obtains the Chinese hypergroup H8
2 .

H8
2 0 1 2 3 4 5 6 7

0 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7
1 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4
2 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5
3 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6
4 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7
5 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4
6 2, 6 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5
7 3, 7 0, 4 1, 5 2, 6 3, 7 0, 4 1, 5 2, 6

We find A(0) = A(4) = 16/2, q(0) = q(4) = 16, whence
µ1(0) = µ1(4) = 0.5.
By the same way, one finds ∀j, µ1(j) = 0.5, so 1H

8
2 is total, whence

∂(H8
2 ) = 1.

We can consider also G8
4 = {(0, 2, 4, 6), (1, 3, 5, 7))}.

We find

K8
4 (0, 2, 4, 6) (1, 3, 5, 7)

(0, 2, 4, 6) (0, 2, 4, 6) (1, 3, 5, 7)
(1, 3, 5, 7) (1, 3, 5, 7) (0, 2, 4, 6)

from which one obtains the Chinese hypergroup H8
4 .

H8
4 0 1 2 3 4 5 6 7

0 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7

1 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6

2 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7

3 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6

4 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6 1, 3, 5, 7

5 0, 2, 4, 6 1, 3, 5, 7 0, 2, 4, 6

6 0, 2, 4, 6 1, 3, 5, 7

7 0, 2, 4, 6
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We have clearly A(0) = A(2) = A(4) = A(6) = 30/4, and
∀i ∈ {0, 2, 4, 6}, µ1(i) = 0.25.
Analogously, one finds ∀j ∈ {1, 3, 5, 7}, µ1(j) = 0.25.

4 The associated hypergroup for n = 9

Let us consider Z/9Z. Set G9
3 = {(0, 3, 6), (1, 4, 7), (2, 5, 8)}. We have the fol-

lowing

K9
3 (0, 3, 6) (1, 4, 7) (2, 5, 8)

(0, 3, 6) (0, 3, 6) (1, 4, 7) (2, 5, 8)
(1, 4, 7) (2, 5, 8) (0, 3, 6)
(2, 5, 8) (1, 4, 7)

which is an HX-group. One obtains the hypergroup H9
3 .

H9
3 0 1 2 3 4 5 6 7 8

0 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8
1 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6
2 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7
3 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8
4 2, 5, 8 0, 3, 6 1, 4, 7 2, 5, 8 0, 3, 6
5 1, 4, 7 2, 5, 8 0, 3, 6 1, 4, 7
6 0, 3, 6 1, 4, 7 2, 5, 8
7 2, 5, 8 0, 3, 6
8 1, 4, 7

We find A(0) = A(3) = A(6) = 1/3 + 4/3 + 7/3 + 8/3 + 5/3 + 2/3 = 9. whence
∀j, µ1(j) = 0.333, whence 1H

9
3 is total, whence ∂(H9

3 ) = 1.

5 The associated hypergroup for n = 12

Let us consider Z/12Z.
Set G12

3 = {(0, 4, 8), (1, 5, 9), (2, 6, 10), (3, 7, 11)}. We have the following
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K12
3 (0, 4, 8) (1, 5, 9) (2, 6, 10) (3, 7, 11)

(0, 4, 8) (0, 4, 8) (1, 5, 9) (2, 6, 10) (3, 7, 11)
(1, 5, 9) (1, 5, 9) (2, 6, 10) (3, 7, 11) (0, 4, 8)
(2, 6, 10) (2, 6, 10) (3, 7, 11) (0, 4, 8) (1, 5, 9)
(3, 7, 11) (3, 7, 11) (0, 4, 8) (1, 5, 9) (2, 6, 10)

Denote A0 = (0, 4, 8), A1 = (1, 5, 9), A2 = (2, 6, 10), A3 = (3, 7, 11).
K12

3 is an HX-group. We obtain the Chinese hypergroup H12
3 .

H12
3 0 1 2 3 4 5 6 7 8 9 10 11
0 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3

1 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0

2 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1

3 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2

4 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3

5 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0

6 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1

7 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2

8 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3

9 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0

10 A2 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1

11 A3 A0 A1 A2 A3 A0 A1 A2 A3 A0 A1 A2

Set G12
4 = {(0, 3, 6, 9), (1, 4, 7, 10), (2, 5, 8, 11)}. We find

K12
4 (0, 3, 6, 9) (1, 4, 7, 10) (2, 5, 8, 11)

(0, 3, 5, 9) (0, 3, 6, 9) (1, 4, 7, 10) (2, 5, 8, 11)
(1, 4, 7, 10) (1, 4, 7, 10) (2, 5, 8, 11) (0, 3, 6, 9)
(2, 5, 8, 11) (2, 5, 8, 11) (0, 3, 6, 9) (1, 4, 7, 10)

So, K12
4 is clearly an HX-group and we obtain the Chinese hypergroup H12

4 .
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First, we set K0 = (0, 3, 6, 9), K1 = (1, 4, 7, 10), K2 = (2, 5, 8, 11).

H12
4 0 3 6 9 1 4 7 10 2 5 8 11
0 K0 K0 K0 K0 K1 K1 K1 K1 K2 K2 K2 K2

3 K0 K0 K0 K0 K1 K1 K1 K1 K2 K2 K2 K2

6 K0 K0 K0 K0 K1 K1 K1 K1 K2 K2 K2 K2

9 K0 K0 K0 K0 K1 K1 K1 K1 K2 K2 K2 K2

1 K1 K1 K1 K1 K2 K2 K2 K2 K0 K0 K0 K0

4 K1 K1 K1 K1 K2 K2 K2 K2 K0 K0 K0 K0

7 K1 K1 K1 K1 K2 K2 K2 K2 K0 K0 K0 K0

10 K1 K1 K1 K1 K2 K2 K2 K2 K0 K0 K0 K0

2 K2 K2 K2 K2 K0 K0 K0 K0 K1 K1 K1 K1

5 K2 K2 K2 K2 K0 K0 K0 K0 K1 K1 K1 K1

8 K2 K2 K2 K2 K0 K0 K0 K0 K1 K1 K1 K1

11 K2 K2 K2 K2 K0 K0 K0 K0 K1 K1 K1 K1

For ∀j0 ∈ K0, A(j0) = 16/4 + 16/4 + 16/4 = 12, q(j0) = 48, µ(j0) = 0.25;
∀j1 ∈ K1, µ(j1) = 0.25;
∀j2 ∈ K2, µ(j2) = 0.25.
So H2 is total, whence ∂H12

4 = 1.

Set G12
6 = {(0, 2, 4, 6, 8, 10), (1, 3, 5, 7, 9, 11)}.

Set A0 = (0, 2, 4, 6, 8, 10), A1 = (1, 3, 5, 7, 9, 11).

K12
6 A0 A1

A0 A0 A1

A1 A1 A0
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H12
6 0 1 2 3 4 5 6 7 8 9 10 11
0 A0 A1 A0 A1 A0 A1 A0 A1 A0 A1 A0 A1

1 A0 A1 A0 A1 A0 A1 A0 A1 A0 A1 A0

2 A0 A1 A0 A1 A0 A1 A0 A1 A0 A1

3 A0 A1 A0 A1 A0 A1 A0 A1 A0

4 A0 A1 A0 A1 A0 A1 A0 A1

5 A0 A1 A0 A1 A0 A1 A0

6 A0 A1 A0 A1 A0 A1

7 A0 A1 A0 A1 A0

8 A0 A1 A0 A1

9 A0 A1 A0

10 A0 A1

11 A0

(Z/12Z)2 Let us consider now G12
2 .

G12
2 = {(0, 6), (1, 7), (2, 8), (3, 9), (4, 10), (5, 11)}, from which we obtain the

HX-group K12
2 .

K12
2 (0, 6) (1, 7) (2, 8) (3, 9) (4, 10) (5, 11)

(0, 6) (0, 6) (1, 7) (2, 8) (3, 9) (4, 10) (5, 11)
(1, 7) (2, 8) (3, 9) (4, 10) (5, 11) (0, 6)
(2, 8) (4, 10) (5, 11) (0, 6) (1, 7)
(3, 9) (0, 6) (1, 7) (2, 8)
(4, 10) (2, 8) (3, 9)
(5, 11) (4, 10)

and finally the Chinese hypergroup H12
2

H12
2 0 1 2 3 4 5 6 7 8 9 10 11

0 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11

1 2, 8 3, 9 4, 10 5, 11 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11 0, 6

2 4, 10 5, 11 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11 0, 6 1, 7

3 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11 0, 6 1, 7 2, 8

4 2, 8 3, 9 4, 10 5, 11 0, 6 1, 7 2, 8 3, 9

5 4, 10 5, 11 0, 6 1, 7 2, 8 3, 9 4, 10

6 0, 6 1, 7 2, 8 3, 9 4, 10 5, 11

7 2, 8 3, 9 4, 10 5, 11 0, 6

8 4, 10 5, 11 0, 6 1, 7

9 0, 6 1, 7 2, 8

10 2, 8 3, 9

11 4, 10
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In the case G12
6 we have ∀j, µ(j) = 1/6 = 0.16666.

In the case G12
4 we have ∀j, µ(j) = 1/4 = 0.25.

In the case G12
3 we have ∀j, µ(j) = 1/3 = 0.333.

In the case G12
2 we have ∀j, µ(j) = 1/2 = 0.5.

6 The associated hypergroup for n = 15

Let us consider Z/15Z. Set G15
5 = {(0, 3, 6, 9, 12), (1, 4, 7, 10, 13), (2, 5, 8, 11, 14)}.

Set A0 = (0, 3, 6, 9, 12), A1 = (1, 4, 7, 10, 13), A2 = (2, 5, 8, 11, 14).

K15
5 A0 A1 A2

A0 A0 A1 A2

A1 A1 A2 A0

A2 A2 A0 A1

H15
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2

1 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0

2 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1

3 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2

4 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0

5 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1

6 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2

7 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0

8 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1

9 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2

10 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0

11 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1

12 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2

13 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0

14 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1 A2 A0 A1

So, we have ∀j, µ(j) = 1/5 = 0.2.
Set G15

3 = {A3
0, A

3
1, A

3
2, A

3
3, A

3
4}, where

A3
0 = (0, 5, 10), A3

1 = (1, 6, 11), A3
2 = (2, 7, 12), A3

3 = (3, 8, 13),
A3

4 = (4, 9, 14).
Notice that K15

3 = {A2
i | 0 ≤ i ≤ 4} is an HX-group. Indeed,
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K15
3 A3

0 A3
1 A3

2 A3
3 A3

4

A3
0 A3

0 A3
1 A3

2 A3
3 A3

4

A3
1 A3

1 A3
2 A3

3 A3
4 A3

0

A3
2 A3

2 A3
3 A3

4 A3
0 A3

1

A3
3 A3

3 A3
4 A3

0 A3
1 A3

2

A3
4 A3

4 A3
0 A3

1 A3
2 A3

3

H15
3 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4

1 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0

2 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1

3 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2

4 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3

5 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4

6 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0

7 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1

8 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2

9 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3

10 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4

11 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0

12 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1

13 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2

14 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3 A4 A0 A1 A2 A3

So, we have ∀j, µ1(j) = 1/3 = 0.333.

7 The associated hypergroup for n = 16

Let us consider Z/16Z. Denote A16,4
0 = A0 = (0, 4, 8, 12), A16,4

1 = A1 =
(1, 5, 9, 13), A16,4

2 = A2 = (2, 6, 10, 14), A16,4
3 = A3 = (3, 7, 11, 15).

We obtain the HX-group K16
4 , whence Chinese hypergroup H16

4 .

K16
4 A16

0 A16
1 A16

2 A16
3

A16
0 A0 A1 A2 A3

A16
1 A1 A2 A3 A0

A16
2 A2 A3 A0 A1

A16
3 A3 A0 A1 A2
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H16
4 0 4 8 12 1 5 9 13 2 6 10 14 3 7 11 15

0 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3

4 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3

8 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3

12 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3

1 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0

5 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0

9 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0

13 A1 A1 A1 A1 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0

2 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1

6 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1

10 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1

14 A2 A2 A2 A2 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1

3 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2

7 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2

11 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2

15 A3 A3 A3 A3 A0 A0 A0 A0 A1 A1 A1 A1 A2 A2 A2 A2

We have ∀j, µ1(j) = 1/4 = 0.25.
Set A16,8

0 = (0, 2, 4, 6, 8, 10, 12, 14), A16,8
1 = (1, 3, 5, 7, 9, 11, 13, 15).

We obtain the HX-group K16
8 , whence the Chinese hypergroup H16

8 .

K16
8 A16,8

0 A16,8
1

A16,8
0 A16,8

0 A16,8
1

A16,8
1 A16,8

1 A16,8
0
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H16
8 0 2 4 6 8 10 12 14 1 3 5 7 9 11 13 15

0 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

2 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

4 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

6 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

8 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

10 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

12 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

14 A0 A0 A0 A0 A0 A0 A0 A0 A1 A1 A1 A1 A1 A1 A1 A1

1 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

3 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

5 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

7 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

9 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

11 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

13 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

15 A1 A1 A1 A1 A1 A1 A1 A1 A0 A0 A0 A0 A0 A0 A0 A0

For all j, we have µ1(j) = 0.125.
Denote
B16,2

0 = B0 = (0, 8), B16,2
1 = B1 = (1, 9), B16,2

2 = B2 = (2, 10),
B16,2

4 = B4 = (4, 12), B16,2
5 = B5 = (5, 13), B16,2

3 = B3 = (3, 11),
B16,2

6 = B6 = (6, 14), B16,2
7 = B7 = (7, 15).

We obtain the HX-group K16
2 , whence the Chinese hypergroup H12

2 .

K16
2 B0 B1 B2 B3 B4 B5 B6 B7

B0 B0 B1 B2 B3 B4 B5 B6 B7

B1 B1 B2 B3 B4 B5 B6 B7 B0

B2 B4 B5 B6 B7 B0 B1

B3 B6 B7 B0 B1 B2

B4 B0 B1 B2 B3

B5 B2 B3 B4

B6 B5 B5

B7 B6
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H16
2 0 8 1 9 2 10 3 11 4 12 5 13 6 14 7 15

0 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7

8 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7

1 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0

9 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0

2 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1

10 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1

3 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2

11 B3 B3 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2

4 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3

12 B4 B4 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3

5 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4

13 B5 B5 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4

6 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5

14 B6 B6 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5

7 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6

15 B7 B7 B0 B0 B1 B1 B2 B2 B3 B3 B4 B4 B5 B5 B6 B6

We have ∀j, µ1(j) = 0.5.

8 HX-groupoids

The absence in the class of HX-groups associated with Z/nZ, ∀n ∈ N of
elements H(n), such that the fuzzy grade ∂H(n) is greather than 1, could let
think to be true for every finite hypergroupoid. I hit upon the idea of consid-
ering the multiplicative group (with respect with the product row×column) of

all square matrices of Z
(2,2)
2 of order 2 with coefficients in Z/2Z.
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Z
(2,2)
2 1 0 0 1 1 1 1 1 1 0 0 1

0 1 1 0 1 0 0 1 1 1 1 1
1 0 1 0 0 1 1 1 1 1 1 0 0 1
0 1 0 1 1 0 1 0 0 1 1 1 1 1
0 1 0 1 1 0 1 0 0 1 1 1 1 1
1 0 1 0 0 1 1 1 1 1 1 0 0 1
1 1 1 1 1 1 0 1 1 0 0 1 1 0
1 0 1 0 0 1 1 1 1 1 1 0 0 1
1 1 1 1 1 1 0 1 1 0 0 1 1 0
0 1 0 1 1 0 1 0 0 1 1 1 1 1
1 0 1 0 0 1 1 1 1 1 1 0 0 1
1 1 1 1 1 1 0 1 1 0 0 1 1 0
0 1 0 1 1 0 1 0 0 1 1 1 1 1
1 1 1 1 1 1 0 1 1 0 0 1 1 0

Then one has considered the hypergroupoidH0, as follows. First, we denote
by Bi where 0 ≤ i ≤ 8.

B0 =
{(1 0

0 1

)
,

(
1 1
0 1

)}
, B1 =

{(1 0
0 1

)
,

(
1 0
1 1

)}
B2 =

{(1 0
0 1

)
,

(
0 1
1 0

)}
, B3 =

{(1 0
0 1

)
,

(
0 1
1 1

)}
B4 =

{(1 1
0 1

)
,

(
1 1
1 0

)}
, B5 =

{(1 0
1 1

)
,

(
0 1
1 1

)}
B6 =

{(1 0
1 1

)
,

(
1 1
1 0

)}
, B7 =

{(0 1
1 0

)
,

(
0 1
1 1

)}
B8 =

{(
1 0
0 1

)
,

(
1 1
1 0

)}
.

We construct H0, where for every pair (i, j), we shall denote the hyper-
product Bi ◦0Bj = {Bh, Bk} as i◦0 j. Then we shall calculate the membership
function µ1 associated with the hypergroupoid (H0; ◦0). One obtains (H1; ◦1)
where ◦1 is defined by

x ◦1 y = {z | min{µ(x), µ(y)} ≤ µ(z) ≤ max{µ(x), µ(y)}},
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see [2], continuing in the same way,

H0 0 1 2 3 4 5 6 7 8
0 0 0, 5 2, 4 0, 5 2, 4 5 6, 7 6, 7 2, 4
1 0, 1, 1 1, 2, 1, 2, 4 1, 2, 0, 1, 7 0, 1,

4, 6 5, 7 5, 7 5, 7 4, 6 4, 6
2 0, 7 2, 6 2 0, 7 4, 5 4, 5 6 0, 7 2, 6
3 0, 7 0, 5 1, 2, 3, 8 2, 4 4, 5 0, 1, 6, 7 3, 8

5, 7 4, 6
4 0, 1, 4, 7 4 0, 1, 1, 2, 1, 2, 7 0, 1, 4, 7

4, 6 4, 6 5, 7 5, 7 4, 6
5 6, 7 0, 5 5 6, 7 2, 4 2, 4 0 6, 7 0, 5
6 6 2, 6 4, 5 2, 6 4, 5 2 0, 7 0, 7 4, 5
7 7 4, 7 1, 2, 4, 7 1, 2, 4 0, 1, 0, 1, 1, 2,

5, 7 5, 7 4, 6 4, 6 5, 7
8 0, 1, 2, 6 2, 4 3, 8 4, 5 1, 2, 6, 7 0, 7 3, 8

4, 6 5, 7

We have clearly
A(0) = 2 · 1 + 12 · 1/2 + 10 · 1/4 = 42/4
A(1) = 1 · 1 + 19 · 1/4 = 23/4
A(3) = A(8) = 4 · 1/2 = 2
A(7) = 3 · 1 + 17 · 1/2 + 9 · 1/4 = 55/4
A(2) = 2 · 1 + 1 · 1/2 + 10 · 1/4 = 42/4
A(4) = 3 · 1 + 17 · 1/2 + 9 · 1/4 = 55/4
A(6) = 2 · 1 + 12 · 1/2 + 10 · 1/4 = 42/4
A(5) = 2 · 1 + 12 · 1/2 + 10 · 1/4 = 42/4.
By consequence we have
q1(0) = 24, q1(1) = 20, q1(3) = q1(8) = 4
q1(7) = 29, q1(2) = 23, q1(4) = 29, q1(6) = 24
q1(5) = 24, whence µ1(0) = µ1(2) = µ1(5) = µ1(6) = 0.4375
µ1(4) = µ1(7) = 0.47138, µ1(3) = µ1(8) = 0.5
µ1(1) = 0.2875.
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One finds

H1 1 0 2 5 6 4 7 3 8

1 1 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2, 4, 0, 1, 2, 4, H H
5, 6 5, 6 5, 6 5, 6 5, 6, 7 5, 6, 7

0 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 4, 0, 2, 4, 0, 2, 3, 4, 0, 2, 3, 4,
5, 6 5, 6 5, 6 5, 6 5, 6, 7 5, 6, 7 5, 6, 7, 8 5, 6, 7, 8

2 0, 2, 0, 2, 0, 2, 0, 2, 4, 0, 2, 4, 0, 2, 3, 4, 0, 2, 3, 4,
5, 6 5, 6 5, 6 5, 6, 7 5, 6, 7 5, 6, 7, 8 5, 6, 7, 8

5 0, 2, 0, 2, 0, 2, 4, 0, 2, 4, 0, 2, 3, 4, 0, 2, 3, 4,
5, 6 5, 6 5, 6, 7 5, 6, 7 5, 6, 7, 8 5, 6, 7, 8

6 0, 2, 0, 2, 4, 0, 2, 4, 0, 2, 3, 4, 0, 2, 3, 4,
5, 6 5, 6, 7 5, 6, 7 5, 6, 7, 8 5, 6, 7, 8

4 4, 7 4, 7 3, 4, 3, 4,
7, 8 7, 8

7 4, 7 3, 4, 3, 4,
7, 8 7, 8

3 3, 8 3, 8

8 3, 8

whence A2(1) = 1 + 8/5 + 4/7 + 4/9 = 2278/630,
q2(1) = 17, µ2(1) = 0.2127.
A2(0) = A2(2) = A2(5) = A2(6) = 16/4 + 8/5 + 4/7 + 4/9 + 16/6 + 16/8 =

7108/630,
q2(0) = 48, µ2(0) = µ2(2) = µ2(5) = µ2(6) = 0.2350.
A2(4) = A2(7) = 4/2 + 16/6 + 4/7 + 4/9 + 8/4 + 16/8 = 6100/360,
q2(4) = q2(7) = 52, µ2(4) = µ2(7) = 0.18620.
A2(3) = A2(8) = 4/2 + 8/4 + 16/8 + 4/9 = 464/72,
q2(3) = 32, µ2(3) = µ2(8) = 0.20139.
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H2 0 2 5 6 1 3 8 4 7

0 0, 2, 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H
5, 6 5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8

2 0, 2, 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H
5, 6 5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8

5 0, 2, 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H
5, 6 5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8

6 0, 2, 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H
5, 6 5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8

1 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2, 1 1, 1, 1, 3, 4, 1, 3, 4,
5, 6 5, 6 5, 6 5, 6 3, 8 3, 8 7, 8 7, 8

3 0, 1, 2, 3, 0, 1, 2, 3, 0, 1, 2, 3, 0, 1, 2, 3, 1, 3, 8 3, 8 3, 4, 3, 4,
5, 6, 8 5, 6, 8 5, 6, 8 5, 6, 8 3, 8 7, 8 7, 8

8 0, 1, 2, 3, 0, 1, 2, 3, 0, 1, 2, 3, 0, 1, 2, 3, 1, 3, 8 3, 8 3, 4, 3, 4,
5, 6, 8 5, 6, 8 5, 6, 8 5, 6, 8 3, 8 7, 8 7, 8

4 H H H H 1, 3, 4 3, 4, 3, 4, 4, 7 4, 7
7, 8 7, 8 7, 8

7 H H H H 1, 3, 4, 3, 4, 3, 4, 4, 7 4, 7
7, 8 7, 8 7, 8

A3(1) = 1 + 4/3 + 4/5 + 8/5 + 16/7 + 16/9 = 5542/630,
q3(1) = 49, µ3(1) = 0.179527.
A3(0) = A3(2) = A3(5) = A3(6) = 16/4 + 8/5 + 16/7 + 16/9 = 6088/630,
q3(0) = q3(2) = q3(5) = q3(6) = 56,
µ3(0) = µ3(2) = µ3(5) = µ3(6) = 0.17256.
A3(3) = A3(8) = 4/2 + 8/4 + 4/5 + 16/7 + 16/9 = 5584/630,
q3(3) = q3(8) = 48, µ3(3) = µ3(8) = 0.184656.
A3(4) = A3(7) = 4/2 + 8/4 + 4/5 + 16/9 = 4144/630,
q3(4) = q3(7) = 32, µ3(4) = µ3(7) = 0.20555.
µ3(0) = µ3(2) = µ3(5) = µ3(6) = 0.17256 < µ3(1) = 0.179527 <
µ3(3) = µ3(8) = 0.184656 < µ3(4) = µ3(7) = 0.20555,
whence one finds H3
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H3 0 2 5 6 1 3 8 4 7
0 0, 2, 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H

5, 6 5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8
2 0, 2, 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H

5, 6 5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8
5 0, 2, 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H

5, 6 5, 6 5, 6 5, 6, 8 5, 6, 8
6 0, 2, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, H H

5, 6 5, 6 5, 6, 8 5, 6, 8
1 1 1, 1, 1, 3, 4, 1, 3, 4,

3, 8 3, 8 7, 8 7, 8
3 3, 8 3, 8 3, 4, 3, 4,

7, 8 7, 8
8 3, 8 3, 4, 3, 4,

7, 8 7, 8
4 4, 7 4, 7
7 4, 7

One sees that (H3; ◦3) coincides with (H2; ◦2).
Therefore, one can conclude that the fuzzy grade of H0 is 2.

References

[1] R. Ameri, M.M. Zahedi, Hypergroup and join space induced by a fuzzy
subset, PU.M.A., vol. 8, (2-3-4), 155-168 (1997).

[2] P. Corsini, Prolegomena of Hypergroup Theory, Aviani Editore, Italy
(1993).

[3] P. Corsini, Join Spaces, Power Sets, Fuzzy Sets, Proc. Fifth Interna-
tional Congress on A.H.A., 1993, Iasi, Romania, Hadronic Press, Palm
Harbor, USA, (1994), 45-52.

[4] P. Corsini, A new connection between hypergroups and fuzzy sets, South-
east Bulletin of Math., 27 (2003), 221-229

[5] P. Corsini, Hyperstructures associated with ordered sets, Bulletin of the
Greek Mathematical Society, vol. 48, (2003), 7-18

[6] P. Corsini, I. Cristea, Fuzzy grade of i.p.s. hypergroups of order less or
equal to 6, PU.M.A., vol. 14, n. 4, (2003), 275-288



HX-GROUPS AND HYPERGROUPS 120

[7] P. Corsini, I. Cristea, Fuzzy grade of i.p.s. hypergroups of order 7, Iran
J. of Fuzzy Systems, 1, no. 2 (2004), 15-32

[8] P. Corsini, I. Cristea, Fuzzy sets and non complete 1-hypergroups, An.
St. Univ. Ovidius Constanta, 13 (1) (2005), 27-54

[9] P. Corsini, B. Davvaz, New connections among multivalued functions,
hyperstructures and fuzzy sets, Jordan Journal of Mathematics and
Statistics, (JJMS) 3 (3) (2010), 133-150

[10] P. Corsini, V. Leoreanu-Fotea, Applications of Hyperstructure Theory,
Advances in Mathematics, Kluwer Academic Publishers, (2003).

[11] P. Corsini, V. Leoreanu, Join Spaces associated with Fuzzy Sets, J. of
Combinatorics, Information and System Sciences, vol. 20, n. 1 (1995),
293-303

[12] P. Corsini, V. Leoreanu-Fotea, On the grade of a sequence of fuzzy sets
and join spaces determined by a hypergraph, Southeast Asian Bulletin
of Mathematics, 34 (2010), 231-242

[13] P. Corsini, V. Leoreanu-Fotea, A. Iranmanesh, On the sequence of join
spaces and membership functions determined by a hypergraph, Journal of
Multivalued-Logic and Soft Computing, vol. 14, issue 6, (2008), 565-567

[14] P. Corsini, R. Mahjoob, Multivalued functions, fuzzy subsets and join
spaces, Ratio Mathematica, 20 (2010), 1-41

[15] I. Cristea, A property of the connection between fuzzy sets and hyper-
groupoids, Italian Journal of Pure and Applied Mathematics, 21 (2007),
73-82

[16] S Hoskova, J. Chvalina, P. Rackova, Transposition hypergroups of Fred-
holm integral operators and related hyperstructures, Journal of Basic
Science 41(2005), 4351.

[17] J. Jantosciak, Transposition hypergroups: noncommutative join spaces,
J. Algebra, 187 (1997), 97-119

[18] A. Maturo, I. Tofan, Iperstrutture, strutture fuzzy ed applicazioni, 168
pages, 2001, Dierre Edizioni

[19] W. Prenowitz, J. Jantosciak, Join Geometries, Springer-Verlag UTM,
(1979).



HX-GROUPS AND HYPERGROUPS 121

[20] S. Jancic-Rasovic, On a class of Chinese Hyperrings, Ital. J. Pure Appl.
Math., 28 (2011), 245-256.

[21] K. Serafimidis, A. Kehagias, M. Konstantinidou, The L-fuzzy Corsini
join hyperoperation, Italian Journal of Pure and Applied Mathematics,
12 (2003), 83-90

[22] S. Spartalis, The hyperoperation relation and the Corsini’s partial or not
partial hypergroupoid, Italian Journal of Pure and Applied Mathematics,
24 (2008), 97-112

[23] M. Stefanescu, I. Cristea, On the fuzzy grade of hypergroups, Fuzzy Sets
and Systems, 159 (2008), 1097-1106

[24] T. Vougiouklis, Hyperstructures and their representations, Hadronic
Press Inc. (1994).

[25] M. Yavari, Corsini’s method and construction of join spaces, Italian
Journal of Pure and Applied Mathematics, 23 (2008), 11-24

[26] F. Yuming, Algebraic hyperstructures obtained from algebraic structures
with binary fuzzy binary relations, Italian Journal of Pure and Applied
Mathematics, 25, (2009), 157-164

Piergiulio CORSINI,
Department of Polytecnic Engineering,
University of Udine,
Via delle Scienze 206, 33100 Udine, Italy.
Email: piergiuliocorsini@gmail.com



HX-GROUPS AND HYPERGROUPS 122


