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HOLDER WEIGHT ESTIMATES OF
RIESZ-BESSEL SINGULAR INTEGRALS
GENERATED BY A GENERALIZED SHIFT
OPERATOR

I. Ekincioglu, C. Keskin and S. Er

Abstract

Riesz-Bessel singular integral operators generated by generalized shift
operator in weighted Hélder space H, ; is studied. The H_ ; bounded-
ness of this operator is established in certain cases.

1 Introduction

Singular integral operators are playing an important role in Harmonic Anal-
ysis, theory of functions and partial differential equations. Singular integrals
associated with the Ap_  Laplace-Bessel differential operator
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which is known as an important operator in analysis and its applications, have
been the research areas of many mathematicians such as B. Muckenhoupt and
E.M. Stein [12, 13], I. Kipriyanov and M. Klyuchantsev [1, 2, 11], K. Trimeche
[15], K. Stempak [14], I.A. Aliev and A.D. Gadjiev [3], V.S. Guliyev [9], A.D.
Gadjiev and Emin V. Guliyev [8] and others.
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The multidimentional singular integral operators generated by general-
ized shift operator are studied by Klyuchantsev in [1] and Kipriyanov and
Klyuchantsev in [2]. Aliev and Gadjiev [3], and Ekincioglu and Serbetci
[7] have studied the boundedness of certain singular integrals generated by
generalized shift operator in weighted L,-spaces with radial weights.

Klyuchantsev and Kipriyanov [2] have firstly introduced and investigated
the L, ,-boundedness of singular integrals generated by the Ap ~Laplace-
Bessel diffe-rential operator (B,—singular integrals). Aliev and Gadjiev [3]
have studied the boundedness of the B,,—singular integrals in weighted L,, ., ~-
spaces with radial weights. Gadjiev and Guliyev [8] and Ekincioglu [18] have
investigated the boundedness of the By-singular integrals in weighted L, ., -
spaces with general weights.

Matrix singular integral operators and singular integral operators are in-
vestigated in weighted Holder spaces by Kapanadze in [16] and Abdullayev
[17].

The paper is organized as follows. In the next section, we collect the
background materials. In the Section 3, we recall the definition of weighted
Holder spaces and give some inequalities in weighted Hélder spaces. Finally,
we give the boundedness of Riesz-Bessel singular integral operators in weighted
Holder spaces will be studied in certain cases.

Throughout this paper we use the convention that ¢ denotes a generic
constant, depending on k, v or other fixed parameters, its value may change
from line to line.

In this paper, Riesz-Bessel singular integral operators generated by gener-
alized shift operator associated with the Ap, Laplace-Bessel differential oper-
ator

n—k k
92 i B 02
Ap, = — s k=1,...,n.
By =1 8:6? T Zl Tn—k+i 6£Cn_k+7; + 8xi_k+i "

1=

is studied in weighted Holder spaces.

2 Preliminaries

Let R™ be n—dimensional Euclidean space and = = (21, ...,2,), £ = (&1, ..., &n)

be vectors in Ry , then @ - § = 1§ + ... + 2n&y, [7] = (2 o)V/2 x =
(2, 2"), ' = (x1,...,Tpn_r) € RZ;’C, 2 = (Tp_ki1y--,Tn) € Rﬁ)Jr, " =
(Tpg1y. ey Tntk) € Rll:,+ and ¥ = (2/,2",2"") € R"**. Denote , Sty={z €

RZ,—O— : |J;| = 1}7 Y= (71)"'a7k)7 "> O?"')’Yk} > 0, |’Y| =7+ ...+,
() =a . a)m ok
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Let Ry | = {z: 2= (x1,22,...,2n), Tpkti >0,...,2, >0, 1 <i <k}
We now introduce the generalized shift operator is defined by

TVf(z) = C'Y/O B /0 f (1'/ - y', (Tn—rt 15 Yn—kt1)ars - - (T, yn)ak) dy(a),

ok D(vy -1 k
where ¢, = % ‘H1(1?Z(7‘)2)’ dy(a) = Hlsin'”*1 a; da; and 2’y €
1= 3 1=
R"™* and (xn—k+iayn—k+i)ai = [xifkﬂ — 2%p—k+iYn—k+i COS O +y7217k+i]%7
1<i<k, [18].

Note that the generalized shift operator is closely connected with Laplace-
Bessel differential operator (see [4],[1]). The shift T? generates the correspond-
ing convolution

(f*g)(x) = / @) [TYg(@)] (0" dy
RET

which satisfies the property (f *g) = (g * f).
The Riesz-Bessel singular integral operator generated by a generalized shift
operator (Rp,)f (1 <k <mn)is defined by

(Fp)f@) = poa [ 7 ’TQ(f,Z (79 ()] (v dy
R}

= ¢, lim / L(y) [Tyf(:n)} (") dy (2.1)

e—0 |y‘Q+k
{yeR} -+ lyl>e}
lim(Rp,):f(x),
e—0

k

where Q = n + |y, ¢x = 2Q/2F( F(E))_l,k =12,...,n, 0 =y/lyl,

and the characteristic Py(#) belongs to some function space on the hemisphere
Sk 4 such that Py(z) = Py(z1,..., Tn—r, xfhkﬂ, ...,x2) is a homogeneous
polynomial with order £ which holds Ap, P, = 0 and satisfies the cancellation

condition

LN

/S Pu(0)(6")7d0 = 0. (2.2)

n
k,+

Unless stated otherwise we will assume throughout that Pj(6) satisfies a uni-
form Holder condition on Sy, i.e., if §; and 6 are unit vectors, then for some
positive constants A and 0 < 6 < 1,

|Pi(61) — Pr(62)| < cAlf — 6o° (2.3)
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where |07 — 05| denotes the geodesic distance on Sty from 601 to 02, cis a
constant and sup |Py(0)] = A < oo.

Lemma 2.1. Let a and B be are arbitrary numbers such that 0 < a < f < +o00
then for any point x € R} | the following equality holds

P2
/ M[Tyf(x)](yu)my =c, / P’“E;gQ)Mf( s) H |Sn—ky2i[ 7 1d3,

a<l|y|<p a<|z-3|<p

where f(s) = f(s',[s2_j1 + 82 _jial? -ons [ S k-1 +52,,]7), di = ds'ds"ds",

i (fc' — 5 [(@nopr1 = Sn-rr1)? 82 _pp0)? [(Tnsk—1 = Snrn—1)” + 5n+k]i)
| — 3|’ | — 3 Y |z — 3 7

and & = («/,2",0,...,0) € RZI’C. (see [1])

Proof. We denote the first part by I

Py (£ o
= Cy / |;‘Q‘+lk / /f x’ — y xn k+1)Yn— k+1)o¢17- B (xnyyn)ak) (y//)vd'}/(a)dy

ly|>e
Pr (1
/ ‘Q+k/ /f =y [k ) = 2k 1Yn— k1 COS Q1 + (Yo pp1 COS 1)
lyl>e
+(Yn—k+1 s1noz1)2ﬁ7 oy [2 = 22,y cos oy, + (Y, cos ag)? + (y, sin ak)2]5>

x(y")Y sin?i 71 aldaldy

Pr(
:c’Y/ k‘Q‘jrlk/ /f o =y (@n—kt1 = Yn-rs10081)? + (Yn—k+18in01)°)7,

ly|>e 0
(@ — yn cos ag)? + (y, sin ak)Q]%) (y")7 sin” ! aydoidy.

=

Performing a change of variables in the last integral to 2’ —y' = 5", s,_p1(2i-1) =
Tnkti = Yn—k+i COSQy Sp k12 = Yn—krisSineg, 0 < oa; <mand yp pii >

0, i=1,2,...,k. Since the jacobian of the transformation is equal to (y")~!,
we have

P2
/ |:|<Qilk)[Tyf(x)](y//)’Ydy=cV / %f()nbn ki1

a<ly|<p |&—5|>e

This completes the proof. ]
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Lemma 2.2.

[iwwray = [ f 143,

R, Rn+ k

Proof. Changing variables y' = s', 8, 4 (2i—1) = Un—k+iCOSQ4, Sp_pi2i =
Yn—k-+i SN Q4
0<a;<mand yp_y;: >0, i=1,2,..., k show that

- k
[ty =e, [ 5o [ sipalds,

i=1
n+k
Rk,+

which completes the proof. O

Setting f(x) =1 in Lemma 2.1 (T f(z) = 1) and using the polar coordi-
nates show that

k .k .
[ PO Lo pds =, [ PO 1 60siml2ad, y
I I 2.4)
S S;‘tr"

3 Holder Space with weight H ;(R} )

Let v > 0, @ > 0, 8 be a real number,

k
p(x) = Z$%7k+i(1 +z))’, e R% +
i=1

If lim f(z)p(x) = 0, lim f(z)p(z) =0, 1 < i <k, then f €
T—00 Ty —4i—0
HY 5(R} ) and the norm in the space H, ;is defined by the equality

WA lle , = sup (If @)p(x) = F)pW)ld™ (z,y)),

z,YyEe k+

|z —y
(1+ [z[)(L+ |y)
If the contrary is not stipulated, then later on we will assume that 0 < v <
LO<a-v<1,0<pB+v<n LetzeRy, . Weintroduce the following
notation,

where d(x,y) = (see [6]).

k

‘
Uy (@) = DT ) = 7 @) Do (L )7

i=1
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where £ = 2v + 3 — a. Let E' and E be defined as above

k k
’ ~ +k |~ =~ Tn—k+i o A Tp—k+i
E{SGRZ7+.IS<21 ) }, E{yERZV+.|y:E|<§ 2}.
1=

i=1

Remark 3.1. Note that if § € E, then |2| < 2[3| < 3|Z|; B/ C E X {(Sn—k+2:) :

|Snoreoil < Yig L1 <k < n}oandat § € RIF\E, |7 -3 ~
k k k

2" — s'| + Ei:1 Tn—k+i T Ei:1 |S$n—k+i| + Ei:1 |S$n—kt2i -

The following lemma gives an explicit expression for Hy ;.

Lemma 3.2. Let 0 <y <a, B+v>0. f € H} 3R} ) if and only if there
exits C1 and Cy depend on [ such that

(1) [f(@)] < CL(f)¥y(2), Vo e Ry |

(i) |f(z) = f(3)] < Co(f)p~ (2)d"(2,5) Yz € R}, and V5 € E'.
Moreover || f||ry , = (max C1(f) + max Ca(f)) (see [5]).
We have the following result.

Corollary 3.3. If f € H}, 5, then

. rt k Vv—a _
(1) |F) <Nl e (Sn—pepil + [snoppail) (114 [s) 7
k v—« k
< Alley, 205y (Isn—kril + [sn—kt2il)” " (1 4+ 18| + 252, (Isn—keril +

l5n_kiail))

(ii) |75) = F@) < Il o7 @ (3,5) < flls o~ (@) — 571 +
|z)~* for Vo € R} , and V5 € E'.

4 Riesz-Bessel Singular Integral Operators

It is well known that the Riesz-Bessel singular integral operators Rp, (1 <
k < n) are bounded in L,(R™). The basic goal of this paper is to establish
an estimate in the weighted Holder spaces for singular integral operators gen-
erated by a generalized shift operator such as Riesz-Bessel singular integral
operators Rp,. We obtain sufficient conditions for «, 8, v so that Rp, op-
erators are bounded from the weighted H o.f (Rz ) spaces into the weighted
HY 5(R} ) spaces.

«
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Theorem 4.1. Let a >0, v > 0 and B be a real number such that 0 < v < 1,
0<a-v<1, 0<pB+v <n. Suppose that the characteristic Py(0) of the
singular integral (2.1) is bounded and satisfies the condition (2.2). Then there
exists Riesz-Bessel singular integrals generated by generalized shift operator
such that

Rp, f(@) =po. o / () Iyl =@ [T f(@)](y")dy

RZ‘Jr
- - k
= ek / Pe@) — 3179 F(5) T1 [$n_oi1ds
=1
|z—3|>n .
e / Po(@)d — 594 [F(s) — £(2)] TT [sn_pssl~d3
=1
e<|z—3|<n
(4.1)
for any f € Hy 5 and for a.e. x € R} | .
Proof. From Lemma 2.1
Ref@) =pv.e [ PO (1Y f)] ") dy
RE
= o / Pe() = Q* [T ()] (y")dy
[y|>n
v [ RO T @) - f@] ) dy
e<|y|l<n .
= iy / Po@)|d — 8725 (s) T [snrroi"~d5
=1
|z—3]>n .
+Chy / sz(9~)|j — 5|~k [f(s) - f(ff)] T Isn—ktoi[" 7 1ds
=1
e<|z—3|<n
~ - k
ey [ P@IE =50 F6) I snorn 5
=1
R};fj\E'

7143

~ - k
+Ck;y/Pk(g)|£i' — §|7Q*k [f(S) _ f(x)] /1;[1 |sn7k+2i

E’
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where E'(e) = {5 € RZ:T e<|z—5<mn n= Zle xn_;ﬂ} By
definition E’(¢)

Ruf(@) =pv-en [ PO [T f@)] ") dy

RE+
~ - k
S B G RO S
i=1
Ry HE\EY (€)
~ - k
beny [ PB)E =570 F(6) = £ 1T fsnosail 5
=1
B (e)
(4.2)
If we calculate the second integral in (4.2), we get
o . k }
Pu(0)Z — 5]797F[f(s) — f(2)] 1:[1 |Sp—ktoi|7 " d5
E(e) -
= [ ROE- T [ sl s ()
i=1
e<|z—3|<n
B k
@) [ R O ] sl
=1
e<|z—3|<n

Passing to the limit of (4.3) as € — 0 and polar coordinates, it can be easily
see that the second integral in the right-hand side is vanish.

[ A= 57— S TT s
e<|z—3|<n .
—tm [ R~ ) I s
e<|z—3|<n

Hence, we get

lim (R, ) f(2) = crq (i (7, B') + i2(2, G))

where £ C E" and G C RZ;’“ \ E’. This completes the proof of the theorem.
O
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We just need to the estimates for i, (#; E) and iy(Z; G) when a.e. & € th_k

and E C E' and G C R"+k \ E'. Firstly, let f € HY 5 and Py(¢) be bounded
for@eS,H_ F0r0<1/<1 0<a—u<1and0<5+u<n, then we prove
the absolute convergence of the following integrals

W& E) = %[]P( ) = f(z)] liHSn kyai|

E’

i—1

ds

i—1

ds

P.(0 ~
is(T, G) :/|@ kg(Cngkf(s) Hf:1 ’Sn—k+2i R
G

To estimate i1(&; E') we use Corollary 3.3 which states that

1

ir(: ) \ [ A 1)~ ] T s

—1 .
‘o ds

1P| | ; i §
S / 7 =@ ) = F@I I [snoree
E/
< ellfllary o™ @)1+ |o]) 72 A / [T [snmoail 1 E — 3]~ @*ds
E‘/

where ||Py(0)|| = sup |Py(0)] = A < co. Since
065;+

k ~ ~ ~ T bt v
.Hl |5n_k+2l|ﬂ{7_1‘x - S|_Q_kds S Ef::l <n2-‘r7{) =
1=

E/

we conclude that
i1 (& E)| < cAl|f]|9, (2). (4.4)

We use the Corollary 3.3 to get the i5(Z, G) estimate. Then we introduce the
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following notation

- e v—a e
L(,3) = 5 5@tk (o= (sn—keil + lsnrrail))” (1 +3))

Hf:l |Sn—k+2i ”71(2?:1 (|5n—k+i| + |3n—k’+2i|))u_a
Tk
(I2/ = '] + 35 ks + by [Snmgadl + 20y |Sglfk+2i|)Q
(L4 11 4+ 3y (ISnmteil + [sn—rs2il))

k k k Q+k "
(|33/ — 8’|+ §:¢:1 Tn—k4i T 232:1 |$n—kvil + 231:1 |3n7k+2i|)
(4.5)

Now we shall obtain the estimate i2(Z; G). In the case, let us introduce the
spaces

X

D, {EGR”+’“:QZ§|<|Z|}, D, {56R”+k:|z|<|i§|§3|,§|},

Dy = {s e R"k: 315 < |z — 3 }
Thus i2(Z, G) can be written as
lia(&,G)| < I fI1Px(O)]li2 (2, REHE\ E)

4.6

=||f|IPk(9)||(iz(:E,D1)+i2(a?,Dz)+i2(:E,D3)>- (46)
Now we get the estimates iy (5:, D
|

) iQ(j:’DQ) and 2.2(5771)3) in (46) Let us
take § € Dy. We know that (1 R

1)
+|z|) = (14 |3|). Hence we obtain

oo )
iQ(f,Dl) < C(l + |l’|)7e/ .. ./Zle ‘Sn—k’-‘r% vi—lggt
0 0
) )
k _
X/"'/Zi:l (|5n—k+i| + \sn+i|)y “ds”
0 0

—Q—k
x / (9] + 32, (18nail + [snorrasl + @nnas)) 2 dy
Ry _F
i2(5,D1) < (14 [2]) (S0 anrps) ™ = Ty (a).

To get estimate i(Z; D2), we define

is(Z, Do) = /an L(z,3)ds.
2
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Let us take first || > 1 and § € D;. We see that |2 — §| ~ |$| and |5| > m
Hence, we get
|z — 8| = |8| + |z| = |§] + 1.
We obtain
- Sty ([sn—erl + sn—przal) " TIiy [sn—pras " -
ZQ(I,DQ) = - A, ds.
D; (1] + l])

Suppose t = (v+8)+(1+v—a). By virtueof 0 <v <1, 0 < a—v < 1, and
0 < B+v<n),u>0. Taking into account that n+2v+£¢ = (n—1)+u+2v,
we obtain

o0 (o]

.~ k

i2(Z, D) < /"'/Hi:l |Sn—kot-2i
0 0

; —1)+pu+2
X / (|y,| =+ Zf:l (|S7l—k+i| + |3n—k+2i| =+ xn—k-i—i))(n s de/ < \I/V(‘r)’ (|Jf| > 1)

n—k
R+

o0 o0

- k -

Vi 1d$’”/~"/zi:1 (|3n—k+i| + |5n_k+2i|)v “ s’
0 0

Let use take second |z| < 1 and § € Ds. Then it follows from |5] > 1,
5] ~ 5|+ 1~ |8+ 1+ |z and || < 1, 1+ |§] ~ 1 that |T — 3 3] +
k

k k
Zi:l |Tn—kril = |s'| + Zi:l (‘Snfkﬂ" + |3n7k+2i‘> + Zi:l Tn—k+i-
Therefore, we deduce that

~
~

Zf:l (|3n—k+i| + |5n—k+2i|)y_a Hle |$n—kroil ™t

'L‘Q(.’:ﬁ,Dz) < Thtl S
(18] + 320y (I8neril + |5n—przl + @nnri))?

{3eRy T 151<1}
/ S (Isnkeil + Isngs2i)” ™ TIhoy [Sn—rvei

(13 + 1 + |o|) @7

Yi—1

+ ds
{sery L [5>1}
1
k v—a
< (Ciiwn iyt W) <V (z) (2 <1).

Thus, we prove that
iQ(j,DQ) S ‘I/V(LL') (47)

Finally, i5(Z, D3) estimate can be proved by similar way. Thus we prove that

i2(Z,G) < Wy(x) and |iz(Z,G)| < |IfI[[|P(0)] ¥, (). (4.8)

Consequently, the four estimates show that the absolute convergence of inte-
grals i1(Z, E') and i2(Z, G).
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Theorem 4.2. Under the assumption (2.3), above if f € L, ,, and f satisfies
the Hoélder condition
|f(x) = f(s)] < M|z —s°, (4.9)

v < 9, then for the integral operator

Py
(Re) f@)=ec [ |(Qi',nyf< ")y (1.10)

{yeRY L+ |y[>e}

the limit Rp, f(z) = 1in(1) (RBk)ef(x) exists, and this limit satisfies the inequal-
e—
ity
(Ri,) (@) — (Ri,) £(5)] < exM Al — s (111)

Proof. We show first of all that the limit of (RBk)ef(x) exists as € — 0 and
equal to Rp, f(z). The explicit formula of (4.10) shows that

(Re) @) =h+h=c [ P () @ (@) dy
ly|>n
e / () 0 [TV (@) = T @)] "y

e<|y|<n

so that the Riesz-Bessel singular integral operator can be written as a sum of
two terms. We consider the term I5. By Lemma 2.1, we have

I2 = Ck / ﬁéﬁg‘i‘k[f(s) ( )} ﬁ n k+22
e<|z—3|<n

From the condition (4.9) and the triangle inequality we obtain for I the
estimate

1 k o - CkMA
| < cMA [ |z — 5|@+k—0 T [$n—pr2sl 7 1d5 < (n° =€),
e<|z—3|<n =1
whence there exits the limit of the function (Rp, )_f(x) as € = 0. O

We now state the main theorem.

Theorem 4.3. Let P(0) satisfy condition (2.2) and (2.3). If0<v <d§<1
and 0 < o —v < 1, B+ v < n, then Riesz-Bessel Singular integral operator
generated by generalized shift operator is bounded for each f & H(’;,ﬁ(Rg_F) n
the weighted space Hy .
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Proof. By virtue of Theorem 4.1, from (4.4) and (4.8) we obtain

[(Rp) f(@0)] < cry (lin(@, B + |i2(2, G)]).
By virtue of Lemma 3.2, to prove the inequality it suffices to show that Vz €
Ry, and |n| < SO, S

|(Rp,)f(x) = (Bp,)f(z + h)| < c..M.Alh|”

where ¢;, is independent of x and h.

By Lemma 2.1,

g) . k
(Rp ) f(x) — (Rp)f(z+h) =cry / |9~3Pk=§|Q)+kf(S) 1;[1 |Sn—poi " d5

R7,

20) g,

|z 4 h — §|@+Fk i

—Ch,y |$n—k+2i

k
=1
Ry,
~ k
- Ckﬁ/ [K(g’ j) B K(g’ T+ h)} [f(S) - f(l‘)] ‘]‘;[1 |Sn—k+2i‘%_1d§

E’

k
bony [ [KGD) - KGz W) [ 5w

Ry TR\ B/

vi=1dg

where -
P (0)

o
For z € RZi’“, Se RZ*f \E" and |h| < Zle i Skﬂ it can be easily seen that

&3~z +h— 3 (4.12)
It is well known that if |z — (z + h)| < max{|z|, |z + h|} then

— AR
|K(3,%) — K(3,7 4 h)| < ‘;’“ il

[ = g[@rkts” (4.13)
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Suppose By (x) = E(#,2|h|), Bx(z) = E(z + h, 3|h|) and Es(z) = E(z + h, YF_, %f
|h]). Obviously Ei(x) C Ex(z) C Es(x) C E’. Subject to (2.4) and (2.2), it
can easily prove that

(BB, )f(z) = (R, )f(x+h) =Ti(x;h) + Ia(2; h) + I3(w; h) + La(w; ),

where

nwn = ([+ [ )K(m)(f@—f(x))ﬁl|sn_k+zi|w—lds:,

By EN\Es
~ k
Ip(x;h) =— [ K52+ h)(f(s) ())g ~lds,
Eo o i N
L) == [ KGR - @) T Isrrnlds
EN\E; -
k
L(w:h) = / [K(5.3) = K5,z 5 1)) (o) IT | %-1;,
R"“\E' a

Let us |I;(z; h)| for i = 1,2,3,4. Taking into account ii) of Corollary 3.3 and
also (4.13), we get

I, (x; h) :</+ /)K(é,a})(f(s)—f(x))f[l %143,
E'\E» )
Ly (a1 (/ E\/E) 'P’“~|Q+,c o @) T s s
k
<a @[+ f )|%_+|Q|+kd

Es  E\E,
< Ap~H(@) (1 + |z[) = |h)
(4.14)
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The following expressions are proved similarly:

Io(z;h) = —/K(é,x + h)(f(s) - f(2)) f[l |Sn— k2" d3,
Es

%143

P(0 B .
[L(x;h)|] < / /_\/| Ol p @)1+ |2)) ™2 T Isn—ks2i

|z + h — 5|Q+k—v i=1

E>

k
H |sn7k+2i
< Ap~Yz)(1 + |m|)72”/ - ds

2 lo+h— 5@tk
2

< Ap~H@)(1 + |z)) 7[R

vi—1

(4.15)

=143,

Wih) == [ KEEFR(76) - @) T lsn-sa

E'\Es5

Py(0 k .
Lt < [ == ) T w8
|x + h — §|Qtk—v i=1

E'\Es

Yi—1

k
H ‘Sn—k+2i
=1 ds

< Ap~(@)(1 + |2]) 2 /
E'\E3
< Ap~ (@) (1 + |z) 2|

|z + h— 3|@+k—v

(4.16)
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According to (4.12) and (4.13), we obtain

—~ ~ k
L(z:h) = / [K(5,8) = K (5,2 + D) f(5) [T lsn-nsail " ds
=1
Ry KB
—— ~ k
Li(z;h)| < / |K(3,%) — K(3,2 + W)||F()| TT |$n_rroi|~1d5
=1
Ry LB
< Allfl L ﬁ E e
|ZE _ §|Q+k+5 ) n—k+21
Ry KB
K .
% (D i1 ISn—kril + |sn—ptai])V ™ s

7
(T+ s+ (Zf:l |Sn—tti] + |Sn—r+2il))

< AP FI Sy (e gd) Cia(a, RS\ EY)

< A|f||(zk"")6wy<x> < A|f|(,€"")y%<x>

i=1 Ln—k+i Zi:l Ln—k+i

< Al|fllp™ (@)1 + |)) 72 |h]
(4.17)

Thus, the estimates (4.14)-(4.17) show that the theorem is proved. O
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