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THE L(2,1)-LABELING ON TOTAL GRAPHS
OF COMPLETE MULTIPARTITE GRAPHS

Ruxandra Marinescu-Ghemeci and Gabriela Mihai

Abstract

An L(2,1)-labeling of a connected graph G is defined as a function f
from the vertex set V' (G) to the set of all nonnegative integers such that
If(w) — f(v)] > 2 if dg(u,v) =1 and |f(u) — f(v)] > 1 if da(u,v) = 2,
where dg(u,v) denotes the distance between vertices v and v in G. The
L(2,1)-labeling number of G, denoted by A(G), is the smallest number
k such that G has an L(2,1)-labeling f with max{f(v): v € V(G)} = k.
In this paper, we consider the total graphs of the complete multipartite
graphs and provide exact value for their A-numbers.

1 Introduction

Motivated by the frequency assignment problem, Yeh [8] and Griggs and
Yeh [3] proposed the notion of L(2,1)-labeling of a simple graph. An L(2,1)-
labeling of a graph is a coloring of its vertices with nonnegative integers such
that the labels on adjacent vertices differ by at least 2 and the labels on vertices
at distance two differ by at least 1. This concept generalizes the notion of
vertex coloring, because vertex coloring is the same as L(1,0)-labeling.

The L(2, 1)-labeling number of G, denoted by A(G), is the smallest number
k, such that G has a L(2, 1)-labeling with no label greater than k.

Griggs and Yeh [3] showed that every graph with maximum degree A has
an L(2,1)-labeling for which the value X is at most A% 4+ 2A. Chang and Kuo
[1] provided a better upper bound A? + A. Griggs and Yeh [3] conjectured
that the best bound is A? for any graph G with the maximum degree A > 2;

Key Words: complete multipartite graph; total graph, L(2,1)-labeling.
Mathematics Subject Classification: 05C12, 05C15, 05C78

Received: June, 2010

Accepted: December, 2010

201



202 RUXANDRA MARINESCU-GHEMECI AND GABRIELA MIHAI

this bound is valid for graphs having diameter 2. There are many articles that
are studying the problem of L(2,1) - labelings ([1-7]). Most of these papers
consider the values of A on particular classes of graphs. For example, Shao,
Yeh and Zhang [7] determined the A-numbers for the total graphs of complete
graphs. Determining the value of A was proved to be NP-complete [3].

The goal of this paper is to determine the exact value of A for total graphs
of the complete multipartite graphs. It also provides a better upper bound for
A-numbers as function of A corresponding to this class of graphs.

For basic terminology and notation in graph theory we refer [4].

2 Total graphs of complete multipartite graphs

Let G be a graph. We denote by 6(G) its minimum degree and by A(G)
its maximum degree.

The total graph T(G) of graph G is the graph whose vertices correspond
to the vertices and edges of G, and whose two vertices are joint if and only
if the corresponding vertices are adjacent, edges are adjacent or vertices and
edges are incident in G.

In this paper we consider the complete multipartite graphs Ky, n,....n,
with n; <np < ... < ny,.

Next, we will use the following notations. If vertices z and y are adja-
cent in Ky, n,...n,, then the edge [z,y] will be a vertex in the total graph
T(Kpn, ns,...n, ), denoted by xy.

We consider the multipartition V(Ky, n,,....n,) = V1 U Vo U...UV,, where
partite sets Vi, Va, ..., V,, are disjoint and |V;| = n; for 1 < ¢ < p. We also
denote by xj° the k-th vertex of Vj, where 1 < i < pand 1 < k < n;. The
number of vertices of the complete multipartite graph K, y,,... n, is denoted
by n. Thus, n = Z ;.

1<i<p

,,,,,

‘We have

VAT (K no ey D = [V (K ooy )| 1E (K noecoiny, )| = 0t Z nin;.

1<i<j<p

Lemma 2.1. If G is the total graph T(Kp, n,
and A(G) =2(n —nq).

......

Proof. Since it is easy to see that in the total graph T(Knl’n%___mp) we have
d(zr?) = 2(n—mn;) and d(zpizy?) = n—n;—nj,for1<i#j<p 1<k<n
and 1 <t < nj, the result follows. I
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Let u be a vertex of the total graph T(G). If u corresponds to a vertex in
graph G then it is called a v-vertex. Otherwise, if u corresponds to an edge in
G, then it is called an e-vertex [7].

Lemma 2.2. The total graph T(Ky, n,....n,) has the diameter

.....

. 1, ifp=2andn; =ny=1
dZam(T(Knhnm...,np)) = { 2. otherwise. ! ?

Proof. The total graph T'(K7 1) is K3; therefore, in this case diam(T (K1 1)) =
1. Otherwise, from the definition of the total graph T'(Ky, n,,...n,), We have
AT(K ) my....ny) (U1, u2) = 1if and only if uy and up are v-vertices in different
partite sets, or one of them is a v-vertex and the other is an e-vertex that
has one extremity equal to the first, or u; and uy are e-vertices that have
one common extremity. Otherwise, dp(k,, ., . )(u1,u2) = 2 because in
all cases there exists a v-vertex or an e-vertex that is adjacent with both
vertices uq and us. Moreover, for p > 3 or (p = 2 and n, > 2) there exist in
Kn, n,,...n, avertex and an edge that are not incident. Therefore, in this case

diam(T(Kn, ny,....n,)) = 2. I

3 A-numbers for total graphs T'(K,, n,...n,)

Before proving Theorem 3.6, we need the following results. For a graph
G, we denote by G its complement and by ¢(G) the smallest number of vertex-
disjoint paths in G needed to cover its vertex set.

Theorem 3.1. (Dirac). Let G be a graph. If 5(G) > |V (G)|/2 then there is
a Hamiltonian cycle in G.

Theorem 3.2. [2]. Let G be a graph of order n that has diameter 2 and G
its complement. If ¢(G)=1 then \(G) =n — 1.

Lemma 3.3. If G is the total graph T(Kp, n,
of its complement is

n,) then the minimum degree

,,,,,

(5(6) = Z n;nj +2n; —n — 1.

1<i<j<p

Proof. We know that dg(v) = |V(G)| — 1 —dg(v) for all v € V(G). Next, the

result follows from Lemma 2.1.
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Lemma 3.4. [7]

4, ifn=2
NT(K) =4 7, ifn=3
(g), if n>4.
Lemma 3.5. [6]
4, ifn=m=1
AMT(Kpm)) =1 2m+1, ifn=1landm>2

nm+n+m—1, ifm>n>2.

Theorem 3.6. If G is the total graph T(Kp, n,,....n,), wherep >3 andny > 2
then
)\(G) =n-+ Z nin; — 1.

1<i<j<p

Proof. By Lemma 2.2 we have diam(G) = 2. In order to determine \(G) we

will use Theorem 3.2. For that, we will find ¢(G). First we study the cases
in which G satisfies condition from Dirac’s Theorem 3.1. In this cases G is

Hamiltonian, hence ¢(G) = 1 and by Theorem 3.2 we have A(G) = |V (G)|-1 =

n+ Z n;n; — 1. The other cases will be studied individually.
1<i<j<p

Let S = 2§(G) — |V(G)|. By Lemma 3.3 we obtain

nin;, +2n—n—1| —n— nin; =
Z J Z J

1<i<j<p 1<i<j<p
= np(nl +n2—&—...—i—np,l)—l—np,l(nl+n2+...+np,2)—|—...+
+nonq +4ny — 3n — 2.

S

I
DO

Dirac’s condition for hamiltonicity is satisfied if and only if S > 0.
For p > 4 we will prove that the following inequality holds:

S>np(nt+ng+...+n,_1) — (N1 +n2+n3z) —3n, +ng — 2. (1)
Indeed, denote by
Sy =mnp(n1+n2+...+np_1) —3np, +n1 — 2.
Since 1 <n; <ngp <... < ny, we have

S =5 —l—np_l(nl +n2—|—...—|—np_2)—i—...—|—n4(n3—|—n2—|—n1)—|—
+n3(n2 +’ﬂ1) “+ ngny — 3(712 + ...+ Tlp_l) Z
2 Sl + 3(np,1 + ...+ TL4) + 27L3 + ng(TLQ — nl) —+ noni—
—3(n2—|—...+np,1) =
=5 — (TL1 + ng + n3) + nz(ns — nl) + n9ony +nq1 — 2no.



THE L(2,1)-LABELING ON TOTAL GRAPHS OF COMPLETE MULTIPARTITE
GRAPHS 205

If no > ny it follows that
n3(ng —ny) + nang + ny — 2ng > ng + ng — 2ng > 0.
If no = nq then
n3(ng —ny) 4+ nang +ny — 2ng =n? —ng > 0.

Hence
S > 81— (n1+n2 +n3)
and inequality (1) holds.
For p > 5, by (1) we obtain

S >np(ni+ne+nz+ng) — (i +ne+n3)—3n,+ny —2=
= nypng — 3ny, + np(ng + ng +ng) — (n2 + ng) — 2.

Function f : N,* — Z, defined by
f(n1,n2,n3) = ny(ny +ng +ng) — (ng + ng) — 2
is increasing in n1, ns, ng, hence
f(n1,n2,n3) > f(1,1,1) = 3n, — 4.

It follows that
S > npng — 4.

Then we deduce S > 0 for ngy > 2 or ng > 4.
For p =4, by (1) we have

S > n4(n1 + no +TL3) —3n4 — (’I’LQ +TL3) — 2.
Function g : N, * — 7, defined by
g(ni,n2,n3,n4) = ng(ny +no +n3) — 3ng — (ng +ng) — 2

is also increasing in ni, ng, ng, n4, hence

-forn; > 2,5 >¢(2,2,2,2) = 0;

- otherwise, for ng >3, S > ¢(1,1,3,3) = 0;

- otherwise, for ng =2 and ny > 5, S > ¢(1,1,2,5) = 0;

- otherwise, for ng =2 and ny >4, S > ¢(1,2,2,4) = 2.

If p=3then S = (n1 —1)(ng +ng+1)+ (n2 —2)(ng —2) — 5 and it is easy
to prove that S > 0 for: n; > 2 or ng > 5 or (ng = 4 and ng > 5) or (ny =3
and ng > 7).
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It remains to consider the following cases: (1) p =5 and n; = ny = ng =
ng = 1 and ns € {2,3}; (2) p = 4 with subcases (2.1) ny =ngs =ng =1, (2.2)
ny =ng =1,n3 =2and ng € {2,3,4}, (2.3) ny =1 and ng = n3 = ny = 2,
(24) ny =1, ng = ng = 2 and ng = 3; (3) p = 3 with subcases (3.1) ny =
ng =1, (3.2) ny =1 and ny = 2, (3.3) n; = 1, no = 3 and n3 € {3,4,5,6},
(3.4) ny =1 and ng = ng = 4.
Case 1. p=5

We can directly verify that T'(K11,1,1,2) and T(K1,1,1,1,3) have a Hamilto-

nian path. For example, L = x1, x32%, 2227, zia}, 23, 29, afal, 23a3, 23,
riz}, 23x3, atad, 22, adat, wia?, 2325, 2, xlad, 2223, 2a} is a Hamiltonian

: _ 1 .25 1.5 .5 4.5 3.5 .4 2.3 1.4
path in T(K11,1,1,2) and L = z1, xix3, x123, 3, 123, Tix], T, 1T, T127,
2 3,5 2.5 1.3 4,5 .3 ,2.5 4.5 3.5 1.2 3.4 1.5 .5 2,4
17%’ ?13«"27 T1To, T1T7, LT3, Tp, LT3, L1L7, LTy, Ty, L1, T1L7, Lo, T,
zix3, 3 is a Hamiltonian path in T'(K11.1,1,3)-
Case 2. p=4

(2.1) For T(K1,1,1,2) we can construct a Hamiltonain path, for example
_ .4 1.4 .2 .3'4 1.2 3 1.4 2.3 .1 .2.4 1.3 .4 2.4 3 4
Ly = 27, mya3, o1, vy27, 127, Y, X127, TITY, T1, TIX3, T1TY, T3, T1TT, TIX5.
For m > 3 we will prove by induction on m that T(K1 1,1,m) has a Hamil-

tonian path L,,, having the extremities 2? and x?z% and containing the

subpath iz} | 2%, 2]zl  where i,j € {1,3}, i # j.

, Tor m =3 the graph T(Ky1.1,0) has such a Hamiltonian path Ly = zyzs,
Ly, L1Lg, T1X3, L1, L1T3, L1X1, L1L7, L1, L1X1, L1X7, L1, L1Lo, L1X7, Loy 1L,

3.4 .4
Tixs, T3
Let m > 3 and assume that T(K711,.,) has a Hamiltonian path de-

noted by L,,, having the extremities 2, and z?z}, and containing the sub-

path izt 22 xizt | where i,j € {1,3}, i # j. Since V(T(K111.m+1)) =

m? mo sty

V(T(K11,1,m)) U{ah 11, w123, @iah 4, 232k, 1}, we can obtain a Hamil-

tonian path Ly, for T(K1,1,1,m+1) from L, by connecting the vertex mﬁnﬂ

to the extremity @3z}, of L,, and the vertex z3z; ., to the extremity z}, of

L,,, and transforming the subpath acﬁxﬁl, x2, x{_azf‘n, where i,5 € {1,3}, i # j
of Ly, into zizt, 1 ek, o3, 2772, 2z}, The Hamiltonian path
L, +1 satisfies the induction hypothesis.

(22) We can directly Verify that T(K1717272)7 T(K1717273) and T(K1717274)

have a Hamiltonian path. For example, L = x}, x323, 23xf, zix3, of, viad,

23, aaxt, 23y, xlal, o, 2iad, 2dxt, xlad, 2iad) ax3ad) xla?) 23, 2l is a
Hamiltonian path in T(Ki122), L = zi, 2323, 21, 233, vix3, 23x], xiad,
wiws, a3, aiwy, af, ey, wied, viey, atay, viad, a3, #lws, iy, w5wy, 2y, 23,
zix?, x374 is a Hamiltonian path in T(K; 123) and L = o1, 2321, 23, 231,
viay, wiad, vy, vied, o3, viel, wiay, atel, viay, eied, viwd, wiat, af, wiat,
r3xg, w3xs, vix?, x3xd, wixd, 23, 233, xlxd, 2, rixd, xi is a Hamiltonian
path in T(K1’1’2’4).

(2.3) We can directly verify that L = z1, 2323, xlaf, 2323, 23x%, 22, x1a3,
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2.3 .4 1.3 .2.3 1,2 ,2.4 .4 3.4 .2 3.4 .2.4 2.3 1.4 .3 4
T{Ty, T, TITH, THLY, T{TT, THL5, L1, TIT5, T, TyLy, THLT, TITT, T1Ts, TITT,

z3, rix3, 23z}, 23 is a Hamiltonian path in T(K7 22,2).

(2.4) In this case we obtain directly S = 1 > 0 and the Dirac’s condition
for hamiltonicity is satisfied.
Case 3. p=3

(3.1) For T(K;1,2) we can construct a Hamiltonain path, for example
Lo = a3, xtad, 22, xla?, 233, xf, 2323, 23, xla?.

For m > 3 we will prove by induction on m that T(K7y1,,) has a Hamil-

tonian path L, having the vertex x2, as an oxtrornity and containing the

subpath ziz3 | 23, xia3 , where d,j € {1,2}, i

For m =3 the graph T(K1.1 3) has such a Hamiltonian path Lz = xiz3,
:IJ%, x%x%, x%x%, xlv xixllg’ x%x%, xlv xlx?v x%) xlxli mg

Let m > 3 and absurne that T'(K4 1,m,) has a Hamiltonian path denoted by
Lo, having the vertex 23, as an extremity and containing the subpath z{z3,,

23, xlz3, where i,j € {1 2}, 1 # j. Since

V(T(K11,ms1)) = V(T(K11m) U{zia), o oiad 2 0],

we can obtain a Hamiltonian path L,,4+1for T'(K7 1,m+1) from L, by connect-
ing the vertex J;f’n 41 to the extremity @3, of L,, and transforming the subpath

mﬁxf’n, x3, xlxm, where 4,5 € {1,2}, i # j of L, into zia3,, o3 'z} |, 2%,
3—

a3 41, z]x3,. The Hamiltonian path L,, ;1 satisfies the 1nduct10n hypoth-
esis.

(3.2) We will prove by induction on m that T(KLg,m) has a Hamiltonian
path L,, containing the subpaths zix2 , 23, 2223 and 23, vi2$, 2323 .

For T(K1 2,2) we can construct Such a Hamiltonain path7 for example Lo=
slad, o, alad, 22, ola?, adad, o3, olad, alad, o), o2ed, wlad, o,

Let m > 2 and assume that T(K1 2.m) has a Hamiltonian path denoted
by Ly, containing the subpaths xiz3 | x:{’, 2323 and 23, xiad, 233, We
have V(T (K12,m+1)) = V(T(Ki2,m)) U {125, 1, 2305, 41, 8325, 1, 25, 1 }-
Let L), | be the path obtained from L,, by replacing the subpath rizd
m%, xlx?’ With Jclxm, izl L, ac‘;’, w1zl L, 232?, and the subpath 23, {3,
w3zl with @3, 2322 ., w129, 22, x323. Then the vertices of Li’n—i—l in
reverse order form a path L,,;1 which satisfies the induction hypothesis.

(3.3) For ng < 6, it can be verified that T(K; 3,,) has a Hamiltonian
path. Moreover, it can be proved by induction on m that, for every m > 3,
T(K1,3,m) has a Hamiltonian path L, having the Vertex x3 as an extremity

and containing the subpaths ziz3 , 3, xlx and 2323, x1, 2323, Indeed for

TR ) 1 2 3 T S, 5 3

! —3 3, T(SKl 3 3) 2hass buzchsa p2at§1 Ly = - x1x3§ xlé x32, 33133172 ac32, xla:??, 23, 33:293;,
1 1 2 1 i 2

L33, L1L3, Ty, T3, L3L7, ToLa, LTy, LTy, LT3, Ty, L3T3, LT, T1Ly, T3-

Let m > 3 and assume that T(K7 3 ,,,) has a Hamiltonian path denoted by

L,, having the vertex x2, as an extremity and containing the subpaths ziz?
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x3, 23x3 and x322, x1, 2323, We have V(T(K13.m+1)) = V(T(K13.m)) U

{oiad | afad | 232 232l . 22 1} Let LI, ., be the path obtained
from L,, by connecting the vertex x3, 41 to the extremity x3, of L,, and

replacing the subpath 123, o9, ziz), with a1ad,, 2323, ., %, a{2d, ,, 232d,
371 2.3 2.3 2.3 1 .23 2.3

and the subpath 2323, zf, 2323, with 2323, 2323 |, o1, 2323, 2323,
Then the vertices of L], ; in reverse order form a path L, which satisfies
the induction hypothesis for m + 1.

(3.4) We can see directly that (K7 44) has a Hamiltonian path L = z3x3,

1,23 .1,2 .3 ,2.3 .2.3 1,3 .3 .23 .2 .2.3 .23 1.3 .23
Ty, T1Ty, T1Ty, Tg, JS4$3, ToTo, 331$3, Ty, TyTy, Ty, LTy, TyLy, T1Ly, T1Ly,
2 .23 ,2.3 1.2 ,2,3 2.3 1.2 ,2.3 /1,3 .2 ,2.3 ,2.3 .2 1.3
Ty, TL3Xy, T1T3, T1X3, ToT3, TyXy, T1Ty, TL3X3, T 1Ty, T3, L1To, TLy, Ty, L1y,

2,.3 3 1,.2 3
T3Lo, L1, L1271, T3.

Corollary 3.7. N(T(Kp, ny,...;n,)) < p_(A% 2)—1forallp>4orp=
3 and ng > 2.

Proof. Let G be the total graph T'(Ky, n,,....n,)-
By Cauchy - Schwarz inequality for p-vectors (nq,...,n,) and (1,...,1)
we have the inequality
(n1—|—n2—|—...—|—np)2 7172

2 2 2
ny+ns,+...+n; > = .
1 2 ) p p

Since, by Lemma 2.1, the total graph G has the maximum degree A =
2(n—mnq), and n = nq +ng + ...+ n, > png, we obtain the inequality

n<—L A
2(p—1)

Using these two inequalities it follows that

2 2 2
— 2t -
nin; = — (ni ") <P 1n2 <P A2
o 2 2p 8(p—1)
1<i<i<p

By Theorem 3.6 for all p > 4 or p =3 and n3 > 2 we have

AG)

p p 2
n + Z nin; —1 < A+ A —1=
<Tiep 2p=1) 8(p-1)

D A? A
— | =+ )1
p—11\ 8 2
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