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PROPERTIES OF THE NEAREST

PARAMETRIC FORM APPROXIMATION

OPERATOR OF FUZZY NUMBERS

Majid Amirfakhrian

Abstract

In many applications of fuzzy logic and fuzzy mathematics we need
(or it is better) to work with the same fuzzy numbers. In this work we
present some properties of parametric m-degree polynomial approxima-
tion operator of fuzzy numbers.

1 Introduction

In some applications of fuzzy logic, we need to compare two fuzzy numbers.
For this purpose we find two quantities related to the fuzzy numbers to make
them comparable.

There are many literatures which authors tried to approximate a fuzzy
number by a simpler one [1, 2, 3, 8, 9, 10, 14, 15, 16, 20]. Also there are some
distances defined by authors to compare fuzzy numbers [18, 19].

Obviously, if we use a defuzzification rule which replaces a fuzzy set by a
single number, we generally loose too many important information. Also, an
interval approximation is considered for fuzzy numbers in [9], where a fuzzy
computation problem is converted into interval arithmetic problem. But, in
this case, we loose the fuzzy central concept. Even in some works such as
[3, 15, 16, 20], authors solve an optimization problem to obtain the nearest
triangular or trapezoidal fuzzy number which is related to an arbitrary fuzzy
number, however in these cases there is not any guarantee to have the same
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modal value (or interval). But by parametric polynomial approximation we
are able to approximate many fuzzy numbers in a good manner.

Recently the problem of finding the nearest parametric approximation of
a fuzzy number with respect to the average Euclidean distance is completely
solved in [4]. A. I. Ban pointed out the wrongs and inadvertences in some re-
cent papers, then correct the results in [5]. A parametric fuzzy approximation
method based on the decision makers strategy as an extension of trapezoidal
approximation of a fuzzy number offered in [17]. An improvement of the
nearest trapezoidal approximation operator preserving the expected interval,
which is proposed by Grzegorzewski and Mrowka is studied in [21]. There are
some trapezoidal approximation operators introduced in [12, 13, 22]

The structure of the present paper is as follows. In Section 2 we introduce
the basic concepts of our work. In Section 3 we represent anm−source distance
and some useful lemmas and theorems, and in Section 4 some properties of
this distance are checked.

2 Preliminaries

Let F (R) be the set of all normal and convex fuzzy numbers on the real line
[23]. A fuzzy number with LR form introduced in [7].

Definition 2.1. [1] A generalized LR fuzzy number Ã with the membership
function µÃ(x), x ∈ R can be defined as

µÃ(x) =















lÃ(x), a ≤ x ≤ b,

1, b ≤ x ≤ c,

rÃ(x), c ≤ x ≤ d,

0, otherwise,

(1)

where lÃ(x) is the left membership function, that is an increasing function on
[a, b], and rÃ(x) is the right membership function, that is a decreasing function
on [c, d], such that lÃ(a) = rÃ(d) = 0 and lÃ(b) = rÃ(c) = 1. In addition,

if lÃ(x) and rÃ(x) are linear, then Ã is a trapezoidal fuzzy number which is
denoted by (a, b, c, d). If b = c, we denoted it by (a, c, d), which is a triangular
fuzzy number.

α-cut of a fuzzy number ã is defined by [7],

[ã]α =







{t ∈ R | µã(t) ≥ α} , α > 0,

{t ∈ R | µã(t) > α} , α = 0.
(2)
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Definition 2.2. [18] A continuous function s : [0, 1] −→ [0, 1] with the fol-
lowing properties is a regular reducing function :

1. s(r) is increasing;

2. s(0) = 0;

3. s(1) = 1;

4.
∫ 1

0
s(r)dr = 1

2 .

The parametric form of a fuzzy number is shown by ṽ = (v(r), v(r)), where
the functions v(r) and v(r), 0 ≤ r ≤ 1, satisfy the following requirements:

1. v(r) is a monotonically increasing left continuous function.

2. v(r) is a monotonically decreasing left continuous function.

3. v(r) ≤ v(r) , 0 ≤ r ≤ 1.

Definition 2.3. [18] The value and ambiguity of a fuzzy number ṽ is defined
by the following relations,

V al(ṽ) =
∫ 1

0
s(r)[v(r) + v(r)]dr,

Amb(ṽ) =
∫ 1

0
s(r)[v(r)− v(r)]dr.

(3)

Definition 2.4. We say a fuzzy number ṽ has an m−degree polynomial form
if there exist two polynomials pm(r) and qm(r), of degree at most m; such
that ṽ = (pm(r), qm(r)).

Let PFm(R) be the set of all m−degree polynomial form fuzzy numbers.

Definition 2.5. [1] For ũ, ṽ ∈ F (R), we define source distance of ũ and ṽ

by

D(ũ, ṽ) =
1

2

{

|V al(ũ)− V al(ṽ)|+ |Amb(ũ)−Amb(ṽ)|+ dH([ũ]1, [ṽ]1)
}

, (4)

where dH is the Hausdorff metric.

The source distance, D, is a metric on the set of all trapezoidal fuzzy
numbers and a pseudo-metric on F (R).

Definition 2.6. [1] Let AF (R) be a subset of F (R). ṽ∗ ∈ AF (R), is a near
approximation of an arbitrary fuzzy number ũ ∈ F (R) if and only if

D(ṽ∗, ũ) = min
ṽ∈AF (R)

D(ṽ, ũ). (5)
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Definition 2.7. [1] Let u, u ∈ Ck[0, 1], for positive integer k > 0. We define
k-validity and k-unworthiness of a fuzzy number ũ by the following relations,

V (ũ(k)) =
∫ 1

0
s(r)[u(k)(r) + u(k)(r)]dr,

A(ũ(k)) =
∫ 1

0
s(r)[u(k)(r)− u(k)(r)]dr.

(6)

0-validity and 0-unworthiness of a fuzzy number are value and ambiguity
of it, respectively.

Definition 2.8. [1], ṽ∗ ∈ PFm(R), is the nearest approximation of an arbi-
trary fuzzy number ũ ∈ F (R) out of PFm(R), if and only if

1. ṽ∗ is a near approximation of ũ.

2. If m ≥ 2, then
D∗

m(ṽ∗, ũ) = min
ṽ∈PFm(R)

D∗
m(ṽ, ũ), (7)

where

D∗
m(ṽ, ũ) =

m−1
∑

k=1

{|V (ṽ(k))− V (ũ(k))|+ |A(ṽ(k))−A(ũ(k))|}. (8)

Theorem 2.1. Let m ≥ 2 and ṽ ∈ PFm(R) is a near approximation of fuzzy
number ũ. ṽ is the nearest approximation of ũ out of PFm(R), if and only if
for k = 1, . . . ,m− 1, ṽ and ũ have the same k-validity and k-unworthiness.

Proof. See [1]

Lemma 2.2. Let ũ be a generalized LR fuzzy number. If for positive integer
m we have u, u ∈ Cm−1[0, 1], then the nearest approximation of ũ out of
PFm(R) exists.

For a nonnegative integer j, we define jth-source number by

Ij =

∫ 1

0

rjs(r)dr. (9)

Lemma 2.3. Let Ij be the jth-source number, then 0 ≤ . . . < I2 < I1 < I0 =
1
2 .

Proof. By using the definition of a jth-source number and a regular reducing
function, the proof is straightforward.

We denote the set of all the nearest approximations of a fuzzy number ũ,
from PFm, by N∗

PFm

(ũ).
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3 m-Source Distance

Definition 3.1. For ũ, ṽ ∈ F (R), we define m-source distance of ũ and ṽ

by
Dm(ũ, ṽ) = D(ũ, ṽ) +D∗

m(ũ, ṽ).

where D is source distance and D∗ defined in ( 8).

Theorem 3.1. For ũ, ṽ, w̃ ∈ F (R) the distance, Dm, satisfies the following
properties:

1. Dm(ũ, ũ) = 0,

2. Dm(ũ, ṽ) = Dm(ṽ, ũ),

3. Dm(ũ, w̃) ≤ Dm(ũ, ṽ) +Dm(ṽ, w̃),

4. Dm(kũ, kṽ) = |k|Dm(ũ, ṽ) for k ∈ R,

5. Dm(ũ+ w̃, ṽ + z̃) ≤ Dm(ũ, ṽ) +Dm(w̃, z̃).

Example 3.1. Let µũ(x) = χ{a}(x) and µṽ(x) = χ{b}(x), then

Dm(ũ, ṽ) = |a− b|.

Proposition 3.2. The fuzzy number ṽ∗ is a nearest approximation of ũ out
of PFm(R) if and only if

Dm(ṽ∗, ũ) = min
ṽ∈PFm(R)

Dm(ṽ, ũ). (10)

Theorem 3.3. Let ũ be a fuzzy number. If for a positive integer m we have
u, u ∈ Cm−1[0, 1], then ṽ is the nearest approximation of ũ out of PFm(R) if
and only if Dm(ṽ, ũ) = 0.

Theorem 3.4. The nearest approximation of an m-degree polynomial form
fuzzy number, out of PFm(R), is itself.

Proof. Let ṽ ∈ PFm(R) be the nearest approximation of , ũ ∈ PFm(R). Also
let v(r) = dmrm + . . .+ d1r + d0 and u(r) = cmrm + . . .+ c1r + c0.

Let w(r) =
∑m

j=0 ajr
j , where aj = cj − dj for j = 0, 1, . . . ,m. Thus

w(1) = 0 and

∫ 1

0

w(k)(r)s(r)dr = 0 , k = 0, 1, . . . ,m− 1.
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Therefore we have a homogeneous system of linear equations with the following
nonsingular matrix coefficients



















1 1 1 1 · · · 1
I0 I1 I2 I3 · · · Im
0 I0 2I1 3I2 · · · mIm−1

0 0 2I0 3!I1 · · · m(m− 1)Im−2

...
...

...
...

...
0 0 0 0 · · · m!I1.



















Therefore w(r) ≡ 0. i.e. u(r) ≡ v(r). In a similar way, u(r) ≡ v(r). Thus
ũ = ṽ.

Corollary 3.5. Dm(., .) is a metric on PFm(R).

Lemma 3.6. Let ũ be a fuzzy number. For all m ≥ 1 if N∗
PFm

(ũ) is not
empty, then we have

|N∗
PFm

(ũ)| = 1.

Proof. Let ũ∗
1 and ũ∗

2 be the nearest approximations of ũ out of PFm(R).
Dm(ũ∗

1, ũ) = Dm(ũ∗
1, ũ) = 0.

Dm(ũ∗
1, ũ

∗
2) ≤ Dm(ũ∗

1, ũ) +Dm(ũ, ũ∗
2) = 0.

From Lemma 3.4 we have ũ∗
1 = ũ∗

2.

Lemma 3.7. Let ũ∗ and ṽ∗ be the nearest approximations of two fuzzy num-
bers ũ and ṽ, respectively. Then we have

Dm(ũ∗, ṽ∗) = Dm(ũ, ṽ)

Proof.

Dm(ũ∗, ṽ∗) ≤ Dm(ũ∗, ũ) +Dm(ũ, ṽ) +Dm(ṽ, ṽ∗) = Dm(ũ, ṽ).

In a similar way Dm(ũ, ṽ) ≤ Dm(ũ∗, ṽ∗).

Corollary 3.8. If ũ be an l-degree polynomial form fuzzy number, where l ≤
m, then ṽ∗ = ũ.

Lemma 3.9. Let ṽ and ũ be two fuzzy numbers, where u, v, u, v ∈ Cm−1[0, 1].
If Dm(ũ, ṽ) = 0, then there are two sequences of points {δi,k}

m−1
k=0 , i = 1, 2

such that for k = 0, 1, · · · ,m− 1,

u(k)(δ1,k) = v(k)(δ1,k),

and
u(k)(δ2,k) = v(k)(δ2,k).



PROPERTIES OF THE NEAREST PARAMETRIC FORM APPROXIMATION

OPERATOR OF FUZZY NUMBERS 29

Proof. Let for two fuzzy numbers ṽ and ũ we have Dm(ũ, ṽ) = 0. Thus

[ũ]1 = [ṽ]1,
V al(ũ) = V al(ṽ),
Amb(ũ) = Amb(ṽ),
V (ṽ(k)) = V (ũ(k)) , k = 1, . . . ,m− 1 ,

A(ṽ(k)) = A(ũ(k)) , k = 1, . . . ,m− 1 ,

so
∫ 1

0
s(r)[u(k)(r) + u(k)(r)]dr =

∫ 1

0
s(r)[v(k)(r) + v(k)(r)]dr,

∫ 1

0
s(r)[u(k)(r)− u(k)(r)]dr =

∫ 1

0
s(r)[v(k)(r)− v(k)(r)]dr.

Therefore

∫ 1

0
s(r)[u(k)(r)− v(k)(r)]dr = ±

∫ 1

0
s(r)[u(k)(r)− v(k)(r)]dr,

Thus

∫ 1

0
s(r)[u(k)(r)− v(k)(r)]dr = 0 , k = 1, . . . ,m− 1 ,

∫ 1

0
s(r)[u(k)(r)− v(k)(r)]dr = 0 , k = 1, . . . ,m− 1 ,

Thus by mean value theorem for integrals, for any k = 0, 1, . . . ,m − 1, there
are two numbers δ1,k and δ2,k such that

u(k)(δ1,k) = v(k)(δ1,k),
u(k)(δ2,k) = v(k)(δ2,k),

because

∫ 1

0

s(r)[u(k)(r)− v(k)(r)]dr = [u(k)(δ1,k)− v(k)(δ1,k)]

∫ 1

0

s(r)dr = 0,

∫ 1

0

s(r)[u(k)(r)− v(k)(r)]dr = [u(k)(δ2,k)− v(k)(δ2,k)]

∫ 1

0

s(r)dr = 0.

4 Properties of m-Source Distance

Some properties of the approximation operators are presented by Grzegorzewski
and Mrówka [10]. In this section we consider some properties of the approxi-
mation operator suggested in Section 3.

Let Tm : F (R) −→ PFm(R) be the approximation operator which pro-
duces the nearest approximation fuzzy number out of PFm(R) to a given
original fuzzy number using Theorem 2.1.
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Theorem 4.1. The nearest approximation operator is an 1-cut invariance.

Proof. It is a necessary condition for this approximation that

[Tm(ũ)]1 = [ũ]1.

Theorem 4.2. The nearest approximation operator is invariant to transla-
tions.

Proof. Let a be a real number. Let ũ denotes a fuzzy number. Then u+ a =
u+ a and u+ a = u+ a. Therefore

V al(Tm(ũ+ a)) = V al(ũ+ a) = V al(ũ) + a = V al(Tm(ũ)) + a,

Amb(Tm(ũ+a)) = Amb(ũ+a) = Amb(ũ) = Amb(Tm(ũ)) = Amb(Tm(ũ)+a),

Also for k = 1, 2, . . . ,m− 1 we have

V ((Tm(ũ) + a)(k)) = V ((ũ+ a)(k)) = V (ũ(k)) = V (Tm(ũ)(k)),

and
A((Tm(ũ) + a)(k)) = A((ũ+ a)(k)) = A(ũ(k)) = A(Tm(ũ)(k)).

Thus
Dm(Tm(ũ+ a), Tm(ũ) + a) = 0.

Since both Tm(ũ+a) and Tm(ũ)+a have an m-degree polynomial form, then,
from Lemma 3.6, we have

Tm(ũ+ a) = Tm(ũ) + a.

Theorem 4.3. The nearest approximation operator is scale invariant.

Proof. Let λ 6= 0 be a real number. Thus

V al(λũ) = λV al(ũ) , Amb(λũ) = λAmb(ũ).

also for k = 1, 2, . . . ,m− 1 we have

V (λũ(k)) = λV (ũ(k)) , A(λũ(k)) = λA(ũ(k)).

and
Dm(Tm(λũ), λTm(ũ)) = 0.

Therefore then, from Lemma 3.6, we have

Tm(λũ) = λTm(ũ).
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Theorem 4.4. The nearest approximation operator fulfills the nearness cri-
terion with respect to m−source metric Dm defined in Definition 3.1, on the
set of all m−degree polynomial form fuzzy numbers.

Proof. By Lemma 3.2, we have

Dm(ũ, Tm(ũ)) = min
ṽ∈PFm(R)

Dm(ũ, ṽ),

therefore
Dm(ũ, Tm(ũ)) ≤ Dm(ũ, ṽ), ∀ṽ ∈ PFm(R).

Theorem 4.5. The nearest approximation operator is continuous.

Proof. An approximation operator T is continuous if for any ũ, ṽ ∈ F (R) we
have

∀ǫ > 0, ∃δ > 0, Dm(ũ, ṽ) < δ =⇒ Dm(T (ũ), T (ṽ)) < ǫ.

Let Dm(ũ, ṽ) < δ. By Theorem 3.1 we have

Dm(Tm(ũ), Tm(ṽ)) ≤ Dm(Tm(ũ), ũ) +Dm(ũ, ṽ) +Dm(ṽ, Tm(ṽ))

and, by Theorem 3.3, we have Dm(Tm(ũ), ũ) = Dm(ṽ, Tm(ṽ)) = 0. Thus

Dm(Tm(ũ), Tm(ṽ)) ≤ Dm(ũ, ṽ) < δ.

Therefore it suffices to take δ ≤ ǫ.

Theorem 4.6. The nearest trapezoidal approximation operator (case m=1)
is monotonic on any set of fuzzy numbers with equal cores.

Proof. See [1].

Theorem 4.7. The nearest approximation operator is order invariant with
respect to value function.

Proof. The proof is trivial, because V al(Tm(ũ)) = V al(ũ) and V al(Tm(ṽ)) =
V al(ṽ).

Theorem 4.8. The nearest approximation operator does not change the dis-
tance of fuzzy numbers by m-source distance. i.e.

Dm(Tm(ũ), Tm(ṽ)) = Tm(Dm(ũ, ṽ)) = Dm(ũ, ṽ).

Proof. The proof is trivial by Lemma 3.7.
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By the following Theorem we show that the nearest approximation opera-
tor is linear:

Theorem 4.9. The nearest approximation operator is a linear operator on
the set of all fuzzy numbers. i.e. for a real number λ and two fuzzy numbers
ũ and ṽ we have

Tm(λũ+ ṽ) = λTm(ũ) + Tm(ṽ).

Proof. From Lemma 3.1, we have

Dm(λũ+ ṽ, λTm(ũ) + Tm(ṽ)) ≤ Dm(λũ, λTm(ũ)) +Dm(ṽ, Tm(ṽ))

= Dm(λũ, λTm(ũ))

= |λ|Dm(ũ, Tm(ũ)) = 0.

Also we have

Dm(λũ+ ṽ, Tm(λũ+ ṽ)) = 0,

therefore

Dm(Tm(λũ+ ṽ), λTm(ũ) + Tm(ṽ)) = 0.

Since both fuzzy numbers Tm(λũ+ ṽ) and λTm(ũ)+Tm(ṽ) belong to PFm(R),
we have

Tm(λũ+ ṽ) = λTm(ũ) + Tm(ṽ).

5 Conclusion

In this work we represent a polynomial parametric approximation of a fuzzy
number which has been introduced in [1], and we presents some important
properties of it.
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