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STRONG CONVERGENCE OF AN
ITERATIVE ALGORITHM FOR
A-STRICTLY PSEUDO-CONTRACTIVE
MAPPINGS IN HILBERT SPACES

Mengqin Li and Yonghong Yao

Abstract

Let H be a real Hilbert space. Let T': H — H be a A-strictly pseudo-
contractive mapping. Let {ca,,} and {8, } be two real sequences in (0, 1).
For given o € H, let the sequence {z,} be generated iteratively by

Tnt1 = (1 — an — Bn)Tn + BnTxn, n>0.

Under some mild conditions on parameters {co,} and {8.}, we prove
that the sequence {z,} converges strongly to a fixed point of 7" in Hilbert
spaces.

1 Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H. Recall that a mapping T : C — C is said to be nonexpansive if

[Tz — Tyl < [l —yll,

for all z,y € C. And T : C — C is said to be a strictly pseudo-contractive
mapping if there exists a constant 0 < A < 1 such that

T2 = Tyl* < llo = ylI* + AT = T)x — (I = T)y|l*, (1.1)
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for all z,y € C. For such a case, we also say that T is a A-strictly pseudo-
contractive mapping. It is clear that, in a real Hilbert space H, (1.1) is
equivalent to

1-A
(Tz —Ty,x —y) < |z —y|* - 5 I =T)z — (I~ T)yll?, (1.2)

for all z,y € C. We use F(T') to denote the set of fixed points of T'.

It is clear that the class of strictly pseudo-contractive mappings strictly
includes the class of non-expansive mappings. Iterative methods for non-
expansive mappings have been extensively investigated in the literature; see
[1]-[11],[13] and the references therein. Related work can be found in [12],[14]-
[22].

However iterative methods for strictly pseudo-contractive mappings are
far less developed than those for non-expansive mappings though Browder
and Petryshyn initiated their work in 1967; the reason is probably that the
second term appearing in the right-hand side of (1.1) impedes the conver-
gence analysis for iterative algorithms used to find a fixed point of the strictly
pseudo-contractive mapping T'. However, on the other hand, strictly pseudo-
contractive mappings have more powerful applications than non-expansive
mappings do in solving inverse problems; see Scherzer [12]. Therefore it is
interesting to develop the iterative methods for strictly pseudo-contractive
mappings. As a matter of fact, Browder and Petryshyn [2] show that if a
A-strictly pseudo-contractive mapping 7" has a fixed point in C, then starting
with an initial xy € C, the sequence {x,} generated by the recursive formula:

Tpt1 = oy + (1 —a)Tx,, n>0,

where « is a constant such that A < a < 1, converges weakly to a fixed point
of T.

Recently, Marino and Xu [7] have extended Browder and Petryshyn’s re-
sult by proving that the sequence {x,} generated by the following Mann’s
algorithm:

Tpt1 = pZp + (1 —apn)Txn, n>0

converges weakly to a fixed point of T, provided the control sequence {a;,}
satisfies the conditions that A < a, < 1 for all n and > - (a, — A)(1 —
ay,) = 0o. However, this convergence is in general not strong. Very recently,
Mainge [6] studied some new iterative methods for strictly pseudo-contractive
mappings. He obtained some strong convergence theorems by using the new
iterative methods.

It is our purpose in this paper that we introduce a new iterative algorithm
for A-strictly pseudo-contractive mappings as follows:
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Let H be a real Hilbert space. Let T': H — H be a A-strictly pseudo-
contractive mapping. Let {«,} and {8,} be two real sequences in (0,1). For
given xg € H, let the sequence {z,,} be generated iteratively by

Tn+l = (1 — 0y — ﬁn)xn + BnT$n7 n > 0. (13)

Under some mild conditions, we prove that the proposed iterative algorithm
(1.3) converges strongly to a fixed point of a A-strictly pseudo-contractive
mapping T in Hilbert spaces.

2 Preliminaries

In this section, we collect the following well-known lemmas.

Lemma 2.1. Let H be a real Hilbert space. Then there holds the following
well-known results:

(i) llz = yl* = ll=l* = 2{z,y) + lylI? for all z,y € H;
(i) |z +yl* < [l2|® + 2{y, x + y) for all z,y € H.
You can find the following lemma in [7],[22].

Lemma 2.2. (Demi-closed principle) Let C be a nonempty closed conver of
a real Hilbert space H. Let T : C — C be a A-strictly pseudo-contractive
mapping. Then I —T is demi-closed at 0, i.e., if x, = x € C and x,, — Tz, —
0, then x = Tx.

Lemma 2.3. ([7]) Let H be a real Hilbert space. If {x,} is a sequence in H
weakly convergent to z, then

limsup ||z, — g = limsup ||z, — 2|2 + ||z — y||?, ¥y € H.
n—oo

n—oo

Lemma 2.4. ([16]) Assume {a,} is a sequence of nonnegative real numbers
such that

Opy1 < (1 - ’Yn)an +Yndn, n =0,
where {y,} is a sequence in (0,1) and {d,} is a sequence in R such that
(Z) ZZO:O 'Yn = OO;
(ii) limsup,, oo 0 <0 or Y07 o |6nyn| < co.

Then lim,,_yoo @, = 0.
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3 Main Results

Theorem 3.1. Let H be a real Hilbert space. Let T : H — H be a \-strictly
pseudo-contractive mapping such that F(T) # 0. Let {a,} and {8} be two
real sequences in (0,1). Assume that the following conditions are satisfied:

(C1) limy, 00 vy, = 0
(C2) S0 ) = 00;
(C3) B €le,(1 = AN)(1—aw)) for some e > 0.

Then the sequence {x,} generated by (1.3) strongly converges to a fixed point
of T.

Proof. First, we prove that the sequence {z,} is bounded.
Take p € F(T). From 1.3), we have
[Zn+1 —pll = (1 —an—=Bn)(@n —p) + Bu(T2n — p) — anp||
< (1= an = Bn)(@n —p) + Bu(Tzn — p)|| + cwllp]- (3.1)

Combining (1.1) and (1.2), we have
(1 = an — Br)(@n — ) + Bu(Tan — p)||?
= (1—an—Bn)?llan —pl* + B2l T2n — pI?
+2(1 — Op — /Bn)ﬂn<Txn —D,Tp — p>

< (L= an = Bo)?llzn — plI* + Ballzn — plI* + Man — T ]
1-A
+2(1 = ap = ) Bulllzn — pl|* — 25 — T, ||]
= (1 =an)?[lzn = p|? + 82 = (1 = N1 = an = Ba)Balllzn — Tal?
= (L—an)?lzn = pl* + BalBn — (1 — an)(1 = M]llzy — Tz
< (1= an)llzn = ol

which implies that
11 = = Bn)(@n = p) + Bn(Tzn = p)l| < (1 = an)|zn —pl. (3.2)
It follows from (3.1) and (3.2) that

||.’)3n+1 —p|| < (1- Oén)”mn _pll + OanpH
< max{|z, — pl,pl}-

A

By induction, we have

[ — pll < max{||zo —pll, [[pl[}-
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Hence, {z,} is bounded.

Taking y = p in (1.1), we have
1Tz = p|* < llz — pl* + Al — T||?
(Tx —p, Tz —p) < {(x —p,x—Tx)+ (x —p, Tx —p) + M|z — Tz|?
(Tx —p, Tz —z) < (x —p,x — Tx) + Nz — Tz|?
(Tx —2,Tx —2) + {(x —p,Tx —2) < (x —p,x — Tx) + \||z — Tz|?
(1= N|Tz —z|® < 2(x —p,x — Tx). (3.3)

From (1.3), (3.3) and Lemma 2.1, we have

||xn+1 _p”2 = H(l — Qp _ﬁn)xn'i_BnTxn _p”2
H(xn - p) - Bn(xn - Txn) - an$n||2

< |(zn —p) = Bu(zn — Txn)||2 — 200 (T Tnt1 — P)

= len = pl* = 28n(n — Tan, xn — p) + Billon — Tanl|?
=20, (T, Tt1 — D)

O p||2 = Bu(1 = N[z, — TanQ + Bi”xn - Txn”2

=20, (T, Tpg1 — D)
=l —pl* = Bul(1 = X) = Bulllzn — Tan|?
=200 Ty Tpt1 — P)- (3.4)

Since {x,} is bounded, so there exists a constant M > 0 such that
—2(Xp, Tpy1 —p) < M for all n > 0.
Consequently, from (3.4), we get
i1 — 2l = 12w — plI% + Bal(1 = A) = Bullln — Teal? < Moy, (35)

Now we divide two cases to prove that {x,} converges strongly to p.

Case 1. Assume that the sequence {||z,, —p||} is a monotonically decreas-
ing sequence. Then {||z,, — p||} is convergent. Clearly, we have

lzns1 = plI* = llzn — pl* — 0,
this together with (C1) and (3.5) imply that
|zy, — Txp|| — 0. (3.6)

By Lemma 2.2 and (3.6), it is easy to see that wy,(z,) C F(T'), where wy,(z,) =
{z : Jz,, — x} is the weak w-limit set of {x,}. This implies that {z,}
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converges weakly to a fixed point z* of T. Indeed, if we take z*, % € wy,(zy)
and let {z,,} and {x,,,; } be sequences of {x,} such that

Tp, — 2% and x,; — ¥, respectively.

Since limy, o0 ||2n — 2|| exists for z € F(T). Therefore, by Lemma 2.3, we
obtain

lim ||z, —2*]> = lm |z, —z*[
n—o00 Jj—o0
= lim o, — 7+ |7 — 2|2
J—00
= lim [lo,, — 3| + |7 — 2"
1— 00
= lim [lag, —27|* + 2] 7 — 2"
11— 00
= lim |z, —z*|* + 2|z — =* ||~
n— oo
Hence, 2 = x*.

Next, we prove that {z,} strongly converges to x*.
Setting v, = (1 — Bp)xn + BnTxn,n > 0. Then, we can rewrite (1.3) as

Tntl = Yn — QnpTp,n > 0.
It follows that

Tny1 = (1 - an)yn - an(xn - yn)
= (1 - an)yn - anﬁn(xn - T$n) (37)

At the same time, we note that
lyn —2*|> = |lzn — 2% = 2Bn(zn — Tn)||
|zn — 17*”2 = 2B (@n — Tap, 70 — ") + ﬂinn - TanQ

< ”xn _m*HQ_ﬁn[(l_/\) _Bn]Hxn_T-TnH2
<

lwn — 2*||2.

Applying Lemma 2.1 to (3.7), we have

|Zn+1 — CE*HQ = (1 = an)(yn — ") — anBp(@n — Twy) — anx*||2
S (]- - an)znyn - 1'*||2 - 2anﬁn<xn - Txnvl'nqu - l'*>

—2ap(x*, Tpyr — )

IN

(1 - Oén)Hl‘n - x*HQ - 2anﬁn<xn —T%p, Tpy1 — $*>
=20 (", Tpy1 — 2F). (3.8)
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Tt is clear that lim,, oo (@y —TTp, Zpp1 —2*) = 0 and limy, o0 (2%, Xy —2*) =
0. Hence, applying Lemma 2.4 to (3.8), we immediately deduce that x,, — x*.

Case 2. Assume that {||z,, — p||} is not a monotonically decreasing se-
quence. Set 'y, = ||z, — p||? and let 7 : N — N be a mapping for all n > ng
(for some ng large enough) by

7(n) =max{k € N: k <n,T) <Tpi1}.

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and
L7y £ Trmy41 for n > ng. From (3.5), it is easy to see that

Ma,
127y — Tz |12 < i)
ﬁ'r(n) [(1 - )‘> - ﬁr(n)}

— 0,

thus
”xT(n) - Tx'r(n)” — 0.

By the similar argument as above in Case 1, we conclude immediately that
Tr(n) Weakly converges to z* as 7(n) = co. At the same time, we note that,
for all n > ny,

0 ”‘T‘r(n)+l - I*HQ - ||177.(n) - m*Hz
Qr(n) [267(71) <x‘r(n) - T-r‘r(n)a Tt — x'r(n)+1> + 2<JI*, "t — I‘T(n)+1>

_Hx‘r(n) _x*H2]a

IA A

which implies that
HxT(n) - I*HQ S zﬂr(n) <x7(n) - TIT(n)v x* — IT(TL)+1> + 2<I*, ¥ — 'rT(n)+1>'
Hence, we deduce that
nll»Holo er(n) - H =0.
Therefore,

A Loy = Jim Ty = 0.

Furthermore, for n > nyg, it is easily observed that I'y, < T'7¢y41 if n # 7(n)
(that is, 7(n) < n), because I'; > T'j; for 7(n)+1 < j < n. As a consequence,
we obtain for all n > ng,

0<TI, < maX{FT(n)7FT(n)+1} = FT(”)+1'

Hence lim,,_,o I';, = 0, this is, {z,,} converges strongly to «*. This completes
the proof. O
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From Theorem 3.1, we can obtain the following corollary.

Corollary 3.2. Let H be a real Hilbert space. Let T : H — H be a nonexpan-
sive mapping such that F(T) # 0. Let {ayn} and {B,} be two real sequences
in (0,1). Assume that the following conditions are satisfied:

(C1) limy, 00 aty, = 0

(C2) S0 o = 00;
(C3) Bn € le,(1 =N (1 —ap)) for some € > 0.

Then the sequence {x,} generated by (1.3) strongly converges to a fixed point
of T.

Remark 3.3. It is well-known that the normal Mann iteration has only weak
convergence. However, our algorithm which is similar to the normal Mann
iteration has strong convergence.
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