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Notes on linear combinations of two tripotent,
idempotent, and involutive matrices that
commute

Halim OZDEMIR and Murat SARDUVAN

Abstract

The aim of this paper is to provide alternate proofs of all the results of
our previous paper [2] in the particular case when the given two matrices
A1 and As in the linear combination A = ¢1 A1 + c2 A2 commute.

1 Introduction and Preliminaries

Let C and C,, denote the sets of complex numbers and m X n complex
matrices. Moreover, C* will mean C \ {0}.
Now, consider a linear combination of the form

A:clAl +CQA2, (11)

where A1, Ay € C,,, are nonzero matrices and ci,co € C*.

The aim of this paper is to provide alternate proofs of all the results of
our previous paper [2] in the particular case that A; and Ay in (1.1) are
commuting matrices, i.e. AjAs = AsA;.

Recall that a matrix B € C,, ,, is said to be similar to a matrix A € Cy, ,, if
there exists a nonsingular matrix P € C,, ;,, such that

B=P 'AP.
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If a matrix A € C,, is similar to a diagonal matrix, then A is said to be
diagonalizable. It is clear that the spectrums of an idempotent, a tripotent,
and an involutive matrices are contained in {0,1}, { —1,0,1}, and { —1,1},
respectively. Then, any tripotent or idempotent or involutive matrix is di-
agonalizable [1, Corollary 3.3.10]. Two diagonalizable matrices A, B € C,, ,,
are said to be simultaneously diagonalizable if there is a single similarity ma-
trix P € C,,, such that P~'AP and P~'BP are both diagonal. Two di-
agonalizable matrices are commuting if and only if they are simultaneously
diagonalizable [1, Theorem 1.3.12]. Hence, we can write A of the form (1.1)
as P (c;A + caM)P~! with A and M diagonal matrices, where the main di-
agonal entries of A and M are the eigenvalues of A; and As, respectively.
Consequently, direct calculations show that a linear combination of the form
(1.1) is a tripotent matrix, an idempotent matrix, and an involutive matrix if
and only if [
(1A + aM)? = (c1A + ;M) = 0,

(ClA + CQM)2 — (ClA + CQM) =0,

and
(1A + ;M)? =1,

respectively. By carrying out necessary arrangements, we obtain equivalently

(Cl>\i + Cgui) (Cl>\i + Ccop; — 1) (Cl>\i + Ccol; + 1) =0, (1.2)
(Cl/\i + CQ/J/i) (Cl/\i + Cofby — 1) =0, (13)

and
(a1 i + copy — 1) (a1 hi +cous +1)=1,i=1,2,...,n, (1.4)

where \; and pu; are diagonal entries of A and M, respectively. We may,
without loss of generality, assume that any multiple eigenvalues of A; and A,
occur contiguously on the main diagonal of A and M, respectively.

2 Main Results

Let Ay, As be tripotent matrices. Firstly we consider the trivial case where
A is a scalar multiple of Ay. If A; is a scalar multiple of Ay | say A; = cAs
for ¢ € C*, then

A = A% = (cAy)® = PA3 = PAy = PcAy = AL

Since A; # 0, we obtain 1 = ¢2. Due to the fact that an involutive matrix is
always a tripotent matrix, we also obtain 1 = ¢? in case A; and A, are involu-
tive matrices. Since ¢ Aq+c2Az2 = (ce1 + ¢2) Ag is tripotent (or involutive), a
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similar argument proves (cc; + ¢2) € { —1,0,1}. Thus, the case where A is a
scalar multiple of A, is also excluded from further considerations in Theorems
2.1-2.4. Now we may give the main results.

Theorem 2.1 [2, Theorem 2.1] For nonzero c1,co € C* and involutive matri-
ces A1, Ay € Cy,pp such that Ay # Ao and A1 Ay = AsAy, let T be their
linear combination of the form

T = ClAl + CQAQ. (21)
Then the matriz T of the form (2.1) is tripotent if and only if
(Cla 62) € {( _1/25 _1/2) ) ( _1/25 1/2) ) (1/25 _1/2) ) (1/25 1/2)} .

Proof. Solving (1.2) for possible pairs of (A;, ;) we obtain the values and
equations in Table 1 which is arranged according to the pairs of (1, ¢2) com-
monly fulfilling (1.2).

Table 1: All possible (c1, c2) pairs associated with (A;, u;) pairs in Theorem 2.1

Cases (e1,c2) (Ni, 1)
I (2:3): (3.-3) (1, 1), (1,-1),
(=3:3), (=3.-3) | (=11, (=1,-1)
II(a) cp=—cporcy =—cx+1 (1,1),
orci=-cp—1 (—1,-1)
II(b) cp=cporcy=ca+1 (1,-1),
orci=c2—1 (-1,1)

Moreover, the matrix T of the form (2.1) satisfies T = T if and only if
(C? + 3010% — Cl) A1 + (Cg + 30%02 — CQ) A2 =0. (22)

Combining the pairs of (c¢1, ¢c2) in Table 1 with (2.2), the following results are
obtained: T of the form ( 2.1) is always tripotent for Case I. For Cases II(a)-
(b), we obtain simply either the case that A; is a scalar multiple of Ao (which
has been excluded from considerations in Theorem 2.1) or Case I (which means
that Cases II(a)-(b) contain Case I), again. Hence, the proof is complete. m

Theorem 2.2 [2, Theorem 2.2 (a)] For nonzero c1,c2 € C* and involutive
matrices A1, Ag € Cp . such that Ay # £As and A1Ay = AsAy, let P be
their linear combination of the form

P=ciA| + cAs. (23)

Then the matriz P of the form (2.3) is idempotent if and only if:
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(a) (61,62) = ( —1/2,—1/2) and —A1 —A2 = I—|—A1A2,
(b) (61762) = ( 1/2,1/2) and A1 —|—A2 = I+A1A2,

(c) (c1,¢2) =( —1/2,1/2) and —A; + As =1 — A1 Ao,
(d) (c1,¢2) =(1/2,—-1/2) and A1 — A =1— A;A,.

Proof. Solving (1.3) for possible pairs of (\;, i;) we obtain the values in Table
2 which is arranged according to the pairs of (c1, c2) commonly fulfilling (1.3).

Table 2: All possible (c1, c2) pairs associated with (\;, p;) pairs in Theorem 2.2

Cases (C17 02) ()\1, Ni)
I ( 7%’7%) (1771)7 (7171)7 (71,71)
1I (3.2) (1,1, (1,-1), (-1,1)
111 ( _%7 %) (171)7 (_171)7 (_17_1)
v ( %’7%) (171)7 (1771)7 (71,71)

Moreover, the matrix P of the form (2.3) satisfies P? = P if and only if
(C% + cg) I+2c1c0A1Ay — 1A — Ay = 0. (2.4)

Combining the pairs of (¢1, c2) in Table 2 with (2.4), the following results are
obtained: P = 1 (I+ A1A,) for Cases I and II, which are parts (a) and (b),
and P = $(I— AjA,) for Cases III and IV, which are parts (c) and (d).
These complete the proof. m

Theorem 2.3 [2, Theorem 2.3] For nonzero c1,co € C* and nonzero tripotent
matrices T1, Ty € Cp, such that Ty # £T5 and T1 Ty = ToT1, let A be their
linear combination of the form

A= ClTl + CQTQ. (25)

Then the matriz A of the form (2.5) is involutive if and only if:

(a) (c1,c2) = (1,1) or (c1,c2) = (=1,—1) and T? + 2T1T2 + T3 = I and

T and T2 are not involutive,

b) (c1,¢2) = (1,=1) or (c1,¢2) = (—=1,1) and T2 = 2T To + T2 =1 and T
1

and Ts are not involutive,

c) (c1,¢2) = (2,1) or (c1,¢2) = (=2,—-1) and 4T? + 4T Ty + T2 =1 and T
1

is not involutive,

(d) (c1,¢2) = (2,—1) or (c1,c2) = (=2,1) and 4T? — 4T To+ T3 =1 and T,

is not involutive,

e) (c1,c2) = (1,2) or (c1,¢2) = (—1,—-2) and T? + 4T 1Ty +4T2 =1 and T»
1

is not involutive,

(f) (c1,c2) = (1,=2) or (c1,c2) = (=1,2) and T? — 4T1 T2 +4T% =1 and T,

s not involutive.
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Proof. Solving (1.4) for possible pairs of (A;, ;) we obtain the values and
equations in Table 3 which is arranged according to the pairs of (c¢1, ¢2) com-
monly fulfilling (1.4).

Table 3: All possible (c1, c2) pairs associated with (\;, u;) pairs in Theorem 2.3

Cases (Cl, 02) ()\i7Ui)

I (1,1), (1,-1), (-1, 1), (-1,-1) (0,1), (0,-1), (1,0), (—1,0)
II(a) (2v ) ( ’ ) (Ov 1)7 (Ov 71)7 (17 1)7 (717 71)
II(b) (2,1), (-2, —1) (0,1), (0,-1), (1,-1), (—1,1)
III(a) (lv ) ( ’ ) (lvO)v (71’0)7 (171)7 (71771)
III(b) (1,2), (-1,-2) (1,0), (-1,0), (1,-1), (-1,1)
IV (a) ct=—-ca+lorci=—cx—1 (1,1), (-1,-1)

IV(b) cp=co—1lorci=ca+1 (1,-1), (-1,1)

From the pairs of (\;, ;) in Table 3, it is evidently seen that T; and Ts are
not involutive in Case I, T is not involutive in Cases II (a)-(b), and T3 is not
involutive in Cases IIT (a)-(b).

Moreover, the matrix A of the form (2.5) satisfies A2 = I if and only if

(ClTl + CQT2)2 =1 (26)

Substituting the pairs of (c1, ¢2) in Case I, in Cases II (a)-(b), and in Cases III
(a)-(b) into (2.6) we obtain T?+2T1To+T3 =1,4T74+4T 1T+ T3 =1, and
T? £ 4T, Ty + 4T3 = I, which establish the parts (a),(b), the parts (c),(d),
and the parts (e),(f), respectively. Finally, in the Cases IV (a),(b) it is clear
that Ty and Ts are involutive. So, from (2.6), T; is a scalar multiple of Ts.
Hence, the proof is complete. m

Theorem 2.4 [2, Theorem 2.4 (a)] For nonzero c1,ca € C* and involutive
matrices A1, Ag € Cp such that Ay # £As and A1Ag = AgsAy, let A be
their linear combination of the form

A=A+ cAs. (27)

Then there is no situation for which the matrix A of the form (2.7) is an
involutive matrizx.

Proof. Solving (1.4) for possible pairs of (A;, ;) we obtain the values and
equations in Table 4 which is arranged according to the pairs of (¢1, ¢2) com-
monly fulfilling (1.4).

Table 4: All possible (c1, c2) pairs associated with (\;, u;) pairs in Theorem 2.4

Cases (c1,c2) (Aas i)
I c1=—-c2t+lorci=—-co—1| (1,1), (—1,-1)
11 ci=co—lorci=cy+1 (1,-1), (-1,1)
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Moreover, the matrix A of the form (2.7) satisfies A? = I if and only if
(¢} +c3 — 1) I+2c1c0A1 Ay = 0. (2.8)

From (2.8), it is easily seen that A; is a scalar multiple of Ay for Cases I-II in
Table 4 which contradict with the assumptions. So the proof is complete. m

Theorem 2.5 [2, Theorem 2.5 (a)] For nonzero ¢y, ca € C* and nonzero idem-
potent matrices P1,Po € Cy, , such that P1Py = PoPq, let A be their linear
combination of the form

A = 61P1 + CQPQ. (29)

Then the matriz A of the form (2.9) is involutive if and only if:

(a) (c1,2) = (—1,—1) or (e1,e2) = ( 1,1) or (e1,¢3) = ( —1,1) or (e,c2) =
(1,-1) and P + P2 =1,

(b) (c1,¢2) =(1,-2) or (c1,¢2) =( —1,2) and P =1,

(¢) (e1,c2) =(2,-1) or (c1,¢2) =( —=2,1) and Py =1.

Proof. Solving (1.4) for possible pairs of (\;, i;) we obtain the values in Table
5 which is arranged according to the pairs of (¢, c2) commonly fulfilling (1.4).

Table 5: All possible (c1, c2) pairs associated with (\;, ;) pairs in Theorem 2.5

Cases (Cl, 02) ()\1, /.Li)
I (1,1), (1,-1), (-1,1), (-1,-1) | (0,1), (1,0), (1,1)
1I (1,-2), (-1,2) (1,0), (1,1)
IT1 (2,-1), (-2,1) (0,1), (1,1)

Moreover, the matrix A of the form (2.9) satisfies A? = I if and only if
APy + 2c165P 1Py + 3Py = L. (2.10)

Substituting the pairs of (¢, c2) in Case I into (2.10) we obtain P;Py = 0.
Combining P1Py = 0 with (2.10) we obtain Py + P2 = I, which leads to part
(a). From the pairs of (A;, p;) in Table 5, it is evidently seen that P; =1 in
Case IT and P2 = I'in Case III, which lead to parts (b) and (c), respectively. m
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