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An inequality for the Selberg zeta-function,
associated to the compact Riemann surface

Igoris Belovas

Abstract

We consider the absolute values of the Selberg zeta-function, associ-
ated to the compact Riemann surface, at places symmetric with respect
to the line R(s) = 1/2. We prove an inequality for the Selberg zeta-
function, extending the result of R. Garunkstis and A. Grigutis.

1 Introduction

Let s = 0 + it be a complex variable and ((s) be the Riemann zeta-function.
T. S. Trudgian [6] obtained, that

[C(L = s)[ > [¢(s)] (1)
except at the zeros of ((s), with |¢| > 6.29073 and ¢ > 1/2. By well-known
functional equation for the Riemann zeta-function,

C(s) = 2°7°Lsin %Sm — 81— s), 2)

¢(1 — s) and ¢(s) have the same zeros when 0 < o < 1. Inequalities of (1)
type are of great interest, since a necessary and sufficient condition for the
Riemann hypothesis is [((1 — s)| > |{(s)|, where 0 > 1/2 and |¢| > 6.29073.
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Garunkstis and Grigutis examined, whether Selberg zeta-function, associ-
ated to the compact Riemann surface and the modified Selberg zeta-function
satisfy the inequalities of (1) type (see Theorems 1 and 2 in [2]). Let H be the
upper half-plane and T" be a subgroup of PSL(2,R). Let I' \ H be a compact
Riemann surface of genus g > 2. The Selberg zeta-function, associated to the
compact Riemann surface of genus g > 2, is defined as follows [2, 5]

Zo(s)= [T [T - NPy,

{P} k=0

where ¢ > 1 and {P} runs trough all the primitive hyperbolic conjugacy
classes of I' and N(P) = a? if the eigenvalues of P are a and a1 ( |a| > 1).
The Selberg zeta-function has a meromorphic continuation to C [5].

The Selberg zeta-function, associated to the compact Riemann surface,
satisfies (cf. (2)) [2, 4] the functional equation

s—1/2
Zo(s) = Ze(1 — s)exp (47‘(‘(9 - 1)/0 6 tan 7r9d9> . (3)

Garunkstis and Grigutis have proved [2], that for o > 1/2 and ¢ > 0.361,
|Zc(1 = s)| > [Za(s)].

In this research we extend the result of R. Garunkstis and A. Grigutis. We
apply the technics of estimation used in [1].

2 An inequality for the Selberg zeta-function, associated
to the compact Riemann surface

Theorem 1. Let Z¢(s) be the Selberg zeta-function associated to the compact
Riemann surface of genus g = 2. Then, for o > 1/2 and t > to we have

|Zc(1=s)| > |Zc(s)l. (4)
Here tg = 0.165... .

By the functional equation for the Selberg zeta-function (3) we have

Zc(s)

1 P S,
1 Zc1—s)

= (g —1)R(Q(s)), ()
>0

here

s—1/2
Q(s) = 47r/0 vtan odo. (6)
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Integral (6) can be evaluated using triangular contour with vertices at A(0, 0),
B(o —1/2,t) and C(o —1/2,0): [, + Jop+ [54 = 0. Hence,

R(Q(s)) = Ii(0) + R(o,1). (7)
——— N N~
§RfAB fAC §RfCB
Here
oc—1/2
Ii(o) = 471'/ 0 tan w0do (8)
0
and

¢
R(o,t) = %{/ i(oc —1/2+if)tan (m (o — 1/2 + i9))d9} . 9)
0
Calculating function I (o) (8), we obtain
Li(o)=— g012(27717) —2(20 — 1) log|2sinwo|. (10)
7r

Here Cly(z) is the Clausen function of order 2,

Cly(z) = 7/ log
0

Calculate function R(o,t) (9), we obtain

t : t . .
R(o.1) :/ 476 sin 2o d9+/ 4w (1/2 — o) smh?w@da
o cosh2m — cos2mo o cosh2mf — cos2mwo (12)

t
2sin 2‘ dt. (11)

=Iz(0o,t) =I5(o,t)

Note that R(o,t) is even function by ¢, thus, it suffices to consider positive ¢

values.
Calculating I5(o,t), we obtain (cf. 3.531.8 in [3]), that

0

cosh 270 — cos 2wo

¢
Iz(o,t) = 4msin 27r0/
0
2
—(A(u(o,t) + mo) — A(u(o,t) — mo) — 2A(wo)) = (13)
T
lClg (2u(o,t) + 210 + ) — lCl2 (2u(o,t) — 2mo + m)—
7T 7r
2
—=Cly (270 + m)).
7r
Here A(z) is the Lobachevsky function,

xT
A(z) = —/ log |cost|dt = Cly(22 + 7)/2 4 2 log 2,
0
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and
u(o,t) = arctan(tanh 7t cot 7o). (14)

Calculating I3(o,t), we obtain

I3(0,t) = — (20 — 1) log(cosh 27t — cos 270 )+

15
+2(20 — 1) log |sinwo| + (20 — 1) log 2, (15)

Let us denote
L(o,t) = R(Q(s)). (16)
In view of (5), to prove the statement of the theorem, it is enough to show
that, for ¢ > 1/2 and t > to the function L(o,t) is negative. By (7) and
(10)-(15), we have
L(o,t) =— 2C12(27m) + 47 sin 2wo /t o do—
’ T o cosh2mf — cos 2o (17)
— (20 — 1) log(cosh 27t — cos 2mmo) — (20 — 1) log 2.

Taking into account the duplication formula for the Clausen function,
012(29) = 2012(0) - 2C12(7T - 9),
and the properties of the Clausen function,

012(9) = 012(9 + 27T17”L)7 m € Z,
Cla(8) = —Clo(—0).

we obtain
1
L(o,t) ==Cl2(2u(o,t) + 2m0 + 7)—
71'

_ECIQ (2u(o,t) — 2m0 + m) — lC12 (4mo)— (18)
0 T

—(20 — 1)log(cosh 27t — cos 2mo) — (20 — 1) log 2.

Next we establish a lemma concerning the behaviour of the derivative of
the function L(o,t).

Lemma 1. For o > 1/2 and ¢t > 0, the derivative L}(o,t) is negative.

Proof. Let us calculate the first partial derivative. By (7) and (12) we have

L(o.1) 47 47(1/2 — o) sinh 27t
g =
A cosh 27t — cos 2w cosh 27t — cos 2mo
4
T (tsin 270 + (1/2 — o) sinh 27t) . (19)

- cosh 27t — cos 2wo

=N
N (o)
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For o € (n—1/2,n), n € N, we have N(o,t) < 0 (since sin 270 is negative)
For o € (n,n+1/2), n € N,

1
N(o,t) < t— §sinh27rt < 0.

For 0 =n, n € N, we have N(o,t) = (1/2 — n) sinh 27t < 0.
Thus, for o > 1/2 and t > 0, the function N(o,t) is negative, yielding us
(cf. (19)) L,(c,t) < 0. O

Let us denote
1
Bo(o) ==Cla(2u(o, to) + 270 + 7)—
™
1 1
—=Cla(2u(o, ty) — 2mo + 7) — =Cly(47o).
™ ™

Lemma 2. The function By(o) is
(i) periodic with period P =1, thus Bo(c) = Bo(c +m), m € Z,
(ii) odd, By(c) = —Bo(—0),
(iil) bounded, |By(o)| < Cp.
Here Cy = 0.46342... .

Proof. The function u(o,ty) (14) is periodic by o with period P = 1 and
the Clausen function Cly(#) is periodic with period P = 2w, hence the first
statement of the lemma. Note that lim,_,; By(c) = 0. Next, the Clausen
function (of order 2) and the function u(o, ty) are odd, yielding us the second
statement of the lemma.

In view of (i) and (ii) it is enough to consider the function By(o) in the
interval o € (1/2,1). Note that By(1/2) = By(1) = 0. Calculating derivatives
of By(c), we obtain

47ty sinh 27ty
cosh 27ty — cos2mo

By(o) = + 2log(cosh 27ty — cos2mo) + 2log2.  (21)

and

Bg (o) = 4w gin 270 <
——

2’/Tt0 sinh 27Tt0 1 ) . (22)
<0

(cosh 2ty — cos2mwa)?  cosh 27ty — cos 2mo

>0

Let us denote )

~ Ccosh 27ty — cos 2mo

OJO(O')
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and
ag = 4mtg sinh 27t.

Hence, by (21), solving the equation By(cg) = 0, we obtain
—agwg — 2 IngO + 10g4 =0 — wp = 2W(a0)/a0.

Here W (x) is the Lambert W function. Thus,

9 h 9ot 27Tt0 sinh 27Tt0
cos 2mag = cosh 2ty —
0 O W (4rto sinh 27ty)’
and
1 27Tt0 sinh 271’15()
=1—-— h 27ty — =0.79336... .
o0 o 108 <COS 0 T W (4t sinh 27t) )

Note that By () (22) is negative for o € (1/2,1), hence By(0q) = 0.46342... is
the maxima of the function, yielding us the third statement of the lemma. [

3 Proof of Theorem 1

Proof. By Lemma 1, it is enough to prove the theorem for fixed ¢t = t3. Let
us denote Lo(o) = L(o, to).

First consider the function Lo(o) for o > o1 > 1/2. By (18) and Lemma
2, we have

Lo(o) < Cy — (20 — 1) log(cosh 27ty — cos 2m) — (20 — 1) log 2 =

= Cy — 4(0 — 1/2) log(2sinh 7ty). (23)

Hence, Lo(c) < 0 for o > o1. Here

Co

1
= -+ —FFFF—— =1.94001....
2 + 41og(2sinh 7tg)

g1

Next, consider the function Ly(o) for 1/2 < o < o7. Calculating derivatives
of the function, we obtain (cf. (18), (20) and (21)), that

—4m

Lo(o) = J e
0(0) cosh 27ty — cos 2wo ( o+ (U / )sm 7r0),
<0 =fo(o)
" sin 2mo 4 2w (0 — 1/2) cos 2o (24)
L E—]
0() g cosh 2ty — cos 2wo +
872 sin 270
fo(o).

(cosh 2wty — cos 27m0)?
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Here dy = tg sinh 27wty = 0.203... .

The function fo(o) has three zeros in the interval (1/2,01).

Indeed, for o € (1/2,3/4), the derivative f}(o) is negative, while fo(1/2) >
0 and fo(3/4) < 0. Hence, the first root &, € (1/2,3/4). Note that L (61) > 0
(cf.(24)).

For o € (3/4,1), the second derivative f{§ (o) is positive (hence the function
is convex in the interval), while fy(3/4) < 0 and fo(1) > 0. Thus, the second
root 6o € (3/4,1). Calculating numerically, we obtain 65 = 0.919... and
Ly (62) < 0.

For o € (1,3/2), the function fo(o) is positive, hence no zeros in the
interval.

For o € (3/2,7/4), the derivative f{(o) is negative, while f,(3/2) > 0 and
fo(7/4) < 0. Hence, the third root &3 € (3/2,7/4). Note that Ly (53) > 0
(cf.(24)).

For o € (7/4,01), the second derivative f{(o) is positive (hence the func-
tion is convex in the interval), while fo(7/4) < 0 and fy(o1) < 0, hence no
zeros in the interval.

The only maxima of the function Lg(o) for 1/2 < 0 < o1 corresponds ds.
However, Lo(62) is negative, yielding us the statement of the theorem. O

Remark 1. Let us denote for 0 € (n 4+ 1/2,n+ 1), n € Ny,

n(0) = {t[L(0,t) = 0}.

Then

to = a. .
0 1/1211<;¢<1s00(0)

Calculating ty numerically, we obtain optimal ¢g = 0.165... .
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