~
VERSITA
Vol. 23(2),2015, 201-212

DOI: 10.1515/auom-2015-0037
An. St. Univ. Ovidius Constanta

Some Combinatorial Properties of the
k-Fibonacci and the k-Lucas Quaternions
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Abstract

In this paper, we define the k-Fibonacci and the k-Lucas quaternions.
We investigate the generating functions and Binet formulas for these
quaternions. In addition, we derive some sums formulas and identities
such as Cassini’s identity.

1 Introduction

The Fibonacci numbers and their generalizations have many interesting prop-
erties and applications in many fields of science and art (see, e.g., [20]). The
Fibonacci numbers F,, are defined by the recurrence relation

FOZOa F1:17 F71,+1:Fn+Fn—1; 7121

The first few terms are 0, 1, 1, 2, 3, 5, 8, 13,... (sequence A000045)*. Another
important sequence is the Lucas sequence. This sequence is defined by the
recurrence relation

Ly=2, Ih=1, Lpyi=Lp+Lp1,n2=1

The first few terms are 2, 1, 3, 7, 11, 18, 29, 37... (sequence A000032).
Many kinds of generalizations of the Fibonacci sequence have been presented
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*Many integer sequences and their properties are to be found electronically on the On-
Line Encyclopedia of Sequences [27].
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in the literature (see, e.g., [20, 21]). In particular, there exist a generalization
called the k-Fibonacci and the k-Lucas numbers.

For any positive real number k, the k-Fibonacci sequence, say {F ,}nen, is
defined by

Fro=0, Fp1 =1, and Fypy1 =kFppn+ Frpn-1, n2>1, (1)
and the k-Lucas sequence, say {L n }nen, is defined by
Lk70 =2, Lk71 =k, and Lk,n+1 = kLk,n + Lk,n—h n>1.

These sequences were studied by Horadam in [12]. Recently, Falc6n and Plaza
[6] found the k-Fibonacci numbers by studying the recursive application of two
geometrical transformations used in the four-triangle longest-edge (4TLE) par-
tition. The interested reader is also referred to [2, 3, 4, 5, 6, 7, 22, 23, 24, 25],
for further information about these sequences.

On the other hand, Horadam [13] introduced the n-th Fibonacci and the
n-th Lucas quaternion as follow:

Qn :Fn+iF7L+1 +.an+2+KJFn+3a (2)
K,=L,+ Z'LnJrl + jLn+2 + HLn+3a (3)

respectively. Here the basis i, j, k satisface the following rules:

i? =2 =kK*=ijr=—1. (4)

Note that the rules (4) imply
1y =Kk=—Ji, JKk=1=—Kj, Ki=]=—ik.

In general, a quaternion is a hyper-complex number and is defined by the
following equation:
q=qo+1iq + jg2 + Kgs,

where 14,7,k are as in (4). Note that we can write ¢ = qo + u where u =
tq1 + jq2 + kqs3. The conjugate of the quaternion ¢ is denoted by ¢* and
7" =qo — u.

The Fibonacci and Lucas quaternions have been studied in several pa-
pers. For example, Swamy [26] gave some relations for the n-th Fibonacci
quaternion. Horadam [14] studied some recurrence relations associated with
the Fibonacci quaternions. Iyer [18, 19] derived relations connecting the Fi-
bonacei and Lucas quaternions. Iakin [15, 16, 17] introduced the higher order
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quaternions and Binet formulas. Halici [11] investigated some combinatorial
properties of Fibonacci quaternions and in [10] she studied the complex Fi-
bonacci quaternions. Flaut and Shpakivskyi [8] studied some properties of
generalized and Fibonacci quaternions and Fibonacci-Narayana quaternions,
and in [9] they studied the left and right real matrix representations for the
complex quaternions and Fibonacci quaternions. Akyigit et.al. [1] introduced
the split Fibonacci quaternions.

In analogy with (2) and (3), we introduce the k-Fibonacci and k-Lucas
quaternions. We give some properties, the generating functions and Binet
formulas for k-Fibonacci and k-Lucas quaternions. Moreover, we obtain some
sums formulas for these quaternions and some identities such as Cassini’s
identity to k-Fibonacci quaternions.

2 Some properties of the k-Fibonacci
and k-Lucas Numbers

The characteristic equation associated with the recurrence relation (1) is 22 —
kz —1 =10. The roots of this equation are

a_k+\/k2+4 5—k_‘/k2+4
2 -2

Then we have the following basic identities:

a+ 8=k, a—B=vVk2+4, af = —1.

Some of the properties that the k-Fibonacci numbers verify are summarized
bellow (see [6, 7] for the proofs).

aniﬂn

Binet formula: Fy, = , n>0. (5)
’ o — /B
Fk27" + Fk2,,n+1 = Fk,2n+17 n > 0. (6)
z
G ting function: =——. 7
enerating function fe(2) T (7)
a" = OLka + Fk,n—l- (8)

Some properties that the k-Lucas numbers verify are summarized bellow
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(see [3] for the proofs).

Binet formula: Lin=0a"4+p5" n>0.

Lgpn=Frpn-1+ Fepgr, n =1,

Li,n + Li,nJrl = (k2 + 4)Fk,2n+1~
2 —kz

Generating function: l(2) = [yt
—kz—=z

3 Some properties of the k-Fibonacci
and k-Lucas Quaternions

Definition 1. The k-Fibonacci quaternion Dy, ,, is defined by
Dyp = Fim+ilyny1 + 1 Fknt2 + 6% ny3, n >0,

where Fj, ,, is the n-th k-Fibonacci number.
The k-Lucas quaternion Py, 5, is defined by

Pin=Lgn+iLlgni1 + 5Ly ny2 + KLk py3, n2>0,
where Ly, 5, is the n-th k-Lucas number.
Proposition 2. The following identities hold:

(i) DinDj,,y = (K +2) Fp 2043.
(it) PpnPy, = (K +2)(k* +4)Fy 2013
(i) Dim = 2FynDin — Dygn D -
(iv) P2, = 2Ly Py — PenPf,.
(v) Dy + D, = 2Fj .
(vi) Py + Pf, = 2Ly 0.
(vii) Dynss = kDg i1 + Dy
(viii) Pymys = kPyns1 + Pon.



SOME COMBINATORIAL PROPERTIES OF THE k-FIBONACCI AND THE
k-LUCAS QUATERNIONS 205

Proof. (i) From Equations (6) and (1)

kaDz,n = sz,n + Fk2,n+1 + Fl?,n+2 + Fk2,n+3
= Font1 + Fronts
= Fyont1 + k(kFkon+s + Font2) + Fionts
= (k® + 1)Fron+3 + kFronta + Front1
= (k> + 1)Fron+3 + Fronts
= (k* 4+ 2)Fr 2013
(#i) The proof is similar to ().
(#i7) From Proposition 2(3)
Dl%,n = (Fk,n + iFk,n—&-l + ij,n+2 + ’ka,n-s-s)z
= Fl?,n - FI?,nJrl - FkQ,n+2 - Fk?,nJrB + i(2Fk7an>ﬂ+1)
+ j(QFk,an,n+2) + H(QFk,an,n+3)
= 2Fk,n(Fk,n + iFk,n—i—l + .ij,n+2 + HFk,n+3)

2 2 2 2
- Fk,n - Fk:,n+1 - Fk,n+2 - Fk,nJrS
*
= 2F} Dy — DinDjo .

(iv) The proof is similar to (4i7).
The other identities are clear from definition.

4 Main Results

Theorem 3 (Binet’s Formula). For n > 0, the Binet formulas for the k-
Fibonacci and k-Lucas quaternions are as follow:

D = —a—(aa” — ) = 22" = 05"

k2 + 4 a—-p 7 ©)

and
Py = Ga™ — B, (10)

respectively, where & = 1+ ia + jo? + ka® and B =14+iB+jB% + Kp3.
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Proof. The characteristic equation of recurrence relation in Proposition 2(vii)
is 22 — kz — 1 = 0. Moreover, the initial values are Dy o = (0,1, k, k* + 1) and
Dy1 = (1,k,k* +1,k% + 2k). Hence,

Dy = Aa™ + BB™.

Then, Dy g = A+ B and Dy ;1 = Aa+ Bf, and from Equation (8) we obtain
that

1
A= —(Dy1— BDpo) = ———(1 +ia + ja? + ka®).
oDkt = BDko) = == (14 da+ jo™ + ra)
Analogously, B = \/ﬁ(l +iB + jB% + kB%). Therefore,
1 o R aa — BIBrL
Dnziaan— nzi.
K, i pB") o
Similarly, we can get Equation (10). O

Note that if & = 1 (see Equations (3.1) and (3.2) in [11]), then

L n _ apn
Dl,n = ﬁ(aa Bﬁ )7

and
Py, = aa™ — Bp".
Theorem 4 (Cassini’s identity). For n > 1, we have the following formula:
Dy n—1Diny1 — Di, = (—1)"(2Dy 1 — (k* + 2k)k).

Proof. We proceed by induction on n. If n =1,

Dy oDyo — Di; =(Fi0 + Frpi+ Froj + Frgk)(Fr2 + Fr3t + Fraj + Fi5K)
— (Fp1 + Froi+ Fr3j + Fyak)(Fen + Fi ot + F3j + Frark)
=—(2+2(k+1)i+ (k* +1)j + (K* + 2k)k)

— (~1) 2Dy — (K + 2k)5).
It is not difficult to show that the proposition is true for n + 1. O
Note that if & = 1 (see Equation (3.9) in [11]), then
Dl,nleLnJrl - D%,n = (_1)n(2D171 - 3'%)

From a numerical test in Mathematica we obtained the following conjec-
ture:
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Conjecture 5. Forn > r > 1, we conjecture the following formula:
Dy Diir — Dy = (1) (2Fy ;D — G k), (11)
where Gy, is a sequence defined by
Gro=0,Gr1 =k*+2k, and Gy, = (K> +2)Grn1 — G2, n > 2.
Example 6. If n = 10 and » = 3 in (11), then
Dyn—rDinir — Di
= (24 4K> 4 2k™) + (4k 4 6K 4+ 2K°)i + (2 + 8k + 8k™ + 2k°)j + (3K® + 4k° + K"k

2Fk,7‘Dk,'r
= (244K° 42K )+ (4k+6k> +2k% )i+ (24+8k> +-8Kk* +2k°) j + (6k+14K> +10k° +-2k 7 ) &,
and Gy, = 6k + 11k% + 65 + k7. Then,
Dy, 7Dy1s — Dy 1o = 2F 3D 3 — G sk

Note that, if this conjecture is true, then Cassini’s identity is a particular
case, r = 1.

Theorem 7. For the k-Fibonacci quaternions Dy ,, we have

—1)" Dt —Drnmamaj+(—1) Dy m—j+Di 5 e
- [ I by <
kymiti =y (=)™ Dinmtj—Dieonmamts—(—1) "™ Dy j—m+Da, -
i=0 (D" Drnmg (f'l)vf_'L:]erl) kjomt B3 otherwise.
(12)

Proof.

n n &Otmi+j _ B/BmiJrj 1 n _ L .
Dy oot — - aad Y o™ - Bpl Yy g
g k,mi+j g k2 1+ 4 k2 +4 P pb =0 b
1 (A avmtmti _ qd B/@nm+m+j — ﬁ])

ViZ+4 am —1 Am—1
1 1 . .
— Aonmtm4jgom A nmtm+j
il — (@ A T (6a ™ — aa

_dajﬁm + dozj _ Bﬁnm+m+jam + Bﬁnm+m+j +Bﬁjam _ Bﬁ]>
_ 1 1 ((danm+m+j6m B Bﬁnm+m+jam)

VIZF4 (1) = Ly + 1
— (@ Bt — (a0l g7~ BBTa™) + (a0 — BB7))

aa’ ™ —BpIa™

_ (=)™ Drnmtj = Dknmim+s — ey + Dij
(—1)7” — Lk,m +1 |
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But
. Ny —1)ITNE2 + 4Dy i, if g .
aad ™ — BRIa™ = (=1) + 4Dk m—j, 1‘7<7'n7
(=1)™Vk? +4Dy j_m,  otherwise.
Therefore, Equation (12) is clear. O
From Theorem 7 we obtain the following corollary.
Corollary 8. For the k-Fibonacci quaternions Dy, ,,, we have
zn:Dk o (_1)ka,nm - Dk:;nerm + Dk,m + Dk,O
i=0 " (_1)m - Lk,m +1 ’
- 1
Z Dy = %(Dk,n + Diny1 — D1 — Diyo).
i=0
Theorem 9. For n > 0, we have the following summation formulas:
3 (”) Dy ik’ = Dy 2,
i—o \!
n n )
Z ( »)Pk,ik'z = Ppop.
izo \!
Proof.
n n ~ ; A "
n . n aa* — Bp* ;
Dy i 7
(o5 ) (42)s
=0 =0
a " /n B " /n
= k’ v _ k T
2 (e 252 (e
a 5
= 14+ ka)™ — 1+ kB)"
"0 ka) — (14 k)
. & 2\n __ 6 2\n
= ety - o)
aa? — B2
=——"— = Dgop-
o — ﬁ k,2n
The proof of the second sum is analogously. O
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Theorem 10. The generating function for the k-Fibonacci and k-Lucas quater-
nions are

z+i+jlk+2)+rk(k*+1+k2)

and
2 —kz+i(k+22)+ (k2 +2+k2) + k(k®+ 3k + (k* +2)2
o) (k+22) + i )+ A (2+2)2)
1—kz—=2
respectively.

Proof. We begin with the formal power series representation of the generating
function for { Dy, } 2

n=0’
Gr(z) = Dro + Diaz + Dk,222 + -+ Dk,lzk + e
Then

kZGk(Z) = ka_’oZ + ka,1Z2 + ka’2Z3 bt kaylZ]H_l 4.
ZQGk(Z) = Dk:,OZ2 + Dk,lz?’ + Dk’2z4 4+t Dk,lzk+2 e

Therefore
(1 — kz — 2%)Gi(2) = Dio + (D1 — kDj )z
50 Do+ (Dr — kDyo)
Do+ (D — k,0)%
Gi(2) = 1—kz— 22 '
The proof of Equation (14) runs like this. O

Theorem 11. Form,n € Z the generating function of the k-Fibonacci quater-
nion Dy m+n and k-Lucas quaternion Py py, are

oo

n Dk,m + Dk,mflz

§ Dk,n+mz = D) )
1—kz—=z

n=0

and

00

n Pk,m + Pk,m—lz
§ Pk,n-‘rmz = 1— ks — 22
n=0
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Proof.

& e A on+m 2 an+m

fa7e! - Bp
§ Dk,71+7nzn = E 2"
n=0 a- B

n=0

n=0 n=0

1 om 1 fom 1
- k2_4<aa 1—az_ﬁ6 1—/3’2)
_ 1 <(W — ") + (aa™ ! — B@ml))

k2 _ 4 1—kz—22
o Dk,m + Dk,mflz
1 —kz—22

5 Conclusion

In this pear, we study a generalization of the Fibonacci and Lucas quaternions.
Particularly, we define the k-Fibonacci and k-Lucas quaternions, and we find
some combinatorial identities.

The k-Fibonacci sequence is a special case of a sequence called s-bonacci
sequence which is defined recursively as a linear combination of the preceding
s terms:

Unp+ts = Colp + C1Gpy1 + - + Cs—10nts—1,

where ¢y, c1,...,cs—1 are real constants. It would be interesting to introduce
a s-bonacci quaternions.
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