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Univalence conditions for a general integral
operator

Adriana Oprea and Daniel Breaz

Abstract

For analytic functions in the open unit disk U, we define a new
general integral operator. The main object of the this paper is to study
this new integral operator and to determine univalence conditions of it.
Several corollaries of the main results are also considered.

1 Introduction

Let A denote the class of function of the form:
f2) =2+ an2", (1)
i=2

which are analytic in the open unit disc U = {z : |z| < 1}

Further, by .S we shall denote the class of functions in A which are univalent
in U.
In [9], Silverman define the class Gp.
For 0 < b <1, he considered the class:
') )| |
f'z) f(2) f(z)
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Let a; € C*, for all i = 1,2,..n, n € N* v € C, with Rey > 0.
We consider I, o, : A" x A" — A be the integral operator defined by:

I’Y,Oti(flv'“fnvgl,~~-gn)(z) - (3)

{7/02 o <flt(t)>1_;1 (g, (®)7T ... <f"t(t)>1_;” (g, (t)) ™" dt}i

In the present paper we study the univalence conditions for the integral
operator Ly o, (f1,---fn,91,.--9n), when g; € Gy, and f; € Aforalli=1,...,n.
Also, the univalence of some integral operators has been studied by other au-
thors like V. Pescar and D. Breaz in work [8].

In order to derive our main results, we have to recall here the following uni-
valence criteria.

Theorem 1. [5] Let f € A and v € C. If Rey > 0 and

2f"(2)
f'(z)

1_ |Z|2Re’y

<1,

Rey

for all z € U, then the integral operator
F(2) = <7 / 1 f’(t)dt)w
0

Theorem 2. [6] Let § € C with Red > 0. If f € A satisfies

2f"(2)
f'(z)

for all z € U, then, for any complex v with Rey > Red, the integral operator
. 1
1
£ = (o [ 0troa)
0

Theorem 3. [7] Let v be a complex number, Rey > 0, and ¢ a complex
number, |c| <1, c# —1. If f € A satisfies

e (o)

s in the class 8.

1— |Z‘2R65
Red

<1,

is in the class S.

<1,
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for all z € U, then the integral operator
. 1
P (z) = <7 / 1 f’(t)dt>
0

Also, we need the following general Schwarz Lemma

s in the class S.

Lemma 1. (General Schwarz-Lemma) [4] Let the function f be regular in the
disk Ugp = {z € C: |z| < R}, with |f(2)] < M, M fized. If f has one zero
with multiplicity greater then m for z =0, then

FOI< L, zelp (4)

where 0 is constant.

2 Univalence conditions for I, ,,(f1,...fn, 91, ...9n)(2)
First, we prove:

Theorem 4. Let v € C and o; € C* for all i =1, ...n, with
"1
Re’yzzmﬂai—l\—&—Qbi—&-l) (5)
i=1 "'

Ifforalli=1,...n, g € Gy; 0<b; <1, fi e A, and

zfi(2)
fi(2)

then the integral operator I o,(f1,..-fns g1, ---gn), defined by (3) is in the class
S.

zgi(2)
gi(2)

—1‘<1,zeu

—1‘<1,zeu (6)

Proof. We define:

=[] l(flft)) <g;<t>>°1] o,

1=
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so, that, obviously, we get:

v =11 [(f”) <g;<z>>¢-] g
and
R0 )] e

-2 [(-2) FE ) G -3 ) 2 (55 )]

2 fi() o
Since g; € Gp,;0 < b; <1 for all i = 1,...n, from (2) and (6) we obtain:
2k (2)
e
" a1 2£G) L 1 [200()  z6(2) 1 |2gie)
SZ[ ol | £.62) 1\+|a,.| FIE e +1‘+Iai| 0:(2) 1H
s —1 zﬂ(z)_ 1 2a(®)] 1 |2gie)
2{ fi() 1‘+| 100 | T Tad | w2 1”
ai — 1| |2fi(2) 1. 292(2)_‘ L |zgi(z)
E[ o] <> 1’+\m|”’< 0(2) 1“>+|ai| 0:() 1H
S 2fi(2) 1 |zgi(z) 11 zgi(2)
2{ ol | fi(2) 1‘*|aw 0 (2) 1'*|ai\’”|ai| 0 (2) 1”

i—1 A 1
| 2gi(2) _ 1’ . W’l}

() —1’+ L b+ 1)
«

z::[ fi(2) |ovi] 9i(2)
i —1] 1 1 ]
< + bi +1)+ —b;
E e 0
<3 (o= 11+ 25+ 1), ©)
i=1 "
which shows that:
T— 2% 20 (2) | 1= (&K1
< = 1|+ 2b; + 1
Rey M(z) |~  Rey Zz:: ozi|( | +26i+1)

1 "1
< =>— — (o —1|+2b;+1) | <1
i (gt 1)

Applying Theorem 1 for the function h, we prove that the integral operator
Lo, (f1,-fny91,..-9n) is in the class S. O
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Let a; = 1 for all i = 1,2, ...n in the Theorem 4, we have:
Corollary 1. Let v € C with
Rey > ) (2bi +1) (10)
i=1

If foralli=1,...mn, g; € Gp,; 0<b; <1 and

29i(2) ‘
-1 <1, zelU, 11
5 (2) (11)
then the integral operator
N 1
L,(g1, - gn)(2) = {7/ t”‘lﬂ(gé(t))dt} (12)
0 i=1

is in the class S.
Let n=1 a1 =a, by =band f; = f, g1 = g in Theorem 4, we have:

Corollary 2. Let v € C and a € C* with

1
Re'yzm(|a71\+2b+1) (13)

IffeA geGy; 0<b<1 and

2f'(2)
f(2)

then the integral operator defined by

Lyo(f,9)(2) = {7/0 p1+d <fj:((:))>l i

s in the class S.

zg'(2)

9(2)

1’<1,

1’<1,z€u, (14)

(15)

°
~
=
~—

U
~

—

==

Using Theorem 2 and Schwarz Lemma, we prove:

Theorem 5. Let a; € C*, M; > 1, N; > 1, foralli=1,....,n and § € C with

“ 1
Red > Tl [ — 1|(2M; 4 1) + (b + 1)(2N; 4 1) + by] (16)
i=1 !
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Ifforalli=1,...n, fi € A, g; € Gp,; 0 < b; <1 satisfy

#gi(2)

L1
[9i(2)]

<1, zelU (17)

2i(z) 1‘ .
[fi(z)]2 ,

and
|fl(2)‘ < Mi, |g,(2)| < Ni, z e u, 1=1,..n,

then for any complex number v with Rey > Red, the integral operator
Ly o, (1, fns 01, -.-9n) defined by (3) is in the class S.

Proof. From the proof of Theorem 4, we have:

zh" "oy — 1] [271(2) ’ NEON ‘ 1 b]
;[ ol | A Tl we N T e
(18)
Thus, we obtain:
1— |Z|2Re6 Zh"(z)
Red W(z)
| [2Res & Pail ) ‘ L) ‘ 1 }
Red ol 1A T e T T el
L 2R O Tl — 1] ([ 2£02) || £i(2)
= " Res [ o] ([ﬁ( Z|| 2 ‘“)*
1 229i(2) | | 9i(2) > 1 ]
T i T )<[gi<z>12 P S R

Since |fi(2)] < My, |g:(2)] < N;, z € U, i =1, ..n and each f;, each g; satisfy
conditions (17) for all i = 1,...,n, then applylng general Schwarz Lemma, we
have:

1-— |Z|2Re6 Zh”(z)
Red W (z)
1-— |Z‘2Re5 n |Oli B 1| (2)
Reo 2_;[ il ( [fi(2)]2 _1’Mi+Mi+1>+
. 2i(2) .
+m(bi +1) ( [9:(2)]2 - 1’ N; + N; + 1> + sz]

1 i — 1 1 1
Sz=> {a ) |(2Mi+1)+(bi+1)(2Ni+1)+Mbi]

|cvi
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1« 1
< — N ey — 1/(2M; + 1) + (b; + 1)(2N; + 1) + b;], U,
,Re(;;w[la |(2M; +1) + (b + DENi + 1) +bi], 2 €

and from the hypothesis of the Theorem 5, we get:

zh'(z)
h'(z)

1— |Z|2Re6

<1 u
Reé =hze

Applying Theorem 2 for the function h, we prove that

I’%Oéi (fla ey fn7917 gn) es.

Let a; =1 for all i = 1,...,n in Theorem 5, we have:
Corollary 3. Let N; > 1, foralli=1,....,n and 6 € C with
Red > ) "[(bi +1)(2N; + 1) + b]
i=1
If foralli=1,...n, g; € Gp,; 0 < b; <1 satisfy
2gi(2)

(=)

1‘<1,z€u

(19)

(20)

and |g;(2)] < N;, z € U, i = 1,2,...,n, then for any complex number v with
Revy > Red, the integral operator L,(g1, ..., gn) defined by (12) is in the class

S.

Let n =1, a1 =a, by =b, M\ = M, Ny =Nand fy = f, g1 = g in

Theorem 5, we have:

Corollary 4. Let a € C*, M > 1, N > 1 and 6 € C with

Red > ﬁ [l = 1|@M 4+ 1) + (b+ 12N + 1) + b]

If feA, geGy; 0<b< 1 satisfy

()
R 1’ <

2%g'(2)

l9(2))?

—1’<1, zel

and
|f(2)] < M,|g(2)] <N, z €U,

(22)

then for any complex v with Rey > Red, the integral operator I, . defined by

(15) is in the class S.
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Theorem 6. Let a; € C* for alli =1,2,..n and v € C with
- 1
Reyzzm(|ai—l|+2bi+l)
i=1 't
and let ¢ € C be such that:
le] <1 1zn:l(| 1| +2b; + 1)
o <l—o—> — (Ja; — ;
Rey P |cvi

Ifforalli=1,..n, fie A, gs € Gp,; 0 < b; <1, and

zfi(2)
fi(2)

2gi(2)
gi(2)

—1‘<1,

—1‘<1zeu

(23)

(24)

(25)

then the integral operator Iy o, (f1, .., fn: 91, ..-9n) defined by (3) is in the class

S.
Proof. From (9) we deduce that

' 1— 27y '
2’Y+<1_|Z|2"/) 2 /( ) <|C+‘ |Z| z . (Z)
T (2) gl W (2)

— 27| <
§|c|+‘ lo; — 1| +2b; + 1)
< || + Z \az 1]+ 2b; + 1)
=1 'l

i—1+2b;,+1) <1
_\|+RQVZ| (Joi =1 +2b; +1) <

Finally, by applying Theorem 3, we get that I, o, (f1, ..., fn, 91, .., 9n) € S O

Let a; =1 for all i = 1,...,n in Theorem 6, we have

Corollary 5. Let v € C* with

Rey > Z(Qbi +1)

i=1

and let ¢ € C be such that

1 n
\c|§1——Z2b +1)
=1

(26)
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Ifforalli=1,...mn, g, € Gp,; 0<b; <1 and

zg;(2)
g9i(2)

—1‘<1,z€u (28)

then the integral operator I,(g1, g2, ..., gn) defined by (12) is in the class S.
Let n=1, a1 =a, by =band f; = f, g1 = ¢ in Theorem 6, then we have:

Corollary 6. Let a € C* and v € C with

1
Re’yzm(|a—l|+2b+l) (29)

and let ¢ € C be such that

If feA, geGy; 0<b<1 satisfy

2f'(2) 29(2) .
) e 1’ <lzel (31)

then the integral operator I, o(f1, ..., fn, 91, ...gn) defined by (15) is in the class
S.

—1’<1,

Theorem 7. Let a; € C*, M; > 1, N; > 1 foralli=1,....,n and v € C with
= 1
Rey > > Tl (Jai — 1|(2M; 4 1) + (by 4+ 1)(2N; + 1) + by) (32)
i=1
and let ¢ € C be such that

1 1
el <1———>" Tl (Jai — 1[(2M; + 1) + (b + D)(2N; + 1) + b)) (33)
i=1 "
If foralli=1,...n, fie€ A, g € Gp,; 0 < b; <1 satisfy
211(2) ‘ 2g)(2) ‘
L -1 <1, ! —1<1, zelU 34
ek e (34

then the integral operator Ly o, (fi, ..., fn, 91, ., gn) defined by (3) is in the class
S.
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Proof. From the proof of the Theorem 5 we have

zh'"(z)
Th'(2)

I &1
I g 2 a1~ UM 1)+ 64 1CN 1) 40

<

clz + (1-1217)

which, from the hypothesis of the Theorem 7, we get:

zh" (z)
h(2)

Applying Theorem 6, for the function h, we prove that

I’y,ai (fla -~-afn791, agn) S

c\z|2V + (1 - |z|27) <1

O
Let a; =1 for all i = 1,...,n in Theorem 4, we have:
Corollary 7. Let N; > 1 for alli=1,....,n and v € C with
Rey > > [(bi + 1)(2N; + 1) + b (35)
i=1
and let ¢ € C be such that
<1l—— b; +1)(2N; + 1) + b, 36
o1 gy o0+ DN+ 1)+ (36)
If foralli=1,..,n, g € Gp,; 0 < b; <1, satisfy
2,0
z W; 1l <1, zeu, (37)
[9i(2)]

then the integral operator I,(g1, ..., gn) defined by(12) is in the class S.

Let n=1, a1 =, by =b, M1 = M and f; = f, g1 = ¢g in Theorem 7,
then we have

Corollary 8. Leta € C*, M > 1, N > 1 and v € C with

Rey > — [Ja— 1|(2M 4 1) + (b+ 1)(2N + 1) + b] (38)

|
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and let ¢ € C be such that
1
|c|g1—R—ﬂﬂa—1|(2M+1)+(b+1)(2N+1)+b] (39)

IffeA, ge Gy ;0<b<1 satisfy:

2f'(2)
[F(2))?

then the integral operator L, o(f,g) defined by (15) is in the class S.

—1’<1,

—1‘<1zeu, (40)

Remark 1. If 3; = X and g; = fi, for all i = 1,...,n, in relation (3), we get

(23
the integral operator

I (oo 1, ) (2) =

{v [ (B oy (BO) (f;(t))ﬁ”dt}i,

studied by B. A. Frasin in [3].

Remark 2. For 3; =1 — ai and g;(t) =1 for all i = 1,...,n, in relation (3),
Bi 3

we get the integral operator G(z) = {7 Jo T, (fZT(t)) dt} ,zel

studied by D. Breaz and N. Breaz in [1].

Remark 3. If instead of 1 — -~ we consider o, gj(t) = 1, and if instead of
fi(t) we have DY f;(t) for all i = 1,...,n in relation (3), we get the integral

operator
Ig"y(fl, vy fm) T AT = A,

n,y %
fZ’”(fl,fz,...,fm)(a:{ /Ot" 1H<D i )) dt} , z e,

where DY is the generalized Al-Oboudi differenatial operator, defined and
studied by S. Bulut in [2].
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