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Abstract
In this paper, we prove the characterization of a Matkowski’s theo-
rem in the setting of quasi-metric spaces. As a result, we observe that

some recent fixed point results in the context of G-metric spaces are
consequences of our main result.

1 Introduction

After the appearance of the Banach Contractive Mapping Principle in his
thesis in 1922, Fixed Point Theory has become one of the most useful tools in
Nonlinear Analysis due, mainly, to its applications. Many results have been
introduced in this field throughout the last ninety years.

In [1], Matkowski presented the following result.

Theorem 1.1 (Matkowski [1], Theorem 1). Let (X, d) be a complete metric
space, T : X — X, a: [O,oo)5 — [0,00), and let v(t) = a(t,t,t,2t,2t) for all
t > 0. Suppose that

(1) « is nondecreasing with respect to each variable,

(2) lim (£ — (1)) = o,

t—o0
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(3) lim ~*(t) =0 for allt >0,
k—o0

(4) for every x € X, there is a positive integer n = n(x) such that, for all
yeX,
AT, T y) < a(d(z, T"x), d (x, T"y) d (z,y) ,d (T"z,y) ,d (T"y,y)). (1)
Then T has a unique fived point a € X and for each x € X, klim TFz = a.
— 00

Only considering the function « : [0, 00) — [0, 00), Matkowski obtained the
following consequence.

Corollary 1.1 (Matkowski [1], Theorem 2). Let (X,d) be a complete metric
space and let T : X — X be a mapping. Assume that there exists a nonde-
creasing function vy : [0,00) — [0,00) such that, for all t > 0, we have that
tlir&(t —7(t)) = oo and lergO v*(t) = 0, and verifying that for each x € X,

there is a positive integer n = n(x) such that
AT, T"y) < y(d(z,y)) for ally € X. (2)

Then T has a unique fixed point a € X. Moreover, for eachx € X, klim Tky =
—00
a.

Very recently, Gaji¢ and Stojakovié¢ [2] proved the analog of Matkowski’s
theorem in the context of G-metric spaces as follows. We recall the clas-
sification of auxiliary functions given in [2]. Let ¢ : [0,00) — [0,00) be a
nondecreasing function. The additional properties that can be imposed on ¢
are listed below:

(¢1) ©(0) = 0;
(p2) (t) <t, for all t > 0;

(p3) lim F(t) =0, for all t > 0;
k—r o0

4) it {t;} C |0,00) is a sequence such that ;11 < ¢(¢;), then lim ¢; = 0;
wyq) if 0 i h th + @ hen li 0

1—> 00

(p5) for any y > 0 there exists a t(y) > 0,t(y) = sup{t <y + o(t)};
>0

(p6) lim (¢ — (1)) = o0;

t—o0

o0
(¢7) Zg@i(t) < o0, for all t > 0.
i=1
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Theorem 1.2 (Gaji¢ and Stojakovié [2], Theorem 2.1). Let (X, G) be a com-
plete G-metric space, T : X — X, and ¢ : [0,00) — [0,00). If ¢ is nonde-
creasing mapping that satisfies either (p3)&(pg) or (p4)&(¢s) and for each
x € X there is a positive integer n = n(x) such that for all y € X,

G(T" @ g, T g, @ y) < o(G(z, 7, y)),

then T has a unique fized point a € X. Moreover, for each x € X,
lim T%(z) = a.
k—o00

In recent times, some authors have proved that many fixed point theorems
in the context of G-metric spaces can be deduced from existing results in the
context of quasi-metric spaces and/or metric spaces (see e.g. [3, 4, 5, 6, 7, 8]).
However, in [2], the authors claimed that their results cannot be observed from
the corresponding results in the frame of usual metric spaces or quasi metric
spaces via the techniques used in [3, 4].

This manuscript has two aims: on the one hand, we introduce two dif-
ferent conditions to prove the analog of Matkowski’s theorem in the setting
of quasi-metric spaces by verbatim; on the other hand, we particularize our
main results to the setting of G-metric spaces pointing out that Gaji¢ and
Stojakovié’s results can be easily derived from such consequences by using the
same techniques in [3, 4].

2 Preliminaries

Throughout this paper, N = {0,1,2,...} denotes the set of nonnegative inte-
gers and R denotes the set of all real numbers. First, let us recall the following
definitions, notations and basic results.

Definition 2.1. A quasi-metric on X is a function ¢ : X x X — [0,00)
satisfying the following properties:

(@1) a(z,y) =0 if and only if x = y;
(22) a(z,y) < q(z,2) +q(z,y) for any points x,y,z € X.
In such a case, the pair (X, q) is called a quasi-metric space.

It is clear that any metric space is a quasi-metric space, but the converse
is not true. Now, we give the notions of convergence and completeness on
quasi-metric spaces.

Definition 2.2. Let (X, q) be a quasi-metric space, {x,} be a sequence in X,
and z € X. We say that:
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e {x,} converges to x (and we denote it by {x,} = x) if

lim ¢(z,,z) = lim q(z,z,) = 0;
n— 00 n—00

e {x,} is a Cauchy sequence if for all € > 0, there exists ng € N such that
q(xp, ) < e for all n,m > ng.

The quasi-metric space is said to be complete if every Cauchy sequence is
convergent.

As ¢ is not necessarily symmetric, some authors distinguished between
left /right Cauchy/convergent sequences and completeness.

Definition 2.3. (Jieli and Samet [4]) Let (X, q) be a quasi-metric space, {x,}
be a sequence in X, and x € X. We say that:

e {x,} right-converges to = if lim,,_,~ ¢(z,,x) = 0;
o {x,} left-converges to = if lim, o ¢(x,2,) = 0;

e {x,} is a right-Cauchy sequence if for all ¢ > 0 there exists ng € N such
that q(Tp, Tm) < € for allm >n > ng;

o {x,} is a left-Cauchy sequence if for all e > 0 there exists ng € N such
that ¢(Tpm, xn) < € for allm > n > ng.

Remark 2.1. A sequence {x,} in a quasi-metric space is Cauchy if, and only
if, it is left-Cauchy and right-Cauchy.

Definition 2.4. Let (X, q) be a quasi-metric space and let T : X — X be a
mapping. We say that T s

e right-continuous if {¢(Tx,, Tu)} — 0 for all sequence {x,} C X and all
u € X such that {q(zn,u)} — 0;

o left-continuous if {¢(Tu,Tx,)} — 0 for all sequence {z,} C X and all
u € X such that {q(u,z,)} — 0;

e T is continuous if {Tx,} — Tu for all sequence {x,} C X and allu € X
such that {x,} — u.

Notice that if T is, at the same time, right-continuous and left-continuous,
then it is continuous.

With respect to conditions (¢1) to (¢7) introduced in the previous section,
Gaji¢ and Stojakovi¢ demonstrated the following relationships.
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Lemma 2.1. ([2]) Let ¢ : [0,00) — [0,00) be a nondecreasing function. Then

(p3) & (p1) = (p2),

if @ is right continuous, then (v2) < (¢3) < (¢4),

1) = (pr) = (p2) = (p1), where k € {3,4},

(7)

(¢05)

(p2) # (w3) and (p2) # (p4),

(¢5) + (p3) # (¢7) and (v6) + (p3) # (7)),
(7)

w7) # (p5) and (o7) # (p6)-

Corollary 2.1. ([2]) A nondecreasing mapping ¢ : [0,00) — [0,00) verifies
(¢3) and (pg) if, and only if, it satisfies (p4) and (ps).

3 The Matkowski’s theorem in the context of quasi-metric
spaces

In this section, we will prove two different analogs of the previous theorem in
the context of quasi-metric spaces. To be exact, we will need an additional
hypothesis on the contractive condition or in the quasi-metric space.

Let denote by Fpae the family of all functions ¢ : [0,00) — [0,00) as in
Theorem 1.1, that is, ¢ is nondecreasing and it satisfies (p3) and (pg). By
Lemma 2.1, we have the following characterization.

Lemma 3.1. (Gaji¢ and Stojakovi¢ [2]) A nondecreasing function ¢ : [0, 00) —
[0,00) belongs to Faat if, and only if, it satisfies (pa) and (ps5).

In fact, as (p3) implies (p2), we also have the following result.

Lemma 3.2. Suppose that ¢ € Fypas-

1. (t) <t forallt>0.
p(t) <t forallt>D0.

¢ (0) =0.
lim ¢*(t) =0 forallt>0.

k—o0

™ e

5. ¢* is nondecreasing for all k € N.
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3.1 M-symmetric quasi-metric spaces

In this subsection, we present a simple condition which will be able to consider
an extension of Matkowski’s theorem to quasi-metric spaces and to G-metric
spaces.

Definition 3.1. Given a positive real number M > 0, we will say that a
quasi-metric space (X,q) is M-symmetric if

q(y,x) < Mq(z,y) foralx,yeX.

If X is not reduced to a single point, we can find z,y € X such that
q(z,y) > 0. Therefore, 0 < q(z,y) < M q(y,r) < M?q(x,y). Hence, M > 1.

Example 3.1. Using M = 1, every metric space is a symmetric space. In
fact, a quasi-metric space is a metric space if, and only if, it is 1-symmetric.

Example 3.2. Let X =R and let define
2($—y), fozyv
q(z,y) = ‘
y—, ifx <vy.

Then (X,q) is a complete 2-symmetric quasi-metric space, but it is not a
metric space.

The main properties of M-symmetric quasi-metric spaces are listed in the
following result.

Lemma 3.3. Let (X, q) be an M-symmetric quasi-metric space, let {x,} C X
be a sequence and let x € X. Then the following properties hold.

1. The following conditions are equivalent.

(a) {xn} right-converges to x.
() {xn} left-converges to x.

(¢) {xn} converges to x.

2. If a sequence is right-convergent, then it is convergent, and its limit
coincide with its right-limit.

3. The following conditions are equivalent.

(a) {zn} is right-Cauchy.
(b) {zn} is left-Cauchy.
(¢) {zn} is Cauchy.

4. If {yn} C X and {q(xn,yn)} — 0, then {q (yn,zn)} — 0.
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3.2 The Matkowski’s theorem on M-symmetric quasi-metric spaces

In this subsection, we prove a version of Theorem 1.1 using the M-symmetry
of the quasi-metric space.

Definition 3.2. Given M > 1 and two functions o : [0,00)° — [0,00) and
v :[0,00) = [0,00), we will say that (o,v, M) is a Matkowski’s triple if the
following conditions are fulfilled:

(P1) « is nondecreasing with respect to each variable and v is nondecreasing;
(Pa) al(t,t,t,(M+1)t,(M + 1)t) <~(t) for allt > 0;
(P3) Jlim (t (1)) = oo;
(Pg) lim v%(t) =0 for allt > 0.
k—o0

Notice that if (o,v, M) is a Matkowski’s triple, then v € Fppat, and all
items of Lemma 3.2 are applicable.

Example 3.3. Suppose that, given M > 1 and X € [0,1), @ and 7y are defined
by

M+1" M+1
v(t) = a(t,t, t, (M + 1)t, (M + 1)t) = At.

2 ls
a(t17t27t37t47t5) )\max{tth’t?)? }a

Then (o, 7y, M) is a Matkowski’s triple.
The following one is the main result of the present manuscript.

Theorem 3.1. Let (X, q) be a complete M -symmetric quasi-metric space and
let T : X — X be a mapping. Suppose that there exists a Matkowski’s triple
(o, 7y, M) verifying the following property:

e for every x € X, there is a positive integer n = n(x) such that, for all
yeX,

ATz, 7" y) < o (q(2,y) ale, T"Oa),

q(z, T"@y), (T2, y), (T @y, y)) . ()

Then T has a unique fived point a € X. Furthermore, for each x € X,

lim T%z = a and T™% is continuous at a.
k—oo
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Remark 3.1. Notice that the mapping T is not assumed to be continuous.

The previous theorem improves Theorem 1.1 in three senses: (1) we only as-
sume that (X,q) is a quasi-metric space; (2) we only suppose that
a(tt,t,(M+1)t, (M + 1)t) < y(¢) for all ¢ > 0, but the equality is not ne-
cessary; (3) we also prove that T™() is continuous at a.

Our proof is based on the original Matkowski’s proof given in [1]. However,
some details are different. Then, for a better understanding, we divide the
proof in 14 steps.

Proof. Step 1. We claim that, for all x € X, the set {q(x,T*z) : k € N} is
bounded.

Let x € X be arbitrary. By hypothesis, there exists a positive integer
n = n(x) such that (3) holds. Given an integer s € {0,1,2,...,n(x) — 1}, we
are going to show that the set {g(z, T*™@)+5z) : k € N} is bounded (varying
son {0,1,2,...,n(z) — 1}, we can conclude that Step 1 holds). We define

up = q(z, TF"@+3) forall k € {0,1,2,...},
h = max{ug, q(z, T"*))}.
Due to (ps), there exists ¢ € (0,00), with ¢ > h, such that
t—p(t)>h forallte[co00). (4)
Since ¢ > h > ug, then
Uug < C.

Next, we claim that ui < ¢ for all £ € N. On the contrary, assume that there
exists a positive integer j such that u; > ¢ but u; < c for all 7 < j. Notice that
uj—1 < ¢ < uj;. Taking (3) into account together with the triangle inequality,
we derive that

uj; = q(x7Tj"(””)+Sac) < q(x7T"(””)x) + q(T"(””)%Tj"(I)"’Sx)
<h+ q(T"(I)x, T"(z)T(jfl)”(szm). (5)
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Using the contractivity condition (3) with y = TU—Hn@)+sy
(T"®) g, @ TG= D) +s )
<a <Q($» TU=Dn@+s2y (e T g), gz, THOTUDn@)+s gy
(T g, TU=Dn@)+s5) o (r@pG=Dn@-+s T(j71>n(x>+sx))
_ (uj—h o(2, T ), g, TIOF), (TP g, TU=Dn@ +s )
(TIn@) sy T(j—l)n(z)+sx)>
<a (uj_h hy g, q(T"@) g, TU=Dn@)+s ) g(in(e)+sy, T(j71>n<x>+sx)) ,
(6)
Notice that
(T @) g, TU=DM@+s ) < (TM@) g 1) 4 ga, TU D7) F5 )

< Mg(a, T"®x) + g(a, TV tog)
<Mh+uj1 <Mc+e< (M+1)uy,

and
q(TI™ @) +s g PU=Dn@) 45y < g(TIn@)+s g 1) 4 g(z, TU-D@)+sy)
< M q(a, T 52) + g, TUTD™MF00) = Moy +uj oy < (M + 1)y,
As « is nondecreasing on each variable, it follows from (6) that
g(T™ @) g, T E—1n(@)+s )
<a (UH, hyuj, q(T™@) g, TU=Dn@)+s5) g(pin()+sy, T(j—1>n<x>+sx))
< a(ug, g, ug, (M A+ Dug, (M + Dug) <y (uy) -
Then (5) implies that
wj < h+ (T g, T TE=Dn@ sy < by (uy)

Therefore, u; — v (u;) < h, which contradicts (4) because we suppose that
u; > c. Therefore, it is impossible to find such j, which proves that

gz, TF" @+ sy =y < ¢ for all k € {0,1,2,...}. (7)

This proves that the set {g(x, T*"(*)+5z) : k € N} is bounded, and varying s
on {0,1,2,...,n(x) — 1}, we conclude that Step 1 holds. Let define

S! = sup{q(z, T"z) : k € {0,1,2,...}}.
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Step 2. We claim that, for all x € X, the set {q(T*z,z) : k € N} is
bounded.

This step follows from the fact that ¢(T*z,z) < M q(x, T*x) < M - S} for
all x € X and all k € N. Let define, for all z € X,

5% = sup{q(T"*z,z) : k€ {0,1,2,...}} and S, =S+ 52

As a consequence of Steps 1 and 2, we have proved that, for all z € X, the
orbit {T*z : k € N} is a g-bounded subset of X because

q(T*2, TV ) < q(T*x,2) + q(,T¥ 2) < SL + $2 = S, for all k, k' € N.

If x is a fixed point of T', then the existence of such kind of points is proved.
On the contrary case, if Tx # x, then

Sl >q(x,Tz) >0 and S%> q(Tx,x) > 0. (8)

The following steps have sense when we begin the process using a point zg € X
which is not a fixed point of T

Step 3. Starting from an arbitrary point vy € X, we claim that the
iterative sequence {xy}r>0 given by

Tpy1 =T xy  forallk €N (where ng, = n(xy)) (9)
verifies the following properties

Tpyq = Tttt g (10)

Tpyy = T HMetAmi-ig for all k,j € N. (11)

Indeed, notice that
xry = T"O:EO, To = Tnlllil = Tannol‘o = TnOJrnl.To,

and, by induction methodology, we deduce that (10) holds. This means that
{zk}r>0 is a subsequence of the orbit {T%z(}3° . To prove (11), we observe
that

Thyj = Tn0+n1+~»-+nk+j—1x0 — Tretnet1t. ANkt —1 (Tn0+n1+~~~+nk—1x0)

= Tt A e

Step 4. We claim that {zk}r>0 is a right-Cauchy sequence on (X, q).
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If Tzg = xg, then z is a fixed point of T' (and the existence of such kind
of points is guaranteed). Assume that Txg # zo. Let € > 0 be arbitrary. By
(P4), limy—y00 ¥ (S2,) = 0. Hence, there exists ko € N such that

YF(SL) <e forall k> ko. (12)

Let k,j € N be arbitrary integers such that k > kg and 7 > 1. Denote by sg
the integer so = ng +ng41 + ... +npyj—1 and let 51 € {80, nk—1,80 + Nk—1}
be the appropriate index such that

max {q(zp—1, T xr_1), q(xr—1, T xp_1), q(@p_1, T 1)}
=q(zp_1, T xp_1). (13)
By using (10) and (11), we get that
Q(xkamk+j) — q(T'ﬂk—lxkilvTnk—l+nk+nk+1+~~~+nk+j—ll.kil)
— q(Tnk—lxkil’T"k—lTnk+nk+1+~~+nk+j—lxk71)
q

(Tnk*ll'kfl, T"’“*lTsoxk,l).

Using the contractivity condition (3) with y = T x;_1, we observe that
q(wp, Tpgj) = (T ap g, T T0my )
<a (q (@p1, T zp—1) , q(zp—1, T V1), g2y, TR T 03, _y),
q(T™ =gy, Tz, ), Q(T"(z"’_l)TSOIk—hTS“M-l))

<a(q@p—1,T2k-1), q(@p—1,T™  Tp_1), q(zp—1, T 1ap_1),
q(T™ w1, T*xp—1), q(T™ 00,1, Txp 1)) . (14)

Taking into account (13), we observe that

q(T™ gy, Tx,_1) < (T @1, 5-1) + ¢(Tp—1, T zp—1)
<Mg(xp_1,T™ ‘xp_1) + q(zr—1, T"xt—1) < (M +1) g(xp—1, T k1)

and

q(Tme=1t80g  T0xy 1) < q(T™ 50wy 1 2 1) + q(zp—1, T*0w)_1)
<M q(@p—1, T T0xp 1) + q(x—1, T x)—1)
< (M +1) q(wp—1, T xp—1).
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As « is nondecreasing on each argument, it follows from (14) that
q(@r, Trgj) < a(q(zp-1, T*2k-1) , q(@p—1, T™ 1), q(zp—1, T 1ap_q),
q(T™ @y, T*0xp—1), q(T™ %00y, T x4—1))
<a(q(@r—1,T" zk-1), (-1, T Tp—1), ¢(Th—1, T TR 1),
(M +1)q(xr—1,T"x)-1),(M + 1) q(xp—1, T 1))
< Y(q(@p-1, T wp—1))-

Using so € {s1,nk—2,81 + nk—2} be the appropriate index such that
max {q(zp—2, T Tp—2), ¢(Th—2, T™ 2 xp—2), (@p—2, T ™22 _5) }

= q(wp—2, T*?x}_2),

and repeating the previous argument, we deduce that
q(zr—1, T zp—1) < y(q(Th—2, T 2K —2))-

Hence, as 7 is nondecreasing, we have that

(s wryy) < A(glaep—r, T xr1)) <72 (g(eh—2, T 25 2))

< .. <7 (q(wo, T )

for appropriate indices sg, $1,. .., sk € N. Since q(zo, T xo) < S;O and ~* is
nondecreasing, if we take k > ko, it follows from (12) that

a(zr, Trgs) < Y(q(zo, T 20)) < ’Yk(Sio) <e.

As k > ko and j > 1 are arbitrary, we conclude that {xy }x>0 is a right-Cauchy
sequence on (X, q).

Step 5. We claim that {x)}i>0 is a left-Cauchy sequence on (X, q).

This step follows from Step 4 and item 3 of Lemma 3.3.

Step 6. {xy}r>0 converges to some a € X.

Since {xy }r>0 is both left- and right-Cauchy, Remark 2.1 guarantees that
it is a Cauchy sequence on (X, ¢q). As it is complete, there exists a € X such
that {zx} — a, which means that

lim ¢(a,x;) = lim q(zg,a) =0. (15)
k—o00 k—o0
Step 7. We claim that

lim q(zp, T Yay) = 0.
k—o0
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Indeed, using the contractivity condition (3), we have that, for all k£ > 1,
gy, TV ay) = (T Vo r, T T g y) = q(T™ gy, T T V)
<a (q(a:kq, T, 1), q(r—1, T""5 V1), gy, T =0T gy 1),
(T8 =gy T g 1), (T D@ g T"(“)xk,l))
=a (Q(CUI@—L T ai_1), q(p—1, T an_1), q(zp—1, T T Dy ),
q(T”"*lxk_l,T”(a)xk_l),q(T”’“*ﬁ"(a)x;@_l,T"(a)xk_l)) . (16)
Let m € {n(a),nk—1,nx—1 + n(a)} be an appropriate index such that
max{(I(mk—hTn(a)xk—1)7Q(wk—l,Tn'“’lmk—l),q(xk—th(aH""’lxk—ﬂ}
= q(xp—1, T Tk—1).
Since
G(T™ ey, T Vg 1) < g(T™ @, @1) + qlar—1, TV zp_1)
< Mq(zp1, T 'z 1) + q(@r-1, T" D) < (M +1) q(zp1, T 2h_1),
and
Q(Tnk71+n(a)$k—1,Tn(a>$k—1)
< (T Dy e ) + qlak, T2y y)
< Mg(ap—1, T D ) + qlap1, T Vg 1)
< (M +1) g(zr—1, T zr-1),
then it follows from (16) that
qlan, T"ar) < a (Q(xk—l,Tn(a>$k—1)7Q(ﬂﬁk—1,Tn’“’lﬂﬂk—l),Q(Jﬂk—th"’ﬁn(G)xkq),

AT g, Ty (T T, )

<o(q@e—1, T xr-1),q(@r—1, T 1), (-1, T Tp—1),
(M +1) q(zr—1, T wp-1), (M + 1) g(zp—1, T Th-1))
< (g (p—1, T xR—1)).

Repeating this argument and taking into account that 7 is nondecreasing, it
yields that, for all k& € N,

(@i, T 1) < (g (@r—1, T wx-1)) <7 (q (T2, T x1-2)) < ...
<" (q (w0, T™m0)) < *(Sx,)-

By using (P4), we conclude that Step 7 holds.
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Step 8. We claim that

lim q(T™Yay, 21) = 0. (17)

k—o0

This step follows from Step 7 and from item 4 of Lemma 3.3.
Step 9. We claim that T a = a, that is, a is a fized point of T™®) .
We reason by contradiction. Assume that 7% a # a and let

e1=q(a, T"Ya) >0 and ey = ¢(T"Ya,a) > 0.

Without loss of generality, suppose that €1 < g9 (the contrary case is similar).
By item 1 of Lemma 3.2,
7(61) < é€1.

Let &y € N be such that

max {q (a’> {L'k) ,q (‘rka a/) ) q(Tn(a)xk7 mk)? Q(ﬂfka Tn(a)xk)}

< €1 — 7(51)

< 1 < ey forall k> k.

By using the triangle inequality,

g2 = q(T"Wa,a) < q(T"Va, T" V) + ¢(T" Dy, w4) + ¢ (24, )

€1 *7(51)'

< (T, T Oy) 4 L

(18)
Since
q(T"Va,zy) < q(T™a,a)+q(a, zx) < M q(a, T™Va)+q(a, zx) < (M+1)e;
and
q(a, T”(“)xk) <qla,x) + q(wk,T"(“)xk)
< e1 —(e1) n g1 —(e1) €1 —(e1)

>~ 4 4 - 2 < €1,

the contractivity condition (3) guarantees that
q(T"(“)a7 T"(“)xk)
<a (q (aa xk) ) q(CL, Tn(a)a)’ Q(aa Tn(a)zk)a Q(Tn(a)aa ‘rk)a q(Tn(a)xka xk))

S Oé(El,El,El,(M+ 1)€1a€1) S a(€17517517(M+ 1)517(M+ 1)51)
< ().
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From (18), it yields

e2 < q(T"Wa, T" V) + 81%7(51)
a-7ne €1+l €1+¢€
SV(&)JF : ;(1): : ;(1)< 12 1:€1SSQa

which is a contradiction. As a consequence, T g = a.

Step 10. We claim that a is the unique fized point of T™).

Suppose, on the contrary, that there exists b € X, with b # a, such that
T™@)b = b. Taking (3) into account, we get that

q(a,b) = (T Vg, TVp)
< a (g(ab), 9(a, TV a), g(a, T"b), (T a,b), (1", 1)

a(q(a,b),q(a,a),q(a,b),q(a,b),q(b,b)) = a(q(a,b),0,q(a,b),q(a,b),0)
<al(q(a,b),q(a,b),q(a,b), (M +1)q(a,b), (M + 1) q(a,b))
< W(q(a, b)) < q(av b)7

which is a contradiction. Hence, a is the unique fixed point of 77(@).

Step 11. We claim that a is a fized point of T'.

By step 9, T (Ta) = T(T™%a) = Ta, which means that Ta is also a
fixed point of 7@ . And by Step 10, Ta = a.

Step 12. We claim that, for each x € X, we have that len;o q(a, T*z) = 0.

For this purpose, we fix x € X and let s € {0,1,2,...,n(a) — 1} be arbi-
trary. Let define

by = (J(a,Tkn(a)Jrsx) for all k ={0,1,2,...}.

Let show that by < bg_; for all k& > 1 reasoning by contradiction. Assume
that there exists some ko € N such that by, > bg,_1. Therefore,

bkg _ q(a’ Tkon(a)+sx) _ q(Tn(a)a, Tn(a)T(kofl)n(a)Jrsz)
< a (g(a, T®0=DMO 25, g(a, T"a), gla, T TG00 0y,
q(iz-m(a)a7 T(kg—l)n(a)-i—sx)’ q(Tn(a)T(ko—l)n(a)—i-sx’ T(ko—l)n(a)+sx))
S (e} (bko—h 07 q(aa Tkon(a)+sx),
q(a, T(ko—l)n(a)—&-sx), q(Tkon(a)+sx7 T(ko—l)n(a)—i-sx))

=« (bk071707 by, bko—l,(I(Tk(’"(a)ﬂl”aT(ko_l)"(a)JrSlU)) .
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Since

q(Tkon(a)JrSaj’T(kO*l)n(a)Jer) < q(TkO"(a)“x,a) +q(a, T(kgfl)n(a)+sx)
< Mq<a’Tkon(a)+sx) + q(a’ T(k0_1)7l(a)+sx) _ Mbko + bko—l
< (M + 1) bk?m

taking into account that by, > bg,—1 > 0, it follows that
b, < (bko,l,O, by, bko,l,q(TkO"(“)“m,T(kofl)"(“”sx))
< @ (big, by s brgy (M + 1) by, (M + 1) biy) < v(bko) < big s
which is a contradiction. This proves that
b <bp_1 forall k>1.
Repeating the previous argument, for all k € N,
b = q(a,Tkn(“)"'ssc) — q(Tn(a)a,Tn(a)T(k—l)n(a)-&-sx)
<a <q(a7 Th=Dn@+s) g(q, T q), g(a, THOTEDn(@)F55)
q(Tn(a)a7 T(kfl)n(a)+sl,)’ q(Tn(a)T(kq)n(a)ﬂx’ T(kq)n(a)ﬂx))
<a (bk,hO, q(a, TF" (@) Fsg),
q(a’T(kfl)n(a)Jrsx),q(Tkn(a)Jrsx’T(kfl)n(a)Jrsx))
=« (bk_l,O, bk,bk_l,q(Tk"(“)+Sx,T(kfl)"(a)“x)) ,
where

q(Tkn(a)Jrsw’T(kfl)n(a)+sx) < q(Tk:n(a)+sx’a) + q(a’T(kfl)n(a)Jrsx)
< M g(a, TF™ ¥y 4 g(a, TRD™MOF50) = M by, + bp_y < (M 4+ 1) by—1.

Thus,
b < 0 (B1,0, b, by, (TE ) P2, TR0
< o (by—1, bk—1, b, (M 4+ 1) b1, (M + 1) b—1) < y(bgp—1).
As v is nondecreasing,

b < (br-1) < V2 (br-2) < ... <2*(bo) = 1" (a(a, T°2)).
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Since a, x and s are fixed, then property (P4) implies that {bx} — 0, that is
{qla, T @+5)} 0.

Varying s € {0,1,2,...,n(a) — 1}, we conclude that Step 12 holds.
Step 13. We claim that, for each x € X, we have that klim q(T*z,a) = 0.
— 00

This step follows from Step 12 and from item 4 of Lemma 3.3. Joining
Steps 12 and 13, we have proved that {T*z} — a for all z € X.

Step 14. We shall show that T™® is continuous at a.

To prove this assertion, we take an arbitrary sequence {yp} C X that
converges to a, that is,

lim g (yg,a) = lim ¢ (a,yx) = 0. (19)
k—o0 k—oc0
Let show that
q(a, T"y) < q(a,y,) forall k e N (20)

by contradiction.  Assume that there exists some k& € N such that
q(a, T Yy) > q(a,yx). Again by (3), we have that

q(a, T" W yy) = q(T™Va, T y;)
<a (q (a, ), q(a, T"a), q(a, T" i), g(T™Va, yi.), ¢(T™ s, yk))
<a (q (a,5x) .0, q(a, T"yy), qa, yi), (T, Zlk)) :
Since

ATy, yr) < (T Dy, a) + q(a, yr)
S MQ(aa Tn(a)yk) + q(aayk) S (M + 1)Q(aﬂTn(a)yk)a

therefore
q(a, T"Vy;) < (q (a,9k) , 0, qla, Ty, qla, y), a(T™yp, yk))
o (g(a, T"@ye), gla, T"y), gla, T" ),
(M + 1)q(a, T"y), (M + 1)Q(G7Tn(a)yk)>

< (q(a, T yp)) < qla, T"yy,),

IN

which is a contradiction. As a consequence, (20) holds, and by (19),
{g(a, T"y)} — 0. Moreover, as ¢(T™ Yy, a) < M q(a, Ty, for all
k € N, then also {q(T™ @y, a)} — 0. Therefore, {T™ ¥y} — a = T Vg,
which means that 7"(%) is continuous at & = a. This finishes the proof. O
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Corollary 3.1. Let (X, q) be a complete M-symmetric quasi-metric space, let
T:X — X be a mapping and let ¢ € Fypay be a Matkowski function. Assume
that, for each x € X, there is a positive integer n = n(x) such that

forallye X, ¢(T"™z, T""y) < o(q(x,y)). (21)
Then T has a unique fized point a € X. Moreover, for each x € X, we have
that lim TFz = a and T™® is continuous at a.

k—o0

Proof. Given ¢ € Fyat, let define a, : [0, 00)5 — [0, 00) for all t1,t9,t5,t4,t5 €
[0, 00) by
Oégp(tla t27 t3a t4a t5) = QD(tl)

Then «,, is nondecreasing on each argument and
agp(t,t,t, (M+1)t,(M+1)t) = p(t).
Then (o, ¢, M) is a Matkowski’s triple and

q(T™ 2, T ®)y) < p(q(z,y))
=, (q (,9) ., q(z, T"Pz), q(z, T"y), g(T" Pz, y), (T "y, y)) :
This means that Theorem 3.1 is applicable. O

In the following result, the integer n = n(x) is constant.

Corollary 3.2. Let (X, q) be a complete M -symmetric quasi-metric space and
let T : X — X be a mapping. Suppose that there exists a Matkowski’s triple
(o, v, M) and a positive integer number n such that, for all x,y € X,

q(T"z, T"y) < a(q(v,y),q(z, T"x),q(x, T"y),¢(T"x,y),q(T"y,y))

Then T has a unique fived point a € X. Furthermore, for each x € X,

lim T*z = a and T™ is continuous at a.
k—oco

If we take A € [0,1) and () = At for all ¢ > 0, then ) € Fyrar and we
get the following result.

Corollary 3.3. Let (X, q) be a complete M-symmetric quasi-metric space, let
T:X — X be a mapping and let A € [0,1). Assume that, for each x € X,
there is a positive integer n = n(x) such that

forallye X,  q(T"Wa, T""y) < Xq(,y).
Then T has a unique fized point a € X. Moreover, for each x € X, we have

that im TFz = a and T™® is continuous at a.
k—oo
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If we take p(t) =t/ (1 +1t) for all ¢ > 0, then ¢ € Fyay and we get the
following result.

Corollary 3.4. Let (X, q) be a complete M -symmetric quasi-metric space and
let T : X — X be a mapping. Assume that, for each x € X, there is a positive
integer n = n(x) such that

q(z, y)
forally e X, q T”(x)x,T"(””)y < ——
( STy q(z,y)

Then T has a unique fized point a € X. Moreover, for each x € X, we have

that lim TFz = a and T™ is continuous at a.
k—o0

3.3 The Matkowski’s theorem using a symmetric contractivity con-
dition on quasi-metric spaces

In this subsection, we show how it is possible to consider a version of Theorem
1.1 on quasi metric spaces using a symmetric contractivity condition, like in
the following result.

Theorem 3.2. Let (X, q) be a complete quasi-metric space, let T : X — X be
a mapping and let ¢ € Fyagy be a Matkowski function. Assume that, for each
x € X, there is a positive integer n = n(xz) such that

forally € X,
q(T" @2, T"®)y) < p(q(z,y))  and (22)
q(T™ @y, T"®) z) < (q(y, 2)). (23)

Then T has a unique fized point a € X. Moreover, for each x € X, we have
that lim TFz = a and T™% is continuous at a.
k—o0
Although Theorem 3.2 seems to be an extension of Theorem 1.1, actually,
it is not a true generalization. In fact, we are going to show that Theorem 1.1
and Theorem 3.2 are, indeed, equivalent.

Lemma 3.4. Theorem 1.1 follows from Theorem 3.2.

Proof. If q is a metric on X, then both conditions (22) and (23) are equivalent
to (2). Then, if we assume that Theorem 3.2 holds, it is evident that Theorem
1.1 also holds. O

Lemma 3.5. Theorem 3.2 follows from Theorem 1.1.
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Proof. Assume that Theorem 1.1 holds, and we are going to show that Theo-
rem 3.2 also holds. Let (X, ¢) be a complete quasi-metric space, let T : X — X
be a mapping and let ¢ € Fpay be a Matkowski function. Assume that, for
each x € X, there is a positive integer n = n(x) such that (22)-(23) holds. Let
define dg : X x X — [0, 00) by

dg (z,y) = max{q(z,y),q(y,z)} forall z,ye X.

As (X, q) is a complete quasi-metric space, it is well-know that d, is a complete
metric on X. Furthermore, given z € X, let n(x) € N be such that (22)-(23)
holds. Then, taking into account that ¢ is a nondecreasing function, we have,
for all y € X,

dQ(Tn(I)xa Tn(uL)?/) = max {Q(Tn(x)xa Tn(l)y)7 q(Tn(l)ya Tn("L)m)}
)

< max{p(q(z,y)), v(q(y,z))}
= ¢ (max {q(x,y),q(y, )}
= p(dy(z,y)).

Hence, T verifies the contractivity condition of Theorem 1.1. Such theorem

guarantees that 7" has a unique fixed point a € X and that klim Tkz = a for
—00

each z € X. O

In our main theorems, we have used that ¢ is a nondecreasing function
satisfying (p3) = (P4) and (pg) = (P3). By Corollary 2.1, we can replace
these conditions by another ones.

Corollary 3.5. Corollary 3.1 and Theorem 3.2 also hold if ¢ is a nondecreas-
ing function satisfying (p4) and (@s).

If we take A € [0,1) and @) (t) = At for all ¢ > 0, then ) € Fyrar and we
get the following result.

Corollary 3.6. Let (X, q) be a complete quasi-metric space, let T : X — X be
a mapping and let A € [0,1). Assume that, for each x € X, there is a positive
integer n = n(x) such that

forally € X,
(T2, T"y) < Xq(x.y)  and
q(Tn(w)y, T"(Jf)x) <A Q(y7 :17)

Then T has a unique fized point a € X. Moreover, for each x € X, we have

that im T*z = a and T™® is continuous at a.
k—oo



MATKOWSKI THEOREMS IN THE CONTEXT OF QUASI-METRIC SPACES AND
CONSEQUENCES ON G-METRIC SPACES 329

If we take p(t) =t/ (1 +1t) for all ¢ > 0, then ¢ € Fyay and we get the
following result.

Corollary 3.7. Let (X, q) be a complete quasi-metric space and let T : X —
X be a mapping. Assume that, for each x € X, there is a positive integer
n = n(x) such that

forally € X,

q(T x, T y) < —————
( )= +4q(z,y)

q(y, )
( S T

and

Then T has a unique fized point a € X. Moreover, for each x € X, we have

that lim TFz = a and T™% is continuous at a.
k—oo

4 Consequences: Fixed Point Results on G-Metric Spaces

In this section, we particularize the previous results to the setting of G-metric
spaces, and we show that some existing fixed point results in the context of G-
metric spaces can be easily deduced from our main theorems. For the sake of
completeness, we collect here some definitions and basic result about G-metric
spaces (for more details, see e.g. [3]-[18]).

In 2003, Mustafa and Sims [12] proved that most of the claims concerning
the topological properties of D-metrics were incorrect. In order to repair these
drawbacks, they gave a more appropriate notion of generalized metrics, called
G-metrics.

Definition 4.1. (Mustafa and Sims [12]) A G-metric space is a pair (X, G)
where X is a nonempty set and G : X x X x X — [0,00) is a function such
that, for all x,y,z,a € X, the following conditions are fulfilled:

Q

(Gh) G(z,y,2)=0 ifx=y=z;

(G2) (z,z,y) >0 forall z,y € X with x # y;

(Gs) G(z,z,y) < G(z,y,2) forall z,y,z € X with z # y;
(Ga) G(z,y,2)

(Gs) G(z,y,2)

5) G

Q

= G(z,z,y) = G(y,z,z) = ... (symmetry in all three variables);
< G(z,a,a) + G(a,y,z) (rectangle inequality).

Q

LY,

In such a case, the function G is called a G-metric on X.



MATKOWSKI THEOREMS IN THE CONTEXT OF QUASI-METRIC SPACES AND
CONSEQUENCES ON G-METRIC SPACES 330

Example 4.1. If X is a non-empty subset of R, then the function G : X X
X x X = [0,00), given by

G(x7y,z)=\x—y|+|x—z|—|—|y—z| forallx,y,zGX,
is a G-metric on X.

One of the most useful properties of G-metrics is the following one.

Lemma 4.1. If (X, G) is a G-metric space, then
G(z,y,y) <2G(y,z,x) foralxz,yeX.

Definition 4.2. Let (X, G) be a G-metric space, let x € X be a point and let
{zm} C X be a sequence. We say that:

e {x,,} G-converges to z, and we write {x,} sz oor {zn} — x, if
iMoo G(Tm, Ty, &) = 0, that is, for all € > 0 there exists mg € N
verifying that G(x,,, Ty, x) < € for allm,m’ € N such that m,m’ > my
(in such a case, x if the G-limit of {xm});

o {x,,} is G-Cauchy if limy, m’ .m0 G(Tm,Tms, Tmr) = 0, that is, for
all e > 0 there exists mg € N verifying that G(Tm, Tms, Tmy) < € for all
m,m’,m"” € N such that m,m’,m"” > my.

e (X, Q) is complete if every G-Cauchy sequence in X is G-convergent in
X.

Theorem 4.1. Let (X,G) be a G-metric space and let qo : X x X — [0,00)
be the function defined by qq(z,y) = G(x,y,y) for all z,y € X. Then:

1. (X,qq) is a 2-symmetric quasi-metric space;

2. {zp} C X is G-convergent to x € X if, and only if, {xz,} is convergent
toz in (X,q¢);

3. {zn} C X is G-Cauchy if, and only if, {x,} is Cauchy in (X, qq);
4. (X, G) is G-complete if, and only if, (X, qc) is complete.

Lemma 4.2. The previous theorem also holds if we replace g by qr;, defined
by qi(x,y) = G(z,z,y) for all z,y € X.

The following one is the particularization of Theorem 3.1 to quasi-metric
spaces of the form (X, ¢g) given in Theorem 4.1.
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Corollary 4.1. Let (X,G) be a complete G-metric space and let T : X — X
be a mapping. Suppose that there exists a Matkowski’s triple (o, 7, 2) verifying
the following property:

o for every x € X, there is a positive integer n = n(x) such that, for all
yeX,

G, Ty, T"y) < o (G (2, 9,y), Gla, T w, T"0g),

Gz, Ty, T"Wy), G(T™ )z, y, y), G(T" Py, y, y)) :

Then T has a unique fized point a € X. Furthermore, for each x € X,

lim T*z = a and T™9 is continuous at a.
k—o0

The same result using g as in Lemma 4.2 is given in the following state-
ment.

Corollary 4.2. Let (X,G) be a complete G-metric space and let T : X — X
be a mapping. Suppose that there exists a Matkowski’s triple (o, v, 2) verifying
the following property:

o for every x € X, there is a positive integer n = n(x) such that, for all
yeX,
G(T" 2, T2, T y) < o (G (@,2,9) , Glo, 2, T"a),

Gz, 2, T"®y), GT" O, T"® gz y), G(T™ @)y, T @)y, y)) :

Then T has a unique fized point a € X. Furthermore, for each x € X,

lim T*z = a and T™% is continuous at a.
k—o0

As a consequence, the main result in [2] can be seen as a simple consequence
of the previous results.

Theorem 4.2. Theorem 1.2 immediately follows from Corollary 3.1.

Proof. 1t is sufficient to take qg(x,y) = G(z, z,y) for all z,y € X in Corollary
3.1 together with Theorem 4.1. Notice that the conditions (¢3)&(ps) and
(p4)&(p5) are equivalent due to Corollary 2.1. O
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