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The influence of the non-linear diffusion on the
mass transfer of a packaging contaminant into

foodstuffs

Gheorghe Juncu

Abstract

The unsteady mass transfer of the packaging constituents to a food
has been analysed. The diffusion coefficient inside the packaging was
considered concentration - variable while the food was considered con-
centration spatially gradientless. A well-known technique (Kirchhoff
transformation) was used to solve the non-linear mass balance equation.
The influence of the non-linear diffusion on the mass transfer mechanism
and rate was analysed for different values of the partition coefficient and
dilution coefficient.

1 Introduction

The packaging materials used for food products contain different constituents
(additives, monomers, antioxidants, etc.) known to be carcinogenetic. These
constituents diffuse into the food products during processing, storage and
transportation. In Europe, all materials intended to be in contact with foods
must comply with the framework regulation 2004/1935/EC. As a result, the
mathematical modeling of contaminants migration from packaging to food re-
ceived an increased attention during the last years. Also, the EU regulation on
the safety of chemicals encourages the development of mathematical models
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to assess the migration of chemicals into the environment.
The mathematical models widely used to describe this migration phenomenon
consider that the diffusion inside the packaging controls the process (Begley
et al. [1], Brandsch et. al. [2], Brandsch et. al. [3], Vitrac & Hayert [10],
Vitrac et al. [11]). The migration of the contaminants inside the packaging
is described by the 1D Fick’s second law with constant diffusion coefficients.
The transport of the contaminants into the food, at the interface between
the packaging and the food, is modeled by a Robin boundary condition. The
other boundary of the packaging is considered an impervious boundary or a
symmetric plane boundary condition. Pigeonneau et al. [9] recently proposed
a conjugate mass transfer model that uses the Quasi Steady State Approx-
imation for the transport of the contaminants into the food.
The packaging materials are polymers. The diffusion coefficients in polymers
depend on the concentration of the diffusion species (Neogi [8], Hedenqvist &
Gedde [5]). This phenomenon, i.e. non-linear diffusion, was not analysed until
now in migration analysis.
The investigation of the influence of the non-linear diffusion on the mass trans-
fer of a contaminant from a packaging into a food is the aim of the present
work. The mathematical model used is that developed by Vitrac & Hayert
[10] (see also Vitrac et al. [11]). The computations focus on the influence of
the non-linear diffusion on the mass transfer rate for different values of the
partition coefficient and dilution coefficient. This problem can be also viewed
as one of interest for solar energy devices, (Mittelman et al. [7]).
This work is organized as follows. In Sect. 2 we describe the mathematical
model of the problem. Section 3 presents the numerical algorithm. The nu-
merical experiments made and the results obtained are presented in Sect. 4.
Finally, some concluding remarks are briefly mentioned in Sect. 5.

2 Model Equations

The transport of the contaminant in the polymer matrix is governed by the
process of molecular diffusion. The food is considered a liquid (assumption
recommended by the EU regulations). The liquid in contact is non-interacting
with the polymer (no swelling, no plasticization). As a result, the dimension-
less concentration of contaminant Z = CP /CP,0 (CP is the instantaneous mass
concentration of the migration species inside the packaging and CP,0 is the ini-
tial mass concentration of the migration species inside the packaging) is given
by the dimensionless transport equation:
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where τ is the dimensionless time or Fourier number and X is the dimen-
sionless spatial coordinate. The dimensionless variables are defined by:

X =
x

LP
, τ =

tDP,0

L2
P

, (2)

where DP,0 is the diffusion coefficients of the migration species in the pack-
aging when CP = CP,0, t is the time, x is the Cartesian coordinate of the main
transport direction and LP is the characteristic length scale of the packaging
(see figure 1).

Figure 1: Schematic of the problem

Considering valid for the diffusion in the packaging the free-volume theory,
(Fujita [4]), the dimensional diffusion coefficient DP (CP ) is given by:

DP (CP ) = DP,0exp

[
− β

(
1− CP

CP,0

)]
(3)

where β is a dimensionless constant. The dimensionless diffusion coefficient
D(Z) = DP (CP )/DP,0 is given by:

D(Z) = exp[−β(1− Z)]
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The boundary conditions are:
- axis of symmetry or impervious boundary, X = 0;

∂Z

∂X
= 0, (4)

- interface between packaging and food, X = 1;

J = −D(Z)
∂Z

∂X

∣∣∣∣
X=1

=
Bi

K
(Z − Z∞0 )−Biλ

τ∫
0

Jdτ, (5)

In relation (5), Bi = hFLP /DP,0 is a dimensionless number that compares
the values of transport resistances between packaging and food, hF is the
equivalence conductance of the food, K is the partition coefficient defined as
(packaging concentration) / (food concentration), Z∞0 is the initial concentra-
tion of the contaminant in the food and λ = (ρPLP )/(ρF /LF ) is the dilution
coefficient with ρF , ρP the densities of the food and packaging, respectively.
The derivation of the boundary condition (5) (a generalized Robin boundary
condition) can be viewed in Vitrac & Hayert [10] and Vitrac et al. [11].
The dimensionless initial condition is:

τ = 0, Z = 1 (6)

One of the physical quantities of interest for the present problem is the
instantaneous dimensionless average concentrations in the packaging, Z . The
instantaneous dimensionless average concentration in the packaging was cal-
culated with the relation:

Z =

1∫
0

ZdX (7)

3 Method of Solution

The present mathematical model is a non-linear diffusion equation. An elegant
method for solving non-linear diffusion equations is the use of the Kirchhoff
transformation [6],

ζ =

Z∫
1

D(Z)dZ (8)

Applying the Kirchhoffs integral transformation (8) to the problem (1),
(5), and taking into account the relations (Leibniz rule for differentiation) :
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the mathematical model becomes,

∂ζ

∂τ
= D(Z)

∂2ζ

∂X2
(9)

with the boundary conditions:
- axis of symmetry or impervious boundary, X = 0;

∂ζ

∂X
= 0, (10)

- interface between packaging and food, X = 1;

J = − ∂ζ

∂X

∣∣∣∣
X=1

=
Bi

K
(Z − Z∞0 )−Biλ

τ∫
0

Jdτ, (11)

The initial condition is:

τ = 0, ζ = 0 (12)

The relation between Z and ζ is:

Z = 1 +
ln(βζ + 1)

β
(13)

The mass balance equation (9) was solved numerically. The spatial deriva-
tives were discretized with the central, second order accurate finite differ-
ence scheme. The flux boundary conditions (10), (11) were also discretized
with the central second - order accurate scheme considering that the solution
can be symmetrically extrapolated with one grid point outside the bound-
ary. Numerical experiments were made on grids with the discretization step
∆X = 1/64, 1/128 and 1/256. The result of the spatial discretization is a sys-
tem of ODEs. The MATLAB solvers ode15s and ode23tb were used to solve
this system of ODEs.
For β = 0, equation (1) with boundary conditions (4), (5) were solved numer-
ically using the method described previously.

4 Results

The parameters of the present mathematical model are: Bi, K, Z∞0 , β and λ.
According to Vitrac & Hayert [10], the values considered in this work for Bi
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are: Bi = 1, 10 and 100. The partition coefficient K takes values in the range
1 − 103 (according to EU directives, Brandsch et al. [3]). The values consid-
ered for the dilution ratio are λ = 10−1, 10−2, and 10−3. The dimensionless
diffusion constant β takes values from 0 to 10. In all numerical simulations
Z∞0 was considered equal to, Z∞0 = 0.
Results that can be used to validate the accuracy of the present computations
are not available in literature. However, the present problem has a steady state
solution with constant dimensionless concentrations in both phases (thermo-
dynamic equilibrium). This dimensionless, steady state, thermodynamic equi-
librium solution, Zech, is given by:

Zech =
K

K + 1
λ

(14)

The agreement between the steady state solutions obtained numerically and
those calculated with relation (14) was excellent. Relation (14) is given by the
overall mass balance of the space averaged contaminant concentration when
τ →∞, [10].
The effect of the non-linear diffusion parameter β on the mass transfer (dif-
fusion) rate depends on the contaminant concentration values (see relation
(3)). The concentration of the contaminant inside the packaging varies in
time from the initial value (relation (6)) to the thermodynamic equilibrium
value (relation (14)). Therefore, the thermodynamic equilibrium value of the
contaminant concentration plays a key role in the present analysis. A negli-
gible effect of β is expected for high values of Zech. The effect of β should
increase for small values of Zech.
Figures 2 – 4 confirm these assumptions.

When Zech ≈ 0.9 or greater than 0.9, β does not influence the mass trans-
fer rate (figure 2). The decrease in Zech increases significantly the effect of β
on the mass transfer rate (figures 3 and 4).

The effect of Bi on the mass transfer rate depends on the values of β and
Zech. For β = 0, the increase in Bi increases the mass transfer rate regardless
the values of Zech (see figures 5 and 6). If β > 0, the influence of Bi on the
mass transfer rate depends on the values of Zech. For high values of Zech the
effect of Bi remains the same as in the case β = 0. The decrease in Zech
decreases the effect of Bi. For small values of Zech, the effect of Bi on the
mass transfer rate becomes negligible.
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Figure 2: Time variation of the average dimensionless concentration for Bi =
10 and Zech = 0.909

Figure 3: Time variation of the average dimensionless concentration for Bi =
100 and Zech = 0.50
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Figure 4: Time variation of the average dimensionless concentration for Bi =
100 and Zech = 0.0099

Figure 5: The effect of Bi on time variation of the average dimensionless
concentration; Zech = 0.909; (a) β = 0; (b) β = 10
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Figure 6: The effect of Bi on time variation of the average dimensionless
concentration; Zech = 0.0909; (a) β = 0; (b) β = 5

5 Conclusions

This work investigated numerically the influence of the non-linear diffusion on
the unsteady mass transfer of a contaminant from a packaging to a food. The
free volume theory (Fujita model) was employed for the non-linear diffusion
in the packaging. The numerical results presented in the previous section can
be summarized as follows:
• the non-linear dimensionless parameter β influences the mass transfer

rate only for moderate and small values of the thermodynamic equilibrium
dimensionless concentration, Zech; it increases the time necessary to reach the
steady state, thermodynamic equilibrium solution;
• the influence of the dimensionless number that compares the values of

transport resistances between packaging and food, Bi, on the mass transfer
rate decreases with the decrease in Zech;
• the values of Zech are given by the values of the partition coefficient K

and the dilution ratio λ.
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