or
G

Vol. 26(1),2018, 91-102

DOI: 10.2478 /auom-2018-0005
An. St. Univ. Ovidius Constanta

Generalized Horadam Polynomials and
Numbers

Snezana S. Djordjevic and Gospava B. Djordjevic

Abstract

We consider the polynomials by, (x) (m > 2) and the numbers Ay, m
(z = 1), which are the generalized Horadam polynomials and the gener-
alized Horadam numbers, respectively. We also consider the polynomials
R (z)- convolutions of the polynomials A m(z), and the sequence of
numbers hsf;)m- convolutions of the numbers hy, , where s > 0.

1 Introduction

In the paper [8] authors considered Horadam polynomials h,,(z), which are
given by the following recurrence relation

hn(z) = prhp_1(z) + ghn—2(x), n>2, (1)
with hy(x) = a, ha(x) = bz, (a,b, p, q are some real constants).

We emphasize some particular cases of the polynomials h,,(z):

1° For a = b =p = ¢ = 1, we get the Fibonacci polynomials F,,(z);
2° For a =2, b=p=q =1, we get the Lucas polynomials L, (x);
3 Ifa=qg=1,b=p=2, then we get the Pell polynomials P, (z);

4°Ifa=1,b=p=2, g=—1, then we get the Chebyshev polynomials of
the second kind U, (x).
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2 Generalized polynomials

In this section we introduce the polynomials h,, ,,(z) (m > 2), the generalized
Horadam polynomials, by

hom (2) = prhp—1,m(z) + ghp—mm(z), n>m, (2)

with him(z) = a, hym(z) = bp" 22"~ for n =2,...,m.
For =1 in (2), we obtain the generalized Horadam numbers hy, ,,:

hn,m = phn—l,m + qhn—m,ma n>m, (3)
with Ay, = a, hym =bp" 2, for n=2,...,m

Remark 1. For m = 2 in (2) and (3), we get Horadam polynomials h,, (x)
and Horadam numbers h,,, respectively (see [8]).

Now, using the standard method, starting with the recurrence relation (2),
we find that the function

a+ xt(b— ap) 1
F t—— B ()t 4
(at) = SR z (1

is the generating function of the polynomials hy, m, (z).

Remark 2. For m = 2, the relation (4) yields the generating function
g(x,t) of the Horadam polynomials h,,(z) ( see [8], (13)):

a+xt
t :— B ()™ 1
g(z,t) 1_pxt_qt2 Z

n=1

Using the development of the function F(x,t), given by (4), into the series
on t, then comparing the corresponding coefficients to ¢, we obtain the explicit
formula for the polynomials hy, ., (z)

[(n—1)/m]
n—1—(m-1)k 1em
hnm(gj) —a ( IE: ) ) (pl_)n 1 k:qk

s

k=0
X <Z ) a) [(n;zz/wﬂ (n 9 ]im - 1)k> (pr) T g (2.4)

Remark 3. For m = 2 the formula (2.4) yields the explicit formula for
Horadam polynomials h,(z) ( see [8], (16)).
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Taking z = 1 in (2.4), we get the explicit formula for the generalized
Horadam numbers Ay, m,:

[(n—1)/m] .
1—(m-1
hn,m :apn—l (n ]E:m )k) ( a )

k=0 P
[(n—2)/m] k
ne2p n—2—(m-—1)k q
+p" (b — ap) ,}:0 ( 5 o) (2.5)

Some particular cases of the polynomials h,, () (see [1, 3, 4, 5, 6]) are:

nfml oo
For(z) = Z (n (k 1)k

):E”_mk — Fibonacci polynomials ;
k=0

/] (n —(m—1)k

& ) (22)"~™* — Pell polynomials;

[n/m]
—(m—1)k
Jnt1,m(y) = Z (n (n]z ) )(Qy)k — Jacobsthal polynomials;

[n/m]
—(m—1)k
Unm(x) = Z (—1)* <n (WZ ) >(2:z:)”mk — Chebyshev polynomials.
k=0

3 Some properties

Theorem 1. The polynomials h,, ., (x) satisfy the following relation

n—1 m—1

hnn () + 43521 hn—im(x) — a — (b — ap)
> (@) = llx+ —1 ' )
P p q
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Proof. Starting from the recurrence relation (2) and by the corresponding

characteristic equation
A — pr ™t — g =0,

where \;, i =1,...,

i hie,m () = Z (A
k=1

= k=1

=A(1+ XM+ M+
+ Ag(1+ Xa + A2 +
+ A (1 + A + A2, +
1 -t 1 -t

=A L A 2
1 1\ + Ao -\ +

AT 4+ AT+

+277?%)
+ A7) +
+ A=2)

1

T O ) x

(1=2m)

m

(A1 (1— N~ IHI* )+ Ag(1— A5t

i=1,i#2

Using the relations (by (3.2))

+Am

H (T—=X)+--

(6)

m are the solutions of the equation (3.2), we have:

. Am)\ﬁl—l)

_ )\n—l

m

1—-An

A (1= AT T (1- m) .

Attt A = px, A Ao+ A A3+ A1 Ay, = (=D)™X A2 A = —4q,
we get

Y- II a A=A = Ag) - (1= A))

i=1 j=1,j#1¢

1

= x

1—pxr—q
ZAi(l =AY (L= N(pz — X)) = A(pz — A) + -+ (=)A= \))
i=1
S e ol
= - v —q a — apx T — q n—i, m .
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Remark 4. For m = 2 the formula (5) yields (see [8], (18))

— o hn(l') + qhnfl(x) —a- l’(b — ap)
;hk(m)i pr+q—1

Some special cases of the formula (5) are (see [5]):

n—1 m—1

j: an$+ i= ani,mx_]-
Fk:,m(x) — s ( ) Z _; ( ) ;

k=1

F,m(x) — the generalized Fibonacci polynomials;

n—1 m—1

P, mlp . -1
3 Ponle) = D@t 2z Poiml@) 21
k=1

P, (z) — the generalized Pell polynomials;

n—1 m—1

Un.m(x) — Zi: Un—im(z) — 1
Z Ukvm(x) = 21.1_ 2 )
k=1

Un,m(x) — the generalized Chebyshev polynomials of the second kind.

4 Convolutions of the generalized Horadam
polynomials

In this section we introduce the polynomials hgf)m (z), the convolutions of the
polynomials Ay, (), by

—a s+1 e’}
Glo.t) = (*t“’p)) = SR ), )
n=1

1 —pat — qt™

where n,m €N, s € NU{0}, n > m.
Starting from (7), we get the following representation of the polynomials

W) (2):
s+1 i
1 .
=S (e (L)

=0

[(n=1)/m]
s+1 n—1—i—(m—
- ( Jn—1—i—(m—1)k (o

)n—l—mk‘
kl(n —1—1i—mk)!
k=0

q. (4.2)
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where (}) =0 for n < k.
Some particular cases of the polynomials hsf)m(ﬂc) are:

1° For a = b = p = ¢ = 1, we have F,Eb‘;)n(w), the convolutions of the
generalized Fibonacci polynomials and (4.2) becomes

[(n—=1)/m]
(s) — (S + 1)"_1_(7”_1)]C n—1—mk
=0

If we use the known relations ([7], [4]):

(-1F (=)

n—k!  nl

(=D*(@)n

(1—a—n)’

) (a)n—k ==

(@)ngr = (@)n(a+n)k; (

then (4.3) takes the following hypergeometric representation

x™(s+ 1)"

nl mFm—l

2° Fora =q=1, b =p = 2, we obtain P,({Z)n(x), the convolutions of the
generalized Pell polynomials

[n/m]
S+ Dn—(m—1)k
P(s) _ ( n—(m 9 n—mk
n+1,m(x) kZ:O kz'(n . mk)' ( :L') )
or
R an5+1n ;n7177n’ ’m717n7 2¢)—™m
Prs,qL)l,m(I) = ( ) ( | ) mFm—l |:ms7tbn l-s—n mf(Zfsfn :|
n m—17 m-—1 " ’ m—1

3°Fora=1,b=p=2,qg=—1,in (4.2), we get Uﬁsgn(;z:), the convolutions
of the generalized Chebyshev polynomials

s 2z)" (s + 1), —n lon o omolon. (9p)-m
Uv(m)n(m) = ( ) ( | ) mmel |:m_s_;rln l1-s5—n m m—2—s)—n .
n 1> m-1"""" m—1
Next, for b = ap in (4), we get
F(z,t) =a(l—pt—gt™) ' = hpm(x)t" . (4.3)
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Differentiating both sides of (4.3) to z, one by one, s-times, we find that

O hm ()
oxs

1 S S —
m(T) = apss!D hy,m(x), where hy, . (z) =

h(s)

n—s

7 : (4.4)
Namely, using the formula (4.4), we easily calculate the convolutions of the

polynomials hgfzn(x) Next, we give the examples for m = 3 and s =0, 1,2, 3,
and for m =4 and s =0,1,2, 3.
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Table 1: h

“l(@)

)
n,3
n|s=0 s=1
1|a 1
2 | apx 2px
3 | a(px)? 3(pz)?
4 | a(px)® +aq 4(px)® + 29
5 | a(pr)* + 2apqz 5(pr)* + 6pgx
6 | a(pz)® + 3ag(pz)” 6(px)° + 12¢(px)*
7 | a(pz)® + 4aq(pz)® + aqg® 7(pz)® + 20g(pz)® + 3¢
8 | a(px)” + baq(pz)* + 3aq®px 8(px)” + 30q(px)* + 12¢%px
9 | a(pz)® + 6aq(px)® + 6ag®(px)* || 9(px)® + 42q(pz)° + 30¢° (pz)*
Table 2: hi:?s(x)
n|s=2 s=3
1]1 1
2 | 3px 4dpx
3 | 6(px)? 10(px)°
4 | 10(px)3 + 3¢ 20(pr)® + 4q
5 | 15(pz)* + 12pgx 35(px)* + 20pgx
6 | 21(pr)® + 30q(px)? 56(pr)” + 60q(px)?
7 | 28(px)® + 60g(px)® + 64° 84(px)® + 140q(px)® + 104>
8 | 36(px)” + 105¢(pz)* + 30¢%px 120(pz)7” + 280¢(px)* + 60¢°px
9 | 45(px)® + 168q(px)° + 90¢*(px)? || 165(px)® + 504¢(px)® + 2104°(px)?
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Table 3: h{’)(z)

n|s=0 s=1

1 |a 1

2 | apx 2px

3 | a(px)? 3(px)*

4 | a(pr)® 4(px)®

5 | a(pr)* + aq 5(pr)* + 2¢

6 | a(pr)® + 2aqpx 6(px)° + 6gpx

7 | a(pr)® + 3ag(px)* 7(px)° + 12¢(px)®

8 | a(pz)” + dag(px)® 8(px)” + 20¢(px)®

9 | a(pr)® + baq(pz)* + ag® || 9(px)® + 30q(px)* + 3¢°

n|s=2 s=3

1]1 1

2 | 3px 4dpx

3 | 6(px)? 10(px)?

4 | 10(px)3 20(px)3

5 | 15(px)* + 3¢ 35(px)* + 4q

6 | 21(px)° + 12gqpx 56(px)° + 20qpx

7 | 28(pz)® + 30q(px)? 84(px)® + 60q(pz)?

8 | 36(px)™ + 60q(pr)3 120(px)” + 140q(pz)?

9 | 45(px)® + 105¢(pz)* + 6¢* || 165(px)® + 56¢(px)* + 104>
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Table 5: P,(ji(x)—Pell polynomials

3

s=0

No| —
)

O 00| || T = W DN —

—~| |~ —~|—~|—~|]—~

Table 6: P!

) ()

3

s=2

s=3

1

1

A(2)

3(2x)
21)°

0(2x)2

(
(
10

2z)3

pi

+ 12(2.r

X

2
(22)
20(27)3
5(2x)" +4
6(2x)° + 20(2z)
(22)° +60(2x)

D =] Ot
DN DN DN DN

X

)
1 30(22)2
+60(27)3

120(22)7 + 140(22)°

O 00| O U x| W DN+

(
(
(
28(
(
(

5(2x

)
)+
)’
)°
)’
)®

+105(22)* + 6

165(22)% + 56(2x)* + 10
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Table 7: P.°) -Pell numbers

n|ls=0|s=1|s=21| s=3
11 1 1 1

2| 2 4 6

314 12 24 40

41 8 32 80 160

5| 17 82 243 564

6 || 36 204 696 1832
7| 76 7496 || 1912 5616
8 || 160 1184 || 4608 16480
9 || 337 2787 || 13206 || 43146
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